Chapter 1
Introduction

1.1 The Background of Fixed Point Theory

Let X be a nonempty set and 7' : X — X a selfmap. We say that z € X is a
fixed point of T if

TS g
and denote by F(T') the set of all fixed points of 7.
Example 1.1.1. ([5])
(1) If X =R and T(z) = 2? + 5z + 4, then F(T) = {-2};
(2) If X =R and T(z) = 2% — z, then F(T) = {0,2};
(3) If X =R and T(z) = z + 2, then F(T) = @
(4) If X =R and T'(z) = z, then F(T) = R.

Let X be any set and and T : X — X a selfmap. For any given ¢ € X, we
define T"(x) inductively by T°(z) = z and T"(z) = T(T™(z)); we call T”( )
the iterate of x under T'. In order to simplify the notations we will often use Tz
instead of T'(z).

The mapping T™(n > 1) is called the n'* iterate of T. For any o € X, the
sequence {Z, },>o given by

Tpn=Tz, 1 =Tz, n=12,...
n n 0, 9.y

is called the sequence of successive approzimations with the initial value Tg. It is
also known as the Picard iteration starting at z.
For a given selfmap the following properties obviously hold:

(1) F(T) c F(T"), for each n € N;
(2) F(T") = {z}, for some n € N = F(T) = {z}.
The reverse of (2) is not true, in general, as shown by the next example.

Example 1.1.2. ([5]) Let 7': {1,2,3} — {1,2,3}, T(1) = 3, T(2) = 2 and T =
1. Then F(T?) = {1,2,3} but F(T) = {2}.



Recent developments in fixed point theory reflect that the algorithmic con-
struction for the approximation of fixed point problems are vigorously purposed
and analyzed for various classes of mappings in different spaces. Since, most of
the problems from various disciplines of sciences are nonlinear in nature. On the
other hand, numerous problems in physics, optimization, and economics reduces
to find the fixed points of a certain operator.

The fixed point theory is concerned with finding conditions on the structure
that the set X must be endowed as well as on the properties of the operator T,
in order to obtain results on;

L. the existence and uniqueness of fixed points;

2. the structure of the fixed point sets;

3. the approximation of fixed points.

However, from a practical point of view, it is important not only to know the
fixed point exists (and, possible, is unique), but also to be able to construct that
fixed points.

Theorem 1.1.3. (The Banach contraction principle) Let (X,d) be a complete
metric space and let T': X — X be a contraction, that is, there ezists o € (0,1)
such that, for all z,y € X,

d(Tz, Ty) < ad(z,y).

Then T' has a unique fired point. Moreover, for each = € X, the sequence e A
converges strongly to this fized point.

Let H be a real Hilbert space and let C be a nonempty closed convex subset
of H. A mapping T of C into itself is called nonezpanswe if, for all z,y € C

Tz - Ty| < ||z -y

Example 1.14. Let C = [0,1) and T : C - C, Tz = 1 — z, for allz € C. Then
T' 1s nonezpansive, T' has unique fized point, F(T) = {%}

Many researchers are interested in obtaining (additional) condition on 7" and X
as general as possible, and which should guarantee the (strong) convergence of the
Picard iteration to a fixed point of 7. Moreover, if the Picard iteration converges
to a fixed point of T, they will be interested in evaluating the error estimate
(or alternatively, the rate of convergence) of the method, that is, in obtaining a
stopping criterion for the sequence of successive approximations. However, the
Picard iteration may not converge even in the weak topology.

Construction of fixed point iteration processes of nonlinear mappings is an
important subject in the theory of nonlinear mappings, and finds application
in a number of applied areas. Now, fixed point iteration processes for approxi-
mating fixed point of nonexpansive mappings, quasi-nonexpansive mappings, as-
ymptotically quasi-nonexpansive mappings and generalized asymptotically quasi-
nonexpansive mappings in various space have been studied by many mathemati-
cians.



Let X be a real Banach space, and let C be a nonempty, closed and convex
subset of X. Let T : C — C be a nonlinear mapping. Three classical iteration
processes are often used to approximate a fixed point of T.

Halpern’s iteration

The first one was introduced by Halpern [16] which is defined as follows: Ty €

C,
Tnt1 = nTo + (1 — an)Tz,, n >0, (1.1.1)

where {a,} is a real sequence in [0, 1].
Mann’s iteration

The second iteration process was known as Mann’s iteration process [31] which
is defined by zy € C and

Tnt1 = @nTn + (1 — an)Tz,, n >0, (1.1.2)

where {a,} is a real sequence in [0, 1].

Ishikawa’s iteration

The third iteration process was known as Ishikawa’s iteration process [20]
which is defined by z, € C and

Tnt1l = 0nTq + (1 — o) T (B, + (1-06,)Tz,), n>0, (1°1.3)

where {ay,} and {f,} are real sequences in [0, 1].

If T is a nonexpansive mapping with a fixed point and the control sequence
{an} is chosen so that 3°%° | a, (1 — @) = 0o, then the sequence {z,} defined by
(1.1.2) converges weakly to a fixed point of 7' (this is also valid in a uniformly
convex Banach space with the Fréchet differentiable norm; see Reich [42] ). As a
matter of fact, process (1.1.2) may fail to converge while process (1.1.3) can still
converge for a Lipschitz pseudo-contraction in a Hilbert space; see [11] and [20].
However, in general, process (1.1.2) and (1.1.3) have only weak convergence even
in a Hilbert space.

In 2000, Moudafi [35] introduced viscosity approximation method for & non-
expansive mapping as follows:

ro = x€C, arbitrarily;

Tntt = uf(Zp) +(1—an)Tz,, n>0 (1.1.4)
where f : C — C is a contraction and {a,} C [0,1]. He proved that if E is
a real Hilbert space and {a,} satisfies some certain control conditions, then the
sequence {z,} defined by (1.1.4) converges strongly to a fixed point of 7" which
is the unique solution to the variational inequality ((I — f)z,z —z) > 0 for all
z € F(T).

In 2004, Xu [65] extended the results of Moudafi [35] for the iterative scheme
(2.3.3) to a Banach space setting.
In 2005, Kim and Xu [25] introduced the following iterative method:

zo = z€C, arbitrarily;
YUn = onTpn+(1—a,)Tz,, n>0,
Tntl = Pau+ (1= F)yn, n>0 (1.1.5)



where u € C'is arbitrary (but fixed) and {a,}, {Bn} C[0,1]. They proved strong
convergence of iterative scheme (1.1.5) in the framework of uniformly smooth
Banach space.

In 2008, Yao, et al. [66] proposed a modified iteration by combining the Mann
iteration and the viscosity approximation method introduced by Moudafi [35].
They defined the iterative scheme as follows:

zo = 1z €C, arbitrarily;
Yn = anZn+ (1l —an)Tzs, n>0,
Tnt1 = Buf(@n)+ (1 =Bo)Yn, n>0 (1.1.6)

where f : C — C is a contraction and {an}, {B.} C [0,1). They proved un-
der certain different control conditions on the sequences {an} and {B,} that the
sequence {z,} generated by (1.1.6) converges strongly to a fixed point of 7.

In 2008, Jung [22] introduced a new composite iterative scheme for nonexpan-
sive mapping 7" as follows:

zy = z€C, arbitrarily;
Yn = anf(-rn) o (1 = an)T-Tm n=>0
Iny1r = (1 = /Bn)yn = ﬁnTyna n>0 (117)

where f : €' — C'is a contraction and {a,}, {8} C [0, 1]. He proved strong
convergence of the sequence {z,} defined by (1.1.7) under the suitable conditions
of the control parameters {a,} and {8,} and the asymptotic regularity on {z,} in
a reflexive Banach space with a uniformly Gateaux differentiable norm together
with the assumption that every weakly compact convex subset of E has the fixed
point property for nonexpansive mappings.

In 2007, Aoyama, et al.[3] introduced a Halpern type iterative scheme for
finding a common fixed point of a countable family of nonexpansive mappings as
follows:

zg = z€C, arbitrarily;
Tny1 = anu+ (1—an)Thz,, n>0 (1.1.8)

where u € C' is arbitrary (but fixed), {a,} C [0,1] and {T..} is a sequence of
nonexpansive mappings with some conditions. They proved that the sequence
{z.} defined by (1.1.8) converges strongly to a common fixed point of {7, }.

In 2009, Takahashi [52] modified the iterative scheme (1.1.4) for a countable
family of nonexpansive mappings {7} as follows:

zg = z € C, arbitrarily;
Tnyr = anf(xn) il (1 - an)TnJ;ny n>0 (119)

where f : €' — C is a contraction, {a,} C [0,1] and {T..} is a sequence of
nonexpansive mappings with some conditions. They proved that the sequence
{z.} defined by (1.1.9) converges strongly to a common fixed point of {T,,}.



In 2009, Plubtieng and Wangkeeree [41] modified the iterative scheme (1.1.6)
for a countable family of nonexpansive mappings {7,,} as follows:

zo = z€C, arbitrarily;
Yn = QpT, + (1 - an)Tn-’En, n >0,
Tny1 = /an(xn) atr (1 —n ﬁn)yn’ n 2 0 (1110)

where f : €' — C'is a contraction, {a,}, {4.} C [0,1] and {T}} is a sequence
of nonexpansive mappings with some conditions. They proved, under certain
different control conditions on the sequences {a,} and {3,}, that the sequence
{zn} defined by (1.1.10) converges strongly to a common fixed point of {7 }.

In 2009, Klin-eam, Suatai [24] modified the iterative scheme (1.1.7) for a count-
able family of nonexpansive mappings {T,.} as follows:

zo = z€C, arbitrarily;
Yn = anf(:rn) 18 (1 i an)Tnxny n 2 07
Tot1 = (1= B)Yn + BoTotn, n>0 (1.1.11)

where C' is a nonempty closed subset of a Banach space, f : C — C is a contrac-
tion, {an}, {B.} are sequences in [0, 1] and {T%} is a sequence of nonexpansive
mappings with some conditions. They proved, under certain different control
conditions on the sequences {a,} and {B.}, that the sequence {z,} defined by
(1.1.11) converges strongly to a common fixed point of {T,}.

Let {T;})X, be a finite family of nonexpansive mappings with F := ﬂf:’zl F(T;) #
(. There are many authors introduced iterative method for finding an element of
F which is an optimal point for the minimization problem. For n > N, T}, is
understood as T\, meq ~) with the mod function taking values in 1, 2,200, Let
u be a fixed element of H.

In 2003, Xu [63] proved that the sequence {z,} generated by

Tpy1 = (1 - CnA)Tn+1.'En =+ €En41U (1112)

converges strongly to the solution of the quadratic minimization problem
in > (4 ) — (z,u) (1.1.13)
min —(Az,z) — (z,u -1
oy 2 ] b

under suitable hypotheses on ¢, and under the additional hypothesis,

F = F(hT,..Ty) = F(INTy..T-1) = ... = F(TyTy..TaT)).



In 1999, Atsushiba and Takahashi[4] defined the mapping W,, as follows:

Uno = 1,

Un,a LRVAR R MY
Un2 = Y2ToUny+ (1 —map2)l,
Unsd = MmalaUn2+ (1 — mm3)l,

UwN-1 = YaN-1TN-1Upn-a+ (1 — i N—1)11
Wn Un,N = ’Yn,NTNUn,N—l + (1 - ')’n,N)I, (1.1.14)

where {v,;}Y C [0,1]. This mapping is called the W —mapping generated by
le T27 o TN and Tn,15 Yn,25 +++s Yn,N-

In 2000, Takahashi and Shimoji [53] proved that If X is strictly convex Banach
space, then F(W,) = N~  F(T;), where 0 < A\; <1, i=1,2,...,N.

In 2007, Shang et al.[45], introduced a composite iteration scheme as follows:

zg = x € C arbitrarily chosen ,
Yn = ,ann S (1 o= /Bn)anm (1115)
Tnt1 = an’)/f(xn) + (I b anA)yrn

where f : C' — C is a contraction, and A is a linear bounded operator. They
proved that the sequence {z,} converges to a common fixed point of the finite
family of nonexpansive mappings, under certain appropriate assumptions on the
sequences {o,} and {3,}.

Note that the iterative scheme (1.1.15) is not well-defined because z,(n > 1)
may not lie in C, so Wy,z,, is not defined. However, if C = H, the iterative scheme
(1.1.15) is well-defined and Theorem 2.1 [45] is obtained. In the case C # H, we
have to modify the iterative scheme (1.1.15) in order to make it well-defined.

In 2009, Kangtunyakarn and Suantai [23] introduced a new mapping, called
K-mapping, for finding a common fixed point of a finite family of nonexpansive
mappings. For a finite family of nonexpansive mappings {T;}¥, and sequence
{¥n,i}¥ in [0,1], the mapping K,, : C — C is defined as follows:

Un,l = 7n,1Tl T (1 - 711.1)1’
Un,2 ’Yn,2T2Un,l Sk (1 - ’Yn,Z)Un,l)
Uns = Mm3TaUng + (1 —Mm3)Uns,

Unn-1 = YaN-aTN-1Unn-2+ (1 = Yo n-1)UnN-2,
Kn = Un,N = 7n,NTNUn,N—1 3 (1 = 7n.N)Un,N—11 (1116)



The mapping K, is called the K-mapping generated by 77, oy Ty and v 1, Yn g, Vra 0
They used the K —mapping for finding a common fixed point of a finite family
of nonexpansive mappings and the solutions of equilibrum problems.
Let C' be a nonempty closed convex subset of a Banach space X, and f : C — C
be a contractive mapping with a contrative constant o € (0,1, Lot $75)°0
C — C be an infinite family of nonexpansive mappings and let ay, ay, ... be real
numbers such that 0 < o; < 1 for every ¢ € N. For any n € N, define a mapping
W, of C into itself as follows:

Un,n+l = [)
Un,n . anTnUn,n+l i (1 - an)l;
Un,n—l = Otn—lTln—lljn,n 2 (1 - an—])la

Uk = axTiUppyr + (1 - ag)l,
Unk-1 = e 1To1Uni + (1—ag_y)I,

Una = DUz + (1 - ay)l,
Wn = Un,l = alTlUn'g 1= (]. = al)l (1117)

Such a mapping W,, is called W —mapping generated by T3, Tn-1,...,Ty and
Qn, 1, ..., a1; see [46).

In 2009, Yao et al. [66] unified iterative algorithm for finding a common fixed
point of an infinite countable family of nonexpansive mappings as follows:

Ty = z€C, arbitrarily;
Tnt1 = onf(Tn) + Pon + (1 — ap — B )W, (1.1.18)

where W, is the W —mapping generated by 73, Ty, ..., Ty and &, &, ..., Esy {0} and
{$.} are sequences in [0,1] and {T;,} is a sequence of nonexpansive mappings with
some conditions. They proved, under certain control conditions on the sequences
{an} and {f,}, that the sequence {zn} defined by (1.1.18) converges strongly to
a common fixed point of {7},}.

The purpose of this thesis is third fold. Firstly, we construct and study new
general iterative method by using the K-mapping for finding a common fixed
points of a finite family of nonexpansive mappings in Hilbert spaces and we intro-
duce an iterative method for finding a common fixed points of a countable family of
nonexpansive mappings in Banach spaces. Secondly, we construct and study new
iteration processes for finding a common element of a nonspreading-type mapping
and equilibrium problem in a Hilbert, space. Finally, we find sufficient condition
for strong convergence theorem of an iterative method for finding a common fixed
point of two nonspreading-type mappings in Hilbert spaces.

This thesis is divided into 5 chapters. Chapter 1 is an introduction to
the research problems. Chapter 2 deals with some preliminaries and give some
useful results that will be used in later chapters. Chapter 3-Chapter 4 are the main
results of this research and the conclusion is in Chapter 5. Precisely, in section 3.1,



we introduce a new general iterative method by using the K — mapping for finding
a common fixed point of a finite family of nonexpansive mappings in the framework
of Hilbert spaces. A strong convergence theorem of the proposed iterative method
is established under some certain control conditions. Our results improve and
extend the results announced by many others. In section 3.2, let C' be a nonempty
closed convex subset of a real Banach space E. Let f : C — C be a given
contractive mapping and {7,,}2, : C'— C be an infinite family of nonexpansive
mappings such that the common fixed point sets F := Mooy F(T;,) # 0. For give
zo € C arbitrarily, let the sequence {z.} be generated iteratively by

Iyl = anf(xn) I ﬂnxn i3 (1 — Op — ,Bn)Tnxm n 2> 07

where {a,}, {#,} C [0, 1]. It is shown that in a uniformly smooth Banach space the
sequence {z, } converges strongly to p € F when {T.} satisfies AKTT — condition
and {a,} and {f,} satisfy some control conditions, and in a reflexive and strictly
convex Banach space with a uniformly Gateaux differential norm, the sequence
{zn} converges strongly to p € F when {T},} satisfies the condition (B) and {a,}
and {f3,} satisfy some control conditions. Our results improve and extend many
results in this area. Finally, we apply our results to solve the problem of finding a
zero of an accretive operator in a Banach space. In section 4.1, we prove a strong
convergence theorem for a nonspreading-type mappings and equilibrium problem
in Hilbert spaces by using an idea of mean convergence. The main result of this
paper extend the results obtained by Osilike and Isiogugu (Nonlinear Analysis 74
(2011) 1814-1822) and Kurokawa and Takahashi (Nonlinear Analysis 73 (2010)
1562-1568). Moreover, example and numerical results are also given. In section
4.2, by using the idea of mean convergence, we introduce an iterative scheme for
finding a common element of the set of solutions of an equilibrium problem and
the fixed points set of a nonspreading-type mappings in Hilbert space. A strong
convergence theorem of the proposed iterative scheme is established under some
control conditions. The main result of this paper extend the results obtained
by Osilike and Isiogugu (Nonlinear Analysis 74 (2011) 1814-1822) and Kurokawa
and Takahashi (Nonlinear Analysis 73 (2010) 1562-1568). We also give an example
and numerical results are also given. In section, 4.3, by using the idea of mean
convergence, we introduce a new iterative scheme for finding a common fixed
point of two k-strictly pseudononspreading mapping in Hilbert spaces. A strong
convergence theorem of the proposed iteration is obtained. Our main result can
be appiled for finding a common fixed point of two nonspreading mappings in
Hilbert spaces.



