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Activity 1: Prediction Sheet
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ABSTRACT

Inthis work we studied roling mation of solig and hollow cylinger inchined ctane The mohans were captured as 300 frames per second «
tv Caio EX-F1 anc Me videss were anat frame by frame using nalvs attea Tracker Data from the real moton were ©
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OBJECTIVE INTERVENTION

To study high-speed videos of solid and hollow cylinders [ Leadingto Resufls from this study will be used to develop interactive
rolling down an inchned plane at different angles fll viceo demonstrations for teaching rolling motion

THEORY MATERIALS & METHOD

Linear motion N
Matenais are as foliows

® Soha ang hollow stee
Routional motion cinders with cifferent masses
Use the canamon 1o 1in thaut SHPRING an
8 Y y el Hng ® Wooden inclined plane
s Solid cylinder:

4 ® Casic EX-F1 camera
cAinder colling

ownaninchrie  Hollow cylinder: —_ ® Tracker 3 10

RESULTS

® The center of mass acceleration
(8.m) for both sohid and hollow cyhinders
do not depend of mass and radius

" The theorencal 8- agrees with the
expenmental one when the angle s
smaller then 23°

® Forthe wood-steel surface we
found a maximum coefficient of static
fnction was equal to G 14 In theory the
cntical angle for solid cylindecto roll
athout shppingis & = 1/3

This agrees with our expenmental Hollow cylinder: «with mass 27 om inner radius of
result 25 cm and aiter radws of 4om

Conservation of Mechanical
Energy
The mechanical energy 1s conserced for ralling vathout

slipping because the work. from static fnction is “ero

Solid cytinder rolling w/o slpping at 10°
ivith mass 294 § gm and radwus of 2 cm
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Abstract .

In this work, we studied rolling motion of solid and hollow cylinders down an
inclined plane at different angles. The motions were captured on video at 300
frames per second, and the videos were analyzed frame by frame using video
analysis software. Data from the real motion were compared with the theory of
rolling down an incline plane without slipping. From the experiment, the
acceleration does not depend on the cylinder mass as indicated from the theory. For
the wooden-steel surface, we found that a coefficient of static friction was equal to
0.131 and the critical angle for the solid cylinder is 21.45°. The critical angle for the
hollow cylinder depends on the inner and outer radius of the cylinder. Motion paths
of a point on the hollow cylinder at small and big angles were shown to elucidate
the pure rolling condition. Finally, we demonstrated that total mechanical energy
was conserved during the pure rolling motion. This confirms that work done by the
friction force is zero. We will use these results to design an interactive lecture
demonstration on rolling without slipping.

Introduction

Apparatus suitable for studying rolling experimentally (with or without slipping) has
been known at least since the time of Galileo [1]. It consists of smooth solid spheres released
from rest and rolling down an inclined plane. However, Galileo did not realize that spheres
start to slip for a large inclined angle. The difference between his predictions and the
outcomes of his experiments proved a source of confusion at that time. So if even Galileo was
puzzled with rolling motion, we can expect to see students having difficulties understanding
this topic. Rolling motion is a complicated phenomenon involving many basic physics
principles such as frictional forces, conservation of energy and relative velocity etc. Therefore
it needs to be carefully addressed both in classroom lessons and in laboratory activities [2].

Many previous papers have investigated rolling motion from different perspectives
both theoretically and experimentally, all with a similar aim—to improve instructions on this
topic [2-9]. Rolling motion of cylinders on a horizontal plane has been study theoretically
without slipping [3-5] and with slipping [4, 5]. The focus of these studies was largely on the
direction and magnitude of frictional forces and the work done by friction.

A few studies have presented a new approach to explain core concepts and have
indicated persistent misconceptions on this topic [6-8]. Salazer et al [6] studied theoretically
frictional forces in two examples of horizontal forces exerted on, firstly, two blocks, one on
top of the other and, secondly, a sphere that rolls without slipping. They also called attention
to misconceptions that could arise from these common-textbook examples. Lopez [7]
demonstrated methods that could help students to overcome these misconceptions.
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Hierrezuelo et al [8] recommended that teachers should not explain that the work done by the
frictional force on a rolling object is zero because there is no displacement of its point of
application. This explanation can cause misconceptions. Instead, they should show that
frictional force produces two quantities of work of the same magnitude and opposite signs,
which gives a net work equal to zero. Rimoldini and Singh [9] investigated common
difficulties that students had with concepts related to rotational and rolling motion covered in
introductory physics courses. They found that students could not differentiate speeds of
different points on a rolling rigid wheel with respect to the center of the wheel or to the
ground [9]. When being tested with rolling motion questions, most students believed that
friction must slow down the motion. Furthermore they also thought that rolling without
slipping is controlled by kinetic friction. Rimoldini and Singh [9] suggested that instructional
strategies should focus on applying the principle of conservation of energy, the role of friction
and relative velocity concepts in order to help students construct correct understanding.

Various articles have presented or proposed experimental apparatus that could be used
to teach rolling motion of spheres [2, 3, 10-13]. Basta et a/ [2] created a desktop apparatus
connected witht a personal computer for use in a college-level physics laboratory. The
apparatus used a sphere rolling down a grooved track while photocells detected positions of
the sphere. Information was sent to the PC so that students could analyze the data on an
electronic spreadsheet. Note, the rolling has to be on a grooved track because only then can
the motion be controlled to be a straight line. Asavapibhop and Suwonjandee studied similar
motion of steel spheres rolling down a grooved track using high-speed video [12]. Bryan also
employed high-speed video analysis in studying energy conservation for objects in freefall,
simple pendulums, spheres rolling down inclines, and masses oscillating on springs [13].

Currently, there is a wide range of ways to record and display the results of this kind
of experiment for either introductory physics laboratories or classroom demonstrations. The
use of high speed cameras has increased considerably, because the technology has become
affordable at the consumer level. This gives teachers and students opportunities to record and
study the physics of a real motion [14-16]. A high-speed video is also an extremely helpful
tool for developing lecture demonstrations.

The objectives of this study are (1) to conduct and analyze high-speed videos of
cylinders rolling down an inclined plane with different angles and compare with theory; (2) to
give graphical proof of conservation of energy during the pure rolling; (3) to visualize the
conditions of pure rolling. We are interested in rolling motion because it is very important in
the curriculum of future engineers [3, 4] and most students have difficulties understanding it
[1-11]. We also expect to use the high-speed video and the analysis to construct interactive
video demonstrations [17] on rolling motion.

Theoretical background
Consider a cylinder of mass m and radius R rolling down an inclined plane of
angle @ . The coefficient of static friction between the sphere and the incline is denoted by s, .

We consider two cases of rolling without slipping and rolling with slipping for solid and
hollow cylinders.
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Case 1: Rolling without slipping

For rolling without slipping
S=6R=27R

‘ Figure 1. The conditions for pure rolling

For the rigid object to roll without slipping, it has to satisfy the condition that its center of
mass displacement (s ) is proportional to its angular displacement (6 ) as follows:

s = RO (1)

When a point on the cylinder returns to the same position, the magnitude of displacement
equals to 27 R, as shown in Figure 1. The velocity of any point on circumference is the same
as the center of mass velocity (v ). Therefore, the velocity and acceleration (a ) for the center
of mass are related to the corresponding angular velocity (@) and angular acceleration («a )
by these relations:

v = Row and a = Ra 2)

Students need to understand these conditions then at the beginning of the lesson on this topic.

Solid Cylinder. To study the role played by the shape of the cylinder, we start with an
equation of motion for a cylinder obtained by drawing a free body diagram (FBD) as shown
in Figure 2, where mgsin® and mg cos@ are components of the cylinder weight (mg ).

Figure 2. FBD for a solid cylinder rolling without slipping down an incline
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According to Newton’s 2" law, the equations of linear motion along axes parallel and
perpendicular to an incline plane are given in eqn. (3) and (4), respectively.

mgsind — f, = ma 3)
N—-mgcosf = 0 4)
Also, the rotational component of the motion can be applied to this situation as follows:

TR Sadn = %mRza (5)

Combining eqn. (3) and (4) and using the condition for rolling without slipping from eqn. (2),
for the solid cylinder, we determine the acceleration to be:

3

alf = %gsin@ (6)

These equations are valid only so long as the frictional forces are sufficiently strong to
prevent the cylinder from slipping as well as rolling. This means that the angle of incline must
be less than some critical value. This critical angle can be determined from a condition of the
maximum static friction. So we have

. 1 .
fs = uN and fe = gmg sin@ (7)
The relation between the critical angle and the coefficient of (static) friction is, from eqns. (4)

and (7),
Mmoo 2 %tan@ ®)

Hollow Cylinder. For the hollow cylinder, the equation of linear motion is similar to that of
the solid one, eqn. (3) and (4). The only difference is the moment of inertia. Let the hollow
cylinder have a mass m and outer radius of R, and inner radius of R , we obtain the

acceleration of rolling without slipping as:

2gsinf
e 9)
3+(R/R,)
Similarly, the critical angle and the coefficient of friction relation are for a hollow cylinder.
M 2 [Mﬁz—]tanO (10)
3+(Ri/Ry)

Case 2: Rolling and slipping

Rolling and slipping happens when the coefficient of static friction does not satisfy
eqn. (8) or eqn. (10) for a solid and a hollow cylinder, respectively. In this case, there is
rotational as well as translational motion. Therefore kinetic friction comes into play. Equation
(5) is no longer relevant because extra terms will enter the analysis which we do not want to
2o into in this paper.
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Work done by the friction force in rolling without slipping

Carnero, Aguiar and Hierrezuelo [8] presented a new approach in explaining why the
frictional force does no work during rolling without slipping. They compared explanations
from different textbooks. Most authors explained that the point in contact with the surface is
instantaneously at rest so the change of displacement of that point is considered to be zero.

This explanation highlights some possible difficulties with typical textbook problems,
for example rope is wrapped around a wheel and the rope unwinds without slipping by a
constant force F. If we use the similar explanation as the case of rolling without slipping,
there will be no work done by the force F. Therefore, Carnero et. Al. [8] suggested a new
explanation that there is no mechanical energy dissipation because the friction is static. They
showed that the frictional force produces two quantities of work with the same magnitude but
opposite signs, so this gives a zero net work done by the friction.

(

Experiment and Video Analysis
Desktop Apparatus

The apparatus, which is shown in Figure 3, consisted of a wooden incline plane with
adjustable angle, solid and hollow steel cylinders of various sizes. The incline plane of width
w=15.0 cm and length / =80.0 cm could be adjusted to different angles. 20-cm white tape

is attached to the bottom of the plane, as a reference length for conducting video analysis. The
left hand half of the figure shows how the tracked positions of the cylinder at successive times
are displayed on one composite picture as a series of numbered circles. The right hand half of
the figure shows how the successive measured positions (along an axis parallel to the incline)

of the center of the cylinder are plotted graphically, from which velocities and accelerations
are calculated.

Y ) ToCaegir ]

)

Figure 3. Using Tracker to analyze the motion of a solid cylinder which starts from rest and
rolls down an incline at angle of 12°
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Video Analysis

In order to analyze the motion of cylinders rolling down the plane, we captured
rolling motion of each cylinder with a high speed camera (Casio EX-F1) at a rate of 300
frames per second. More details of this camera and high speed technology can be found in
reference [15]. There the videos were analyzed using video analysis software, called Tracker
3.10 [16]. The software superimposes on each video frame of the equipment a series of small
circles accompanied by the frame numbers.

Prior to tracking the object’s position, the origin was assigned to the cylinder’s center
of mass when it was at rest before rolling down the incline, as shown in Figure 3. Tracker
calibrated the video scale, using the 20-cm white tape at the bottom of the apparatus. Then,
we traced the position of the center of mass of the cylinder, as shown in Figure 3. When
tracking an object, the user has to use the mouse to locate the object’s position.

The error in this measurement is relatively large (estimated to be around = 5%). The
process of measuring positions essentially by hand, is necessarily prone to error, unless
extreme care 1s taken in the use of Tracker. In this study, we used the Data Tool application to
linearly fit the velocity versus time graph, as shown in Figure 4. The Data Tool application
calculated the values a and b, which are parameters in the line equation: v=a*r+b, as

shown in Figure 4. The value of acceleration can be obtained from the value of parameter a.
An example of the data is presented in Figure 4, the experimental value of acceleration
a =1.36 m/ s with the standard error of the mean of about 0.02 m /s from the linear best fit.
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Figure 4. Using “Data Tool” in Tracker to obtain the experimental value of acceleration.
Note that the velocity-time points are linearly fitted to a line where a slope gives the
acceleration.



103

Measurement of Maximum Coefficient of Static Friction
Before the main experiment began, it was necessary to obtain the maximum value of
coefficient of static friction (4, ) between steel and wood surfaces. We set up apparatus to

measure 2, as shown in Figure 5. From the free body diagram in the figure, we can

determine p, as follows:

m— M sin@
£ M cos@ LD

Figure 5. Apparatus for measuring the maximum coefficient of static friction

At an angle of 10 degrees, two solid cylinders (M) were attached together so that
there was no rolling. The masses (m) required for the cylinders to just start moving up were
measured. The masses of cylinders were varied to be 519.7 g and 837.1 g. Then we calculated

4, using eqn. (11) for each measurement and found an effective of the maximum coefficient

of static friction to be 0.131 + 0.029. Note that the uncertainty is quite large which is difficult
to avoid in this kind of measurement.

Results and Discussion

Condition for rolling without slipping

First, we investigated the condition for pure rolling motion of a hollow cylinder, as
presented by eqn. (1). In the experiment, the motion path of one point on the hollow cylinder
edge was tracked at different angles. The hollow cylinder has an inner radius (R;) of 3.5 cm

and an outer radius (R, ) of 4.0 cm. Using the value of g, =0.131 and eqn. (10), the critical

angle for this hollow cylinder to roll without slipping was calculated to be 15.6°.

We took videos of rolling motion at two different angles—12° and 40° (one less and
the other greater than critical). In Figure 6 (a), the path of the point shows that the hollow
cylinder rolls without slipping, as there are sharp cusps on the displacement curves. Using
eqn. (1) with 6 =27, the expected displacement between cusps (s), as shown in Figure 6(a),
should be 25.13 cm. The measured displacement from using Tracker is equal to 24.32 cm.
This agreement is satisfactory (+ 3%) and confirms that within the limits of accuracy of the
experiment the cylinder was indeed rolling without slipping. In Figure 6 (b), the angle is
bigger than the critical angle, so the cylinder now rolls and slips as clearly shown in the
figure.
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(a) (b)
Figure 6. Path of the hollow cylinder (mass 294.13 gm, inner radius of 3.5 cm and outer
radius of 4.0 cm) rolling down an inclined plane at—(a) 12° (rolling without
slipping) (b) 40° (rolling with slipping)

Critical angle
As the angle of the inclined plane increased, the cylinder starts to roll without slipping,
up to a critical angle (6.). Then equations (8) and (10) can be written to show that this

critical angle is:

solid cylinder: 0. = tan'(3y, ) (12)
{7 7\ i
hollow cylinder: 6 = tan” M n (13)
1+(R1/R2)‘

In order to measure the critical angle, the previous observations were repeated for
several cylinders, a range of angles, not just two arbitrarily chosen values. For each run the
average acceleration (a ) was measured and plotted against incline angle (6 ), as shown in
Figure 7.

Note from equations (6) or (9) the relationship between « and @ should be
independent of mass. In Figure 7, experimental values of accelerations for two solid cylinders
with different masses (< and A markers) are plotted. This resultant graph clearly shows the
independence of @ on 6.

In Figure 7, the (a,0) relationship for pure rolling (eqn. (9)) is plotted as a solid line.
Comparison of this line with the experimental data clearly shows that for small angles there is
agreement, but the onset of slipping occurs at a specific angle and these two no longer agree.
The angle at which this divergence occurs can be estimated from the data points to be close to
the theoretically calculated critical angle of 21.45°.

In Figure 8, experimental results for hollow and solid cylinders are compared. These
results, as well as eqns. (12) and (13), indicate that the critical angle depends on moment of
inertia or how the mass is distributed. Both solid and hollow cylinders have the same mass,
but the critical angle of the solid cylinder is larger than one of the hollow cylinder. Also, the
acceleration of the solid cylinder is larger than the hollow one because the moment of inertia
for solid cylinder is smaller than the hollow one. The smaller moment of inertia results in a
lower resistance to rolling, so the object moves faster.
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Figure 7. Comparing theoretical (solid line) and experimental data versus angle for solid
cylinder with mass 294.50 grams and 163.50 grams. Note for these values,
theoretical critical angle is 21.45°
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Figure 8. Comparing theoretical (solid line) and experimental data versus angle for solid and
hollow cylinders with the same mass (m = 294.50 gm). Note the calculated critical
angles are 15.45° and 21.45°, respectively.
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Rolling with slipping

From both Figure 7 and 8, when the angle of the incline plane is bigger than the critical
angle, it is clear that the cylinder starts to slip as well as roll. Therefore, the experiment data
diverges from the theoretical, rolling only, line. This may require a more sophisticated model
that is not appropriate to discuss in this paper.

Conservation of Energy

As a final exercise, positions of the cylinder at each time frame were obtained with
Tracker and imported to a standard spreadsheet. They were used to calculate gravitational
potential, translational kinetic, rotational kinetic and total mechanical energies of a solid
cylinder at angle 12° and 42°. These were plotted in Figure 9 and 10, respectively. Figure 9
shows the case of rolling without slipping, low angle. The fluctuations of the total mechanical
energy at later times are most probably attributable to an increased uncertainty due to the
large values of velocity toward the end of incline. Using a standard line fitting program, the
average total mechanical energy is 0.233+0.019 J . The uncertainty is quite small for pure

(
rolling, so the total mechanical energy can be considered to be conserved.

Figure 10 displays the case of rolling and slipping (high angle) and the average total
mechanical energy is 0.666+0.077 J. The fluctuations are larger and the graph in Figure 10

displays a large uncertainty in the data range for the total mechanical energy. This indicates
that the total energy is not conserved for rolling and slipping. This result is in agreement with
the explanation that friction causes translational work and rotational work in pure rolling, so
these works have opposite sign because the direction of displacement are opposite. In
particular it showed that the total work done by friction is zero and the total mechanical
energy is still conserved [8, 13].
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Figure 9. Comparison of energies of a solid cylinder with m = 294.50 g and R =4.00 cm
at an incline angle of 12°.
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Figure 10. Comparison of energies of a solid cylinder with m =294.50 g and R =4.00 cm
at an incline angle of 42°.

Conclusion

We have described an introductory level physics experiment to investigate the dynamics
of cylinder rolling down an inclined plane. We used a high speed camera and easily available
video analysis software to collect and analyze the data. We have shown that it is not difficult
to obtain results which

(1) are in excellent agreement with the standard theoretical formulas described in this
topic;

(2) can contribute to the elucidation of questions recently raised concerns the work done
when rolling with slipping is being taught in the classroom; and

(3) provide an extremely visual way of exhibiting the data and its analysis, which
should help students understand the role played by friction and moment of inertia in this
process.

From this study, the video and its analysis can be modified and used in teaching rolling
motion in a classroom. This will help students relate the theory with the real motion, and they
will better construct a correct understanding in this topic.
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