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ABSTRACT
In this thesis we investigate the energy gap obihedal Ising spin glas
model on a square lattice. We study systems witloghe boundary conditions in or]
direction, embedded in an infinite ferromagnetistn| the second direction. T
Pfaffian method and degenerate state perturbahenry are used to calculate f{
degeneracies of the low-lying states. The existeotean energy state can
determined from the non-zero value of its degener&i¢e find that energy gaf
depend strongly on the defect concentration andystem size. In the ferromagne
phase, the energy gap i3, 400 matter what the system size is. In the spasgphase
on the contrary, the energy gap &kvizhen the system sizeis odd, while it is 4 when
L is even. For the system with odd finite size scaling analysis suggests to us
there is a sharp transition concentratn= 0.1045(11) where Rexcitations start t
exist. This value of pc agrees well with the feremmetic-spin glass transitig
concentration found in the literature. We find ttieg 2J excitations are involved wit
spins across the system. We expect that these ingagxcitations are a characterig
of the spin glass phase. We also investigate ttellitions of the degeneracies of
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CHAPTER1
INTRODUCTION

1.1 Introduction to Spin Glass Model

The term spin glass refers to the complex behaviour of systems subject to
quenched disorder and frustration due to competition of mixed interactions. The name
was first coined in the late 1960’s by B. R. Coles to identify a class of magnetic alloys
[1]. The pioneering studies were on CuMn and AuFe, with finite concentrations of the
magnetic ions Mn or Fe in the non-magnetic hosts Cu and Au. The reason for the name
spin glass is that in the disordered state the magnetic moments, or spins, on the
magnetic ions seem to freeze in orientation but without any periodic ordering. This is
conceptually similar to the amorphous freezing of the locations of atoms in a

conventional (structural) glass.

Since its discovery, attempts have been made to understand this complex
system, both theoretically and experimentally. On the theoretical side, much effort has
gone into studies of a simplified model that grabs the essential ingredients of the real
spin glass. It was proposed by S. F. Edwards and P. W. Anderson that the key features
of these complex systems are the quenched disorder and frustration due to the mixed
ferromagnetic and antiferromagnetic interactions. They also introduced a simple model
that includes these important features, which is known as the Edward-Anderson (or
EA) model [2]. Since then, there have been a lot of studies to understand the properties
of this model and its variants. It is interesting that most studies are not motivated by
promising new materials, but from the desire for a deep understanding of the
complexity of the disordered system. This model has a wide range of applications,
from magnetic alloys to biological systems, hard optimization to information theory,
and financial analysis to social science. Some reviews of spin glass theory and

applications can be found in [1,3-7].

The model studied in this thesis is the bimodal, or +J, Ising spin glass on a

L x L square lattice. It is an EA model with the hamiltonian
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H=— >Jijsl.sj, (1.1)

(i

where the sum is over all nearest neighbour pairs. The spin variables s; take the values
+1. The random interaction J; has a fixed magnitude J but with random sign and

probability distribution
P(J,)=pd(J ;+J)+(1=p)d(J,—J). (1.2)

The concentration p of negative, or antiferromagnetic, bonds is varied from zero up to
the canonical spin glass at p = 0.5. It is believed that the spin glass can only exist at

zero temperature [8] where p > p. with p,~0.103 [9-11].

1.2 Statement of the Problems

1.2.1 Existence of 2.J Excitations

The low temperature properties of the model are not fully understood. The
issues that interest us in this thesis are the energies and distributions of low-lying
states. There are long debates about the value of the energy gap of the system. First, let
us consider an Ising model with pure ferromagnetic interactions. It is obvious that, on
the infinite system, the energy gap between the first excited states and the ground
states is 8J. Once we introduce the antiferromagnetic bonds, one may expect that the
energy gap is 4J. This can be achieved, for example, by flipping a spin, as shown in

figure 1.1.

Nevertheless, for a finite system 2/ excitations are possible. For the system
with an open boundary the 2J excitations can be obtained simply by flipping a spin on
the boundary, as shown in figure 1.2. Flipping a set of spins involving the boundary
also gives 2J excitations. An example is shown in figure 1.3. However, we are
particularly interested in the spanning 2J excitations, which involve flipping a set of
spins on one side of some path that spans across the system. Figure 1.4 shows an
example. This kind of excitation is quite interesting. It involves spins across the
system. It also depends strongly on the concentration of the antiferromagnetic bonds.

When the concentration is low, it is hard to find a spanning path that, when all spins on
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one side are flipped, gives an excitation as low as 2J. On the other hand if the

concentration is high enough, we may expect that such a path can be easily found.

Ei

Figure 1.1: An example of a 4J excitation. In this system every bond is ferromagnetic
(thin lines) except one bond in the middle which is antiferromagnetic (thick lines).
White dots represent spin up and black dots represent spin down. Jagged lines
represent unsatisfied bonds. On the left is a ground state configuration with one
unsatisfied bond. On the right is a first excited state obtained by flipping a spin. The

excited state has three unsatisfied bonds. The energy difference is thus 4.

i

Figure 1.2: An example of a 2/ excitation. A spin on the open boundary is flipped. The

number of unsatisfied bonds is increased from one to two and the energy difference is

o

Figure 1.3: Another example of a 2J excitation. Three spins, with one spin on the
boundary, are flipped. The number of unsatisfied bonds is increased from three to four,

thus the energy difference is 2J.
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We believe that these spanning 2.J excitations are the signature of the spin
glass phase. It is interesting to see whether or not there is a sharp transition between
two phases where the 2J excitations do not and do exist in the thermodynamic limit. It

is even more interesting to see that whether this transition concentration coincides with

the ferromagnetic-spin glass transition p. or not.

Figure 1.4: An example of spanning 2J excitation. On the left is a ground state
configuration with five unsatisfied bonds. On the right is a first excited state obtained
by flipping all spins on one side of the vertical broken line. The excited state has six

unsatisfied bonds.

In principle, we may tackle this problem geometrically, although this is
impractical for a large system. There is an exact algorithm to calculate the
degeneracies of excited states [12]. It is practical to detect the spanning 2.J excitations
by measuring their degeneracies. However, in the open boundary system, there also
exist local 2J excitations, as shown in figures 1.2 and 1.3. To focus on the spanning 2.J
excitations only, it is more convenient to work with an alternative boundary condition.
We study the system with periodic boundary conditions in one direction, embedded in
an infinite ferromagnetic nest in the second direction. We may have spanning 2J
excitations if the linear dimension L in the direction of the periodic boundary is odd.
These 2J excitations involve flipping all spins on one side of some closed path
wrapping around the system. Figure 1.5 shows an example. Other closed paths can
give excitations with energies equal to an odd multiple of 2J. There are no local (not
spanning) 2J excitations in this system. Where the degeneracy of the 2J states is

greater than zero, the spanning 2.J excitations exist.
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1.2.2 Distributions of Low-Lying States

Working with periodic-nested boundary conditions gives rise to the second
issue of this thesis. It was shown [12] that if L is even, 2/ excitations are not allowed.
The closed paths give 4J excitations and the energy gap is 4J. For a system with full
periodic boundary conditions (both directions), the spanning excitations need two
closed paths and the energy gap is thus 4J. We now come to the situation that the size
of the energy gap depends on the boundary conditions. This behaviour contradicts the

requirement that physical quantities should be independent of boundary condition in

the thermodynamic limit.

Figure 1.5: An example of a 2J excitation in the system with periodic boundary
conditions in the x-direction and embedded in an infinite ferromagnetic nest in the y-
direction. On the left is a ground state configuration with five unsatisfied bonds. On
the right is a first excited state obtained by flipping all spins on one side of the vertical

broken line. The excited state has six unsatisfied bonds.

We believe that these strange behaviours are closely related to the
controversy of the low temperature thermal response, that is the specific heat, of the
model. In the bimodal spin glass, since the energy levels are discrete, the partition

function can be written as the sum over energy states of the Boltzmann weights

E LAE AE,
2

Z=2Mse |1+ Le 7 4 2o T 4. (1.3)
M, M,

where AE; = E;— E,. E, is the ground state energy and E; is the energy of the ith excited

state. M, is the ground state degeneracy and M; is the degeneracy of the ith excited

state. The factor 2 comes from global inversion. Using thermodynamic relations
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F=—kT In Z, S Z—Z—F and E =F + TS together with the expansion

T
x2 x3
In(1 +x)=x— 5 +3 — v, wecan write the specific heat as
1 dE
C, =" 5=
L*dT
| M _AE, M L[ M 2] AE (1.4)
=———{AEl—e " + AE) 2 ——|—| e 7+
k(LT) M, M, 2\M,

Note that, since the above expansion of In(1 + x) is valid only when x < 1, the relation
for ¢, is valid at low temperature only. If the temperature is low enough, we may
naively expect that the first term dominates the series and the low temperature specific

heat varies with the temperature as

2

E. M, E,

C ~—g—ex e 15

where E, = AE, is the energy gap. To get this relation we implicitly assume that the
distribution of the ratio M;/M, is sharp and we expect a definite value in the
thermodynamic limit. However, it was found [12] that, for the canonical spin glass
with even L, the distributions of the degeneracies of the low-lying states are broad and
have fat tails, especially with increasing L. This means that we cannot assume the
functional form of cv in equation 1.5. Even though there is an energy gap, saying that
the ground states and first excited states dominate the low temperature physics may
not be physically meaningful. For a finite system, we cannot lower the temperature
beyond the point where ground states and first excited states start dominating the

behaviour of the system.

Recently, there is a report [13] that the specific heat varies as a power law
with the temperature. Since the calculations are performed for very large systems, this
result is very reliable. The calculations are based on the assumption that the low
temperature specific heat contains contributions from excitations having a range of
energies. This idea seems to fit well with the discussion above that the low
temperature physics may be not affected by the energy gap. The power law scaling of

specific heat is similar to that of the Gaussian model, where the random interaction J;
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i1s Gaussian distributed. It seems that in the thermodynamic limit the bimodal Ising

spin glass model in two dimensions is “gapless” as in the Gaussian model.

For the second issue of this thesis, we want to show that broad
distributions of the degeneracies of the low-lying states are also the characteristic of
the spin glass phase. We believe that the broad distributions result from the existence
of the spanning excitation paths. In the ferromagnetic phase, there are no spanning 2J
paths in the thermodynamic limit. The energy gap should be 4.J, regardless of the
boundary conditions. Since it is reasonable to expect that there are no spanning 4.J
paths either, the distributions of 4. states should be sharp. On the contrary, in the spin
glass phase we can expect a lot of spanning paths, and the distributions of low-lying

states should be broad.

To show this, we investigate the distributions of the low-lying energy
states of the systems with the nested-periodic boundary condition, just above and
below the critical concentration p.. We believe that the results should reflect the
characteristics of the other boundary conditions. We adapt the algorithm in [12,14] to
calculate the degeneracies of the excited states for large numbers of disorder
realisations. We then use a sophisticated algorithm to estimate the distributions of the
degeneracies. The shape of distributions for both phases are then investigated. For the
systems with odd L, the distributions of 2J states above and below p. are compared.
For the systems with even L, we investigate the distributions of 4J states. For

comparison, we also investigate the distributions of 4. states for the system with

odd L.

1.3 Objectives and Outline of the Thesis

In this thesis we propose to:

- Investigate the existence of spanning 2.J excitations in the bimodal Ising
spin glass model on a square lattice with periodic boundary conditions in one
direction, embedded in an infinite ferromagnetic nest in the second direction, and

odd L.
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- Estimate the transition concentration that separates the two phases
where the 2J excitations do not and do exist in the thermodynamic limit. Examine

whether this coincides with the ferromagnetic-spin glass transition p, or not.

- Investigate the distributions of low-lying states. Compare the shapes of
the distributions above and below p.. Examine whether a broad distribution is

characteristic of the spin glass phase or not.

The detail of the our studies is given in the following chapters. After this
introductory chapter, we review the related literature in chapter 2. The existence of 2.J
excitations, the mathematical formalism, and the computer algorithms used in our
analyses are described in chapter 3. The results and discussion are then given in
chapter 4. Chapter 5 summarises what we have done and introduces some interesting

issues for further study.
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CHAPTER1
INTRODUCTION

1.1 Introduction to Spin Glass Model

The term spin glass refers to the complex behaviour of systems subject to
quenched disorder and frustration due to competition of mixed interactions. The name
was first coined in the late 1960’s by B. R. Coles to identify a class of magnetic alloys
[1]. The pioneering studies were on CuMn and AuFe, with finite concentrations of the
magnetic ions Mn or Fe in the non-magnetic hosts Cu and Au. The reason for the name
spin glass is that in the disordered state the magnetic moments, or spins, on the
magnetic ions seem to freeze in orientation but without any periodic ordering. This is
conceptually similar to the amorphous freezing of the locations of atoms in a

conventional (structural) glass.

Since its discovery, attempts have been made to understand this complex
system, both theoretically and experimentally. On the theoretical side, much effort has
gone into studies of a simplified model that grabs the essential ingredients of the real
spin glass. It was proposed by S. F. Edwards and P. W. Anderson that the key features
of these complex systems are the quenched disorder and frustration due to the mixed
ferromagnetic and antiferromagnetic interactions. They also introduced a simple model
that includes these important features, which is known as the Edward-Anderson (or
EA) model [2]. Since then, there have been a lot of studies to understand the properties
of this model and its variants. It is interesting that most studies are not motivated by
promising new materials, but from the desire for a deep understanding of the
complexity of the disordered system. This model has a wide range of applications,
from magnetic alloys to biological systems, hard optimization to information theory,
and financial analysis to social science. Some reviews of spin glass theory and

applications can be found in [1,3-7].

The model studied in this thesis is the bimodal, or +J, Ising spin glass on a

L x L square lattice. It is an EA model with the hamiltonian
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H=— >Jijsl.sj, (1.1)

(i

where the sum is over all nearest neighbour pairs. The spin variables s; take the values
+1. The random interaction J; has a fixed magnitude J but with random sign and

probability distribution
P(J,)=pd(J ;+J)+(1=p)d(J,—J). (1.2)

The concentration p of negative, or antiferromagnetic, bonds is varied from zero up to
the canonical spin glass at p = 0.5. It is believed that the spin glass can only exist at

zero temperature [8] where p > p. with p,~0.103 [9-11].

1.2 Statement of the Problems

1.2.1 Existence of 2.J Excitations

The low temperature properties of the model are not fully understood. The
issues that interest us in this thesis are the energies and distributions of low-lying
states. There are long debates about the value of the energy gap of the system. First, let
us consider an Ising model with pure ferromagnetic interactions. It is obvious that, on
the infinite system, the energy gap between the first excited states and the ground
states is 8J. Once we introduce the antiferromagnetic bonds, one may expect that the
energy gap is 4J. This can be achieved, for example, by flipping a spin, as shown in

figure 1.1.

Nevertheless, for a finite system 2/ excitations are possible. For the system
with an open boundary the 2J excitations can be obtained simply by flipping a spin on
the boundary, as shown in figure 1.2. Flipping a set of spins involving the boundary
also gives 2J excitations. An example is shown in figure 1.3. However, we are
particularly interested in the spanning 2J excitations, which involve flipping a set of
spins on one side of some path that spans across the system. Figure 1.4 shows an
example. This kind of excitation is quite interesting. It involves spins across the
system. It also depends strongly on the concentration of the antiferromagnetic bonds.

When the concentration is low, it is hard to find a spanning path that, when all spins on



Fac. of Grad. Studies, Mahidol Univ. Ph.D.(Physics) / 3

one side are flipped, gives an excitation as low as 2J. On the other hand if the

concentration is high enough, we may expect that such a path can be easily found.

Ei

Figure 1.1: An example of a 4J excitation. In this system every bond is ferromagnetic
(thin lines) except one bond in the middle which is antiferromagnetic (thick lines).
White dots represent spin up and black dots represent spin down. Jagged lines
represent unsatisfied bonds. On the left is a ground state configuration with one
unsatisfied bond. On the right is a first excited state obtained by flipping a spin. The

excited state has three unsatisfied bonds. The energy difference is thus 4.

i

Figure 1.2: An example of a 2/ excitation. A spin on the open boundary is flipped. The

number of unsatisfied bonds is increased from one to two and the energy difference is

o

Figure 1.3: Another example of a 2J excitation. Three spins, with one spin on the
boundary, are flipped. The number of unsatisfied bonds is increased from three to four,

thus the energy difference is 2J.
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We believe that these spanning 2.J excitations are the signature of the spin
glass phase. It is interesting to see whether or not there is a sharp transition between
two phases where the 2J excitations do not and do exist in the thermodynamic limit. It

is even more interesting to see that whether this transition concentration coincides with

the ferromagnetic-spin glass transition p. or not.

Figure 1.4: An example of spanning 2J excitation. On the left is a ground state
configuration with five unsatisfied bonds. On the right is a first excited state obtained
by flipping all spins on one side of the vertical broken line. The excited state has six

unsatisfied bonds.

In principle, we may tackle this problem geometrically, although this is
impractical for a large system. There is an exact algorithm to calculate the
degeneracies of excited states [12]. It is practical to detect the spanning 2.J excitations
by measuring their degeneracies. However, in the open boundary system, there also
exist local 2J excitations, as shown in figures 1.2 and 1.3. To focus on the spanning 2.J
excitations only, it is more convenient to work with an alternative boundary condition.
We study the system with periodic boundary conditions in one direction, embedded in
an infinite ferromagnetic nest in the second direction. We may have spanning 2J
excitations if the linear dimension L in the direction of the periodic boundary is odd.
These 2J excitations involve flipping all spins on one side of some closed path
wrapping around the system. Figure 1.5 shows an example. Other closed paths can
give excitations with energies equal to an odd multiple of 2J. There are no local (not
spanning) 2J excitations in this system. Where the degeneracy of the 2J states is

greater than zero, the spanning 2.J excitations exist.
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1.2.2 Distributions of Low-Lying States

Working with periodic-nested boundary conditions gives rise to the second
issue of this thesis. It was shown [12] that if L is even, 2/ excitations are not allowed.
The closed paths give 4J excitations and the energy gap is 4J. For a system with full
periodic boundary conditions (both directions), the spanning excitations need two
closed paths and the energy gap is thus 4J. We now come to the situation that the size
of the energy gap depends on the boundary conditions. This behaviour contradicts the

requirement that physical quantities should be independent of boundary condition in

the thermodynamic limit.

Figure 1.5: An example of a 2J excitation in the system with periodic boundary
conditions in the x-direction and embedded in an infinite ferromagnetic nest in the y-
direction. On the left is a ground state configuration with five unsatisfied bonds. On
the right is a first excited state obtained by flipping all spins on one side of the vertical

broken line. The excited state has six unsatisfied bonds.

We believe that these strange behaviours are closely related to the
controversy of the low temperature thermal response, that is the specific heat, of the
model. In the bimodal spin glass, since the energy levels are discrete, the partition

function can be written as the sum over energy states of the Boltzmann weights

E LAE AE,
2

Z=2Mse |1+ Le 7 4 2o T 4. (1.3)
M, M,

where AE; = E;— E,. E, is the ground state energy and E; is the energy of the ith excited

state. M, is the ground state degeneracy and M; is the degeneracy of the ith excited

state. The factor 2 comes from global inversion. Using thermodynamic relations



Noparit Jinuntuya Introduction / 6

F=—kT In Z, S Z—Z—F and E =F + TS together with the expansion

T
x2 x3
In(1 +x)=x— 5 +3 — v, wecan write the specific heat as
1 dE
C, =" 5=
L*dT
| M _AE, M L[ M 2] AE (1.4)
=———{AEl—e " + AE) 2 ——|—| e 7+
k(LT) M, M, 2\M,

Note that, since the above expansion of In(1 + x) is valid only when x < 1, the relation
for ¢, is valid at low temperature only. If the temperature is low enough, we may
naively expect that the first term dominates the series and the low temperature specific

heat varies with the temperature as

2

E. M, E,

C ~—g—ex e 15

where E, = AE, is the energy gap. To get this relation we implicitly assume that the
distribution of the ratio M;/M, is sharp and we expect a definite value in the
thermodynamic limit. However, it was found [12] that, for the canonical spin glass
with even L, the distributions of the degeneracies of the low-lying states are broad and
have fat tails, especially with increasing L. This means that we cannot assume the
functional form of cv in equation 1.5. Even though there is an energy gap, saying that
the ground states and first excited states dominate the low temperature physics may
not be physically meaningful. For a finite system, we cannot lower the temperature
beyond the point where ground states and first excited states start dominating the

behaviour of the system.

Recently, there is a report [13] that the specific heat varies as a power law
with the temperature. Since the calculations are performed for very large systems, this
result is very reliable. The calculations are based on the assumption that the low
temperature specific heat contains contributions from excitations having a range of
energies. This idea seems to fit well with the discussion above that the low
temperature physics may be not affected by the energy gap. The power law scaling of

specific heat is similar to that of the Gaussian model, where the random interaction J;
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i1s Gaussian distributed. It seems that in the thermodynamic limit the bimodal Ising

spin glass model in two dimensions is “gapless” as in the Gaussian model.

For the second issue of this thesis, we want to show that broad
distributions of the degeneracies of the low-lying states are also the characteristic of
the spin glass phase. We believe that the broad distributions result from the existence
of the spanning excitation paths. In the ferromagnetic phase, there are no spanning 2J
paths in the thermodynamic limit. The energy gap should be 4.J, regardless of the
boundary conditions. Since it is reasonable to expect that there are no spanning 4.J
paths either, the distributions of 4. states should be sharp. On the contrary, in the spin
glass phase we can expect a lot of spanning paths, and the distributions of low-lying

states should be broad.

To show this, we investigate the distributions of the low-lying energy
states of the systems with the nested-periodic boundary condition, just above and
below the critical concentration p.. We believe that the results should reflect the
characteristics of the other boundary conditions. We adapt the algorithm in [12,14] to
calculate the degeneracies of the excited states for large numbers of disorder
realisations. We then use a sophisticated algorithm to estimate the distributions of the
degeneracies. The shape of distributions for both phases are then investigated. For the
systems with odd L, the distributions of 2J states above and below p. are compared.
For the systems with even L, we investigate the distributions of 4J states. For

comparison, we also investigate the distributions of 4. states for the system with

odd L.

1.3 Objectives and Outline of the Thesis

In this thesis we propose to:

- Investigate the existence of spanning 2.J excitations in the bimodal Ising
spin glass model on a square lattice with periodic boundary conditions in one
direction, embedded in an infinite ferromagnetic nest in the second direction, and

odd L.
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- Estimate the transition concentration that separates the two phases
where the 2J excitations do not and do exist in the thermodynamic limit. Examine

whether this coincides with the ferromagnetic-spin glass transition p, or not.

- Investigate the distributions of low-lying states. Compare the shapes of
the distributions above and below p.. Examine whether a broad distribution is

characteristic of the spin glass phase or not.

The detail of the our studies is given in the following chapters. After this
introductory chapter, we review the related literature in chapter 2. The existence of 2.J
excitations, the mathematical formalism, and the computer algorithms used in our
analyses are described in chapter 3. The results and discussion are then given in
chapter 4. Chapter 5 summarises what we have done and introduces some interesting

issues for further study.
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CHAPTER II
LITERATURE REVIEW

The value of the energy gap of the bimodal Ising spin glass model is a long
debated issue. This dates back more than two decades to the proposal of Wang and
Swendsen [15], who performed the replica Monte Carlo simulations on system sizes L
< 32 with periodic boundary conditions. They estimated that the specific heat at low

temperature follows the exponential scaling

AJ

——) @.1)

T72
c,cT "exp i T

with 4 = 2. This result indicates that the energy gap is 2J. This value is different from
4J, which might be naively expected. They also performed transfer matrix calculations
for the system with open boundary conditions. The results were reported to fit well

with 4 = 2. They suggested that the 2J excitations are a nonlocal effect. They involve

the rearrangement of a large number of spin orientations.

The idea of a 2J gap has afterwards been both challenged and supported.
Saul and Kardar [16,17] performed exact calculations of the partition function for the
system sizes L < 36 with periodic boundary conditions. They compared the entropy
difference between the ground states and first excited states for the fully frustrated
Ising model and the bimodal Ising spin glass, and suggested that both models should
have a similar behaviour. Thus the specific heat of the bimodal Ising spin glass model
should follow exponential scaling with 4 = 4. They also proposed an exponential
scaling for the correlation length

nJ

o (2.2)

Eocexp

with n = 2. This behaviour of the correlation length supports the idea of 4.J gap since it

is consistent with the hyperscaling relation 4 = 2n.

Lukic et al. [18,19] calculated the low temperature specific heat for system
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sizes L < 50 with periodic boundary conditions, using exact calculations for partition
functions. They proposed that when L is large the low temperature specific heat will
follow exponential scaling with 4 = 2. They also suggested the noncommutativity of
the zero-temperature and thermodynamic limit. To study the low temperature

properties of this model, the thermodynamic limit has to be taken at some finite

temperatures first, following by the zero-temperature limit.

Katzgraber and Lee [20] performed simulations on the system sizes L <
128 with periodic boundary conditions, using combined the parallel tempering Monte
Carlo method and rejection-free cluster algorithm. They proposed that the correlation
length follows exponential scaling with » = 2, in agreement with [16,17]. Using the

hyperscaling relation, they suggested that the energy gap should be 4.J.

Wang [21] performed the Monte Carlo simulations using the worm
algorithm on the system sizes L < 128 with open and periodic boundary conditions. He
found that for the systems with an open boundary, the specific heat follows the
exponential scaling with 4 = 2. For the system with full periodic boundary conditions,
there is a crossover temperature where the specific heat bends to follow exponential
scaling with 4 = 4. The crossover temperature becomes smaller with increasing L. This
suggests that the 4/ excitation is a finite size effect exhibited with finite systems when

the temperature is too low.

Katzgraber et al. [22] performed an alternate analysis of the data presented
in [20]. They found that the correlation length scales exponentially with n = 1, in
contrast to their previous calculations. They also performed direct calculations of the
specific heat on the system sizes L < 64. The results suggests that for large enough
system sizes L and low enough 7, the specific heat follows exponential scaling with
A =2, which is consistent with the hyperscaling relation 4 = 2n. They also emphasized
that to understand the low temperature properties of this model, the limit of L — oo has

to be taken before extrapolating to 7= 0.

Recently, Atisattapong and Poulter [12] performed exact calculations of the
degeneracies of the low-lying states on system sizes L < 96. Their algorithm is based
on the Pfaffian formalism and degenerate state perturbation theory [14]. They used

periodic boundary conditions in one direction, embedded in an infinite ferromagnetic
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nest in the second direction, and even L. With these boundary conditions, 2J
excitations are not allowed, and the first excitation has to be 4.J. The distributions of
the ratio of first excited states and ground states M;/M, were calculated from a large
number of disorder realisations (up to 10°). They found that the peaks of the
distributions of this ratio per spin scale as L. Using exponential scaling of the

correlation length with n = 2 [20], they suggested that the “effective” energy gap of the

system should be 2J, in apparent violation of hyperscaling.

Up to this point, it is not clear what is the energy gap of the system. If we
consider an infinite system, the energy gap can be naively expected to be 4.J. However,
as discussed in the previous chapter, the 2J excitations can occur in finite systems with
certain boundary conditions. One may interpret this as a boundary effect which should
vanish in the thermodynamic limit. Anyway, it was pointed out by Binder and Young
[3] that the boundary effect is important in this complicated system, even in the limit

L — oo. Mimicking the infinite system with periodic boundary conditions may be not

appropriate for this model.

There are also the issues on the distributions of the low-lying states. The
exponential scaling of specific heat comes from the assumption that the energy levels
are discrete. It also needs the implicit assumption that the degeneracies of the low-
lying states have a definite value in the thermodynamic limit. Thus, when the
temperature is low enough, the ground states and first excited states should dominate
the behaviour of the specific heat. Sharpness of the distribution of degeneracy implies
that this quantity has the self-averaging property, that is, the relative variance of the
distribution approaches zero in the thermodynamic limit [3]. This property is expected
for experimental observable quantities. Dayal et al. [23], studied the performance of
flat-histogram methods and found that, for the bimodal Ising spin glass, the ratios
M,/M, are fat-tailed Fréchet distributed [24]. Atisattapong and Poulter [12] confirmed
these results. They also found that the distributions are collapsing in height with

increasing L. A sharp distribution of M,/M, is unlikely in the thermodynamic limit, and

we may need to reconsider the exponential scaling of the specific heat.

Recently, there has been an alternative idea that at finite but low

temperatures in the thermodynamic limit, the bimodal Ising spin glass model falls into
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the same universality class as the gapless, Gaussian model. Within this scenario the

low temperature correlation length and specific heat will vary with temperature as a

power law
EcT™ and c,ocT (2.3)

Jorg et al. [25] combined Monte Carlo simulations and exact calculations
of partition functions to calculate the correlation length and specific heat for system
sizes L < 80. The results suggested that both quantities should follow a power law.

They estimated the value of v = 3.5. The value of a was indirectly estimated through

the hyperscaling relation [26] as o = —2v = —7.

Later Katzgraber et al. [27] performed Monte Carlo simulations on system
sizes larger than that used in [25] (L < 128). They directly calculated the low

temperature specific heat and found that it varies with the temperature as a power law

with o = —4.2.

Most recently, Thomas et al. [13] performed exact calculations of partition
functions on very large systems sizes (L < 512). They proposed that at very low tem-
perature the specific heat varies as a power law with a = —3, which is greater than —4.2
or —7. It seems that, although the power law scaling is very plausible, it is still not
clear what the value of a is exactly. Also note that, for the case of Gaussian disorder,
the direct calculations of Cheung and McMillan [28] and Houdayer and Hartmann [29]

report that the low temperature specific heat is linear with o = —1.0. Universality is

hard to prove.

A related issue is the study of domain wall defects [30-35]. The domain
wall is a spanning path with its weight equal to the difference of ground state energies
when we change the boundary condition from periodic to antiperiodic. The weight of a
path is defined as the energy difference when all bonds crossed by the path change
their signs while the spins orientations are fixed. In the ferromagnetic phase,
introducing domain walls into the system will give rise to a ground state energy
proportional to the linear dimension L. In the spin glass phase, the domain wall can

either increase or decrease the energy. From these different behaviours of the domain

wall defect, we may analyse the stability of the spin glass phase [10,36].



Fac. of Grad. Studies, Mahidol Univ. Ph.D.(Physics) / 13

Introducing the domain wall also changes the entropy of the system. It was

suggested that the deviation of entropy difference is scaled as [37]
([6S°]-[oST}"*~L" (2.4)

where dS is the difference of ground state entropy when we change the
boundary condition from periodic to anti-periodic. The square bracket [- - - ]
represents the disorder average. The fractal dimension df of a domain wall is related to

the exponent 0 as d, = 20 [37,38]. This relation gives a way to measure the fractal

dimension of domain wall defects.

Although it is stated that a domain wall has a multifractal structure,
Thomas et al. [13] proposed that 8 = 0.5. This value agrees well with Saul and Kardar
[17] who stated that the domain wall defects are non-fractal objects. Lukic et al. [39]
performed exact calculations of partition functions for system sizes L < 50 and

obtained the value of d = 1.03(2). They expected that the exact value of d,should be 1.

Other works report that d,> 1. Roma [40] used the matching method [5] to
directly obtain the domain wall fractal dimension for system sizes L < 100. They found
that d; = 1.30(2). Weigel and Johnston [41] used the same method for system sizes
L < 256 and found d, = 1.238(11). Aromsawa and Poulter [42] performed exact
calculations using the Pfaffian method and degenerate state perturbation theory [14]
for system sizes L < 256. They obtained the value of dy= 1.30(3) for L > 96. Melchert
and Hartmann [43] also used the matching method [5] to directly obtain the domain
wall fractal dimension for system sizes L < 256. They proposed that the fractal
dimension should lie between 1.095(2) < d,< 1.395(3). Note that they also found that

there are a lot of domain walls with 2J weight. This supports our expectation that the

spanning 2.J excitations are possible in the spin glass phase.

It is not clear what the value of df is. This issue is also related to the

problem of the value of a. Based on the droplet theory [37,38], Thomas et al. [13]

proposed that at very low temperature T the specific heat varies as
c,ocT ! (2.5)

which means o = 1 — 2/0. The value 0 = 0.5(or d; = 1) gives o = —3. If d; > 1,then
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0 > 0.5 and, according to equation 2.5, this gives a greater than —3.0. It seems unlikely

that droplet theory can predict a value in agreement with a = —4.2 or a = —7.

We can see that the issues of the energies and distributions of low-lying
states are still controversial. The energy gap seems to depend strongly on the boundary
conditions, which is against the requirement of a physical quantity. Also, it is still not
clear how the behaviour of the system with discrete energy levels approaches that of
the continuous one in the thermodynamic limit. The most reliable work now seems to
be [13], since they work with very large system sizes (up to L = 512). Nevertheless
their power law scaling of specific heat is valid in a very narrow temperature range.

The exponent a does not agree with other works, as discussed above.

However, one thing that is quite clear now is that the low-temperature
specific heat contains contributions from excitations having a range of energy.
Katzgraber et al. [27] suggested that we cannot lower the temperature beyond a certain
point 7: where the correlation length £(7) ~ L. They found that above T: the effect of

the energy gap can be neglected. The specific heat is involved with a range of energy

states, and the power law scaling is exhibited.

Thomas et al. [13] explained this using the droplet theory [37, 38]. The
idea is that reversing all spins in a compact cluster (droplet) with respect to a ground
state provides an excitation. Typical droplet excitations dominate the thermodynamic
behaviour. It is assumed that the scaling behaviour of the energy and entropy of a
droplet are similar to those of domain wall defects [13]. Thus, we may have large
droplets with small energies [43] but very large entropies (since 6 > 0). This leads us
to assume that, due to their large entropies, a range of excited states can be occupied

even at very low temperature.

To our knowledge, none of the works mentioned above (except [12] and
[23]) have studied the sizes and distributions of low-lying energy states directly. Those
two exceptions used boundary conditions that do not allow 2J excitations. Further

studies of the 2./ states and their distributions would thus be very interesting.
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CHAPTER III
FORMALISM AND METHOD

3.1 Boundary Conditions and the Energy Gap

As discussed in the first chapter, it seems that the energy gap of the
bimodal Ising spin glass model in two dimensions depends strongly on the boundary

conditions. In this section we discuss this issue in more detail.

3.1.1 Infinite Systems

Let us start with the Ising model with pure ferromagnetic interactions on
an infinite lattice. In the ground state, all spins are aligned in the same direction, and
all bonds are satisfied. The first excited states can be achieved by flipping a single
spin, as shown in figure 3.1. The energy gap is 8J. Flipping this spin also changes the
status of the bonds connected to that spin. We can see that four bonds connected to the

flipped spin change their status from satisfied to unsatisfied. Thus it is equivalent to

say that we can excite the system by changing the status of some bonds.

We may represent an excitation by a path crossing the bonds that change
their status. The dashed path in figure 3.1 is an example of a path corresponding to a
single spin flipping. Since each bond cannot change its status independently, the

excitation paths in the infinite system have to be closed. In the ferromagnetic system,

reversing all spins inside a closed path gives us an excited state.

Let us define the /ength of a path by the number of bonds crossed by the

path. In the infinite system, the length of a closed path [, is
[.=2(n+1), n=1,2, ... (3.1

We can see that /. is an even number. The minimum value of /. is 4.
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Figure 3.1: An example of an 8J excitation. In this system every bond is
ferromagnetic. On the left all spins are up and the system is in a ground state. On the
right is a first excited state obtained by flipping a spin. Four bonds connected to the
flipped spin change their status from satisfied to unsatisfied. The length of the dashed
path is 4 and the weight is 8J.

The weight @ of a path is defined as

w=2JY3,, (3.2)

where the summation is over all bonds crossed by the path, and

d,=1 ifbond i changes from satisfied to unsatisfied (3.3)
=—1 otherwise.
The weight of a path is equal to the energy introduced into the system by reversing all

spins enclosed by the path.

In the ferromagnetic system, the smallest excitations are given by the
shortest path. Since the smallest value of /. is 4, the weight of this path is 8/, which is

the energy of first excited states.

Now, let us introduce antiferromagnetic defects into the system. We can
see that, in the ground states, some bonds are not satisfied. When the concentration p
of the antiferromagnetic bonds is low, the unsatisfied bonds are widely separated. As p

increases, the unsatisfied bonds come closer and form clusters. Figure 3.2 shows some

examples of isolated and clustered unsatisfied bonds.

The excitations can be achieved by flipping spins inside the closed paths,

as in the the pure ferromagnetic system. However, some closed paths may give another
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ground state. The shortest paths do not necessary have the smallest weight. Since the
lengths of the closed paths /. are even, if there are n bonds with J; = 1, there will be
m = [. — n bonds with §; = —1. The weights of the paths are ® = 2J(n — m). Since
n + m = [, is always even, n — m is zero or even. The weights of the paths are either
zero or an even multiple of 2J. If the weight is zero, flipping the spins inside the closed
path just gives us another ground state. The energy gap corresponds to the paths with
smallest positive weight and is equal to 4J. Some examples of 4J excitations are

shown in figure 3.3.

Shan

Figure 3.2: Examples of ground states with isolated (left) and clustered (right)

unsatisfied bonds.

Figure 3.3: Examples of 4.J excitation paths from the ground states in figure 3.2.

3.1.2 Systems with Open Boundary

We now move to finite systems with an open boundary. An excitation
involving spins that are not on the boundary can be presented by a closed path, as in
the infinite system. However, if some spins are on the boundary, the corresponding
paths are open. Reversing the spins on one side of this path gives us either excited

state or another ground state.

The length of the open paths can be either even or odd. For an open path, if
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there are n bonds with 8; = land m bonds with 6; = —1, the length /, and weight ® of
this path are n + m and 2J(n — m) respectively. With even /,, the weight is either zero
or an even multiple of 2J. This is similar to the cases of the closed paths. With odd /,,
we can see that n # m. If n is even, m is odd, and vice versa. The difference n — m is

always an odd number. The weight is an odd multiple of 2J. Thus, the energy gap is

the smallest positive weight and is equal to 2.J.

When the concentration p is low, the unsatisfied bonds are widely
separated, and only few of them may be on the boundary. The 2J excitations
correspond to short open paths. An example is shown in figure 3.4. As p increases, the
unsatisfied bonds come closer to the boundaries, and we can have longer paths with 2J

weight. Figure 3.5 gives an example.

Figure 3.4: An example of an excitation involved with an open boundary. In the

ground state one bond on the boundary is unsatisfied. Flipping a spin on the left side of

the open path gives the energy 2J to the system.

Figure 3.5: Another example of an excitation involved with an open boundary. Once

the unsatisfied bonds come closer to the boundary, it is possible to have longer paths

with 2J weight.

We are interested in the case when p is large enough that there exist the

open paths with 2J weight that span across the system. Figure 3.6 shows an example.
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Their existence depends strongly on the amount of unsatisfied bonds. We must have
the path with length scale L and n — m = 1. The system needs enough “frustration” for
spanning 2J paths to exist. We believe that this is the signature of the spin glass phase.
We expect that there is a sharp transition between two phases where the 2J excitations
do not and do exist in the thermodynamic limit, and this transition coincides with the

ferromagnetic-spin glass transition concentration p..

Figure 3.6: An example of a spanning path with 2J weight. Flipping all spins on one

side of the path excites the ground state with the energy 2J.

In principle, the spanning 2J paths can be detected geometrically.
However, the huge degeneracy of the 2J states makes it impractical to do so. We
indirectly investigate the 2J spanning paths by calculating the degeneracies M, of the
2J states. The exact algorithm [12] used in the calculations is explained later in this
chapter. We also, of course, have the non-spanning 2J paths counted in M,. To focus on
the spanning 2J paths, it is more convenient to work with an alternative boundary

condition where only the spanning 2J paths can exist. These kinds of boundary

conditions are discussed in the next section.

3.1.3 Systems with Periodic Boundary Conditions in One Direction,

and Infinite Ferromagnetic Nest in the Second Direction

Consider system with periodic boundary conditions in one direction and
embedded in an infinite nest in the second direction, as an example in figure 3.7. In the
nest all bonds are ferromagnetic. Since there are no open boundaries, any excitations

can be represented by closed paths. However, there are two kinds of closed paths. The
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first kind are the closed paths that are not wrapped around the system. The length of

these paths are always even and their weights are either zero or an even multiple of 2/,

as discussed previously.

0[S S

Figure 3.7: A5 x 5 lattice with periodic boundary conditions in the y-direction (dashed
lines), and embedded in an infinite nest (grey area) in the x-direction. All bonds in the

nest (including the bonds on the boundaries of the nest) are ferromagnetic.

The second kind are the wrapped paths that wrap around the system. We

can see that the length of a wrapped path /, is
l,=L,+2n, n=1,2,... (3.4)

Here L, is the linear dimension of the system in the direction of periodic boundaries.
We can excite the system by flipping all spins on one side of the wrapped paths. The

energy gained is equal to the weight of the path.

If L,, is odd, /, is odd, and vice versa. In the systems with odd L,,, the
weights of wrapped paths are an odd multiple of 2J. When the concentration p is large

enough, we may have n — m = 1 on the wrapped paths, and the energy gap is thus 2J.

An example is shown in figure 3.8.

These wrapped 2J paths can be used to mimic the situation of spanning 2.J
paths in the open system. However, the advantage of studying the wrapped 2/ paths is
that we can detect them by measuring M. Since the 2J excitations come from the
wrapped paths only, if M, > 0, then the wrapped 2J paths exist. In the ferromagnetic

phase M, is zero since there is not enough frustration in the system, while in spin glass
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phase M, > 0. There must be a transition concentration when M, changes from zero to

a finite value, and this transition concentration should coincide with the ferromagnetic-

spin glass transition concentration p..

Figure 3.8: An example of a wrapped path with 2J weight. The length /, =9, n =5, and
m = 4. Flipping all spins on the right side of the dashed path excites the ground state
with energy 2.

If L,, is even, the weights of wrapped paths are either zero or an even
multiple of 2J. This mean that 2J excitations are not allowed. The energy gap is thus
4J. These 4.J excitations can come from both kinds of closed loops. So it is impossible
to detect the wrapped 4.J paths by measuring the degeneracy of the 4./ states. Therefore

the periodic-nested boundary conditions with odd L,, are the most suitable devices to

study the spanning 2.J excitations in the bimodal Ising spin glass model.

3.1.4 Systems with Full Periodic Boundary Conditions

We finish this section by considering the systems with periodic boundary
conditions in both directions. Since there are no open boundaries, the excitation paths
are always closed. For the unwrapped paths, the excitation energies are an even
multiple of 2J. We can also excite the system with wrapped paths. However, due to the
boundary conditions, we can not flip all spins on one side of a wrapped path. An even
number of wrapped paths is needed to excite the systems. All spins in between two
wrapped paths can be flipped which gives an energy equal to the total weight of those
two paths. Since the numbers of wrapped paths are even, the total lengths are also

always even. The total weights are either zero or an even multiple of 2J. The energy

gap is the smallest, positive weight of either the closed or wrapped paths, this is 4.J.
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To summarise the section, we have seen that the size of the energy gaps of
finite systems depends strongly on the boundary conditions. In the systems with open
boundary the energy gaps are obviously 2J while in the systems with full periodic
boundary conditions the energy gaps are 4J. In the systems with periodic-nested
boundary conditions the energy gaps also depend on the concentration of negative
bonds and the sizes of L,,. These do not seem to fit the requirement that the physical
quantities should not depend on the boundary conditions. However, it is discussed later
that the size of the energy gap should not have much effect much on the physical
quantities. A proper description of the model should involve a large number (if not all)
of energy states. The measurement of any physical quantities should be the same no

matter what the energy gap is.

Although the size of the energy gap depends on the boundary conditions,
there is a common feature of the low-lying excitations. When the concentration of
negative bonds is large enough, there exist spanning or wrapped paths with the
smallest possible weight. We believe that the existence of these paths is the signature
of the spin glass phase since it depends on the amount of frustration in the system.

Once there is enough frustration, we can have the smallest excitations that involve

many spins across the system.

Understanding these kinds of paths with one boundary condition should
shed light on the others. As discussed above, the systems with periodic-nested
boundary conditions and odd L,, are good devices. Since there are no local 2J paths,

we can detect the wrapped paths by measuring the degeneracies of 2J states. In the

next section the exact algorithms use to measure the degeneracies are discussed.

3.2 The Pfaffian Method and Degenerate State Perturbation Theory

This section is intended to be the “recipe” of how to calculate the

degeneracy of excited states, including 2J states. Detail derivations can be found in

[12,14,44-46].

The algorithms are based on the formalism proposed by Green and Hurst
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[44]. For a planar Ising model with N = L x L lattice sites, the partition function can be

Iy
kT

This formula is valid for any distribution of disorder. The product is over all nearest-

written as

H cosh

()

z=2" (det D). 3.5)

neighbour bonds J; on an N site lattice. The matrix D is a 4N x 4N skew-symmetric
matrix associated with the four-node decomposition of the original lattice, as shown in

figure 3.9. It comprises constant 4 x 4 diagonal blocks which represent the “intrasite

connections” between these four nodes, as shown in equation 3.6,

¢

—.231.—
4

Figure 3.9: Four-node decomposition of the original lattice.

0 -1 1 1
1 0 -1 1
D. . = . 3.6
ntrasite _1 1 0 _1 ( )
-1 -1 1 0

It also contains the “inter-connection” between nearest neighbour sites

D, ,=~t
D3,4:_t

[J‘:

Dai=ty 3.7)
D4,3:t4.

ij’ ij
where #; = tanh(J; /kT ). The graphical representations are shown in figure 3.10. Since

D is skew-symmetric, the factor (det D)2 is precisely the Pfaffian.
It is more convenient to change the representation of D to bond basis. The

bond basis is defined as the following linear combinations of the node basis

|+)=

(lo)=Ty1B)), (3.8)

-
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Figure 3.10: Inter-connection between nearest neighbour sites.

where |a) and |B) are in the original node basis and (; is the sign of bond J;. This
transformation is graphically shown in figure 3.11. The advantage of using the bond
basis is that it is plaquette-oriented. For a square lattice, the plaquette is an elementary
square surrounded with four bonds. Each plaquette has four bond-nodes inside and
four others across the bonds, as shown in figure 3.12. Any matrix operations can be
graphically represented as either the intra-connection between nodes inside a plaquette
or the inter-connection between nodes in different plaquettes. This graphical

interpretation is very helpful in the coding process.

. ]
i .7 J.B.
® ®
.a.%.ﬁ. @I@
@ @
! o % e
®

Figure 3.11: Transformation to bond basis.

A plaquette is said to be frustrated if there are odd numbers of negative
bonds around it. Introducing a single negative bond to the system gives a pair of
frustrated plaquettes, as shown in figure 3.13. We can see that not every bond around
the frustrated plaquette can be satisfied, particularly in the ground state. This
“frustration” is a key feature of the spin glass. Increasing the number of negative
bonds or “defects” will increase the number of frustrated plaquettes, and thus the

number of unsatisfied bonds. Once the defect concentration is large enough, the

ferromagnetism will be destroyed, and system will be in the spin glass phase.
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Figure 3.12: An example of a plaquette with four bond-nodes inside and four others
across the bonds. The numbers are the labels of the bond basis associated with the

plaquette, while the lattice sites are labeled by the letters.

b2 4
X | X
L

Figure 3.13: A pair of frustrated plaquettes with a single negative bond in the middle.

In the ground state this middle bond is unsatisfied.

With a single negative bond, it was shown [45] that, at zero temperature,

the matrix D will have a pair of defect states with zero eigenvalues. The defect

eigenvectors can be written in the form
1
@)= (1) +2)+ 13+, 14)), (39)

where we use the labels in figure 3.12. We can see that the eigenvectors are localised

in the frustrated plaquettes. At low temperature the defect eigenvalues approach zero

as
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——). (3.10)

With an arbitrary number of negative bonds, the number of frustrated
plaquettes is always even. It was shown [14] that, in general, at zero temperature, there
are defect eigenstates with zero eigenvalues. The number of defect eigenstates is equal
to the number of frustrated plaquettes. Each defect eigenvector is localised in the

frustrated plaquettes with the form as in equation 3.12. The defect eigenvalues

approach zero as

€,=*=— X exp

: (3.11)

2Jr,
kT )’
where 7, is an integer, and X, is a real number. Both r, and X, are independent of

temperature and depend on the distribution of frustrated plaquettes.

Note that, in the actual calculation, after we randomly place the negative
bonds to the system, we perform local transformations [47] so that the negative bonds
are vertical only. This transformations do not change the distribution of frustrated pla-
quettes, and thus do not change the defect eigenvalues too. This reduces the

complexity of the problem, and the logical test time in the calculation. The defect

eigenvectors can be rewritten in the form
1
|d)=Z(11)+2)+3)+C.[4)), (3.12)

The ground state energy and entropy are shifted from that of the pure

ferromagnetic system by

ANE=2J 1, (3.13)
d
AS=k) InX,. (3.14)
d

From the last equation, it is equivalent to say that the ground state degeneracy is

M=1Tx, (3.15)
d
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Note that the above summations and product are over all eigenstates with positive

eigenvalues.

Although the ground states are not our main concern in this thesis, the
information obtained from ground states calculations are needed to get the properties
of the excited states properties. According to equations 3.13 and 3.14, the parameters
r. and X, are needed to obtain the ground state energy and entropy. This information
can be achieved by solving the eigenvalue equation of D at low temperature. Since the
zero temperature defect eigenstates are degenerate, we use degenerate state

perturbation theory [14] to separate the low temperature eigenvalues. At finite

temperature the matrix D can be written as
D=D,+d D,, (3.16)

where D, is the matrix D at 7= 0, and 6 = 1 — ¢t =1 — tanh(J/kT). From this definition,

D, has only non-zero elements connecting 2 bond-nodes across bonds,
D/(+,—)=—D/(—,+)=—1. (3.17)

Note that at low temperature

2J
O=2 - 3.18
exp| T) (3.18)
The eigenvalue equation is
D|W)=A|W) (3.19)

where the eigenvalue A can be written as the expansion
A=hg+ A O+ A, 8+ - . (3.20)

Here Ao = 0 is the zero temperature eigenvalue and A, is the 7" order correction term.
We use 0 as a small parameter for a perturbation expansion. Comparing with equation
3.11 we can see that the integer r, is indeed the order of the perturbation correction.

The parameter X; of the ™ eigenvalue of order r can also be determined from the

relation (X ,) =2\,

For the first order perturbation correction, the eigenvalue A| can be
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obtained by solving the eigenvalue equation [14]
D,|1,i)=N]|1,i). (3.21)

For second order we need to know the continuum Green’s function G.,
which correspond to the ground state eigenvector |c¢) with non-zero eigenvalue €, as

[14,46]

G.=2, |C>El<c : (3.22)

where

Zc:|c><cl+§|d><d|+1~ (3.23)

However, it is more convenient to work with the alternative Green’s function g., which

is defined according to
G,=(1-P)g.(1-P) (3.24)

where
P=Zdl|d><d|- (3.25)

We can write g. = g + g [46], where g.; has elements connecting the
bond-nodes within a plaquette while g., has elements connecting bond-nodes across a
bond, that is, g..(+,—) = g2(—,17) = 1. We may write g., as a 4 % 4 block diagonal matrix
corresponding to the basis of four bond-nodes in a plaquette. For an unfrustrated

plaquette this block matrix can be written as

o 1 -1 T,
T 3.26
gcl 1 1 0 Cac ‘ ( . )

- C ac - CllC‘ - CGC 0

Here we use the same labels as in figure 3.12. For a frustrated plaquette we have
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0 I -1 0
gh= _11 g g _Cg; - (3.27)
0 —Cu G O
Once g, is calculated, the eigenvalue A, can be obtained by solving
D,|2,i)=h52,i). (3.28)
where
D,=D,g.D,. (3.29)

For higher orders » > 2, the eigenvalue }\i can be obtained by solving [14]
D.|r,i)=N\|ri). (3.30)

Here D, can be calculated recursively from the relation
D=D. (1+G, ,D.,)-(1+G,D,) g.,D,, (3.31)

where G; is the Green’s function for state j whose the degeneracy has already been

lifted,

AN A

G=21). i)l (3.32)
i j

When all the D, and G,, and also g., are obtained, we can move forward to

the excited states. At arbitrary low temperature, the internal energy can be expanded as

a series of exponential functions (see section 1.2.2)

E=E+ Y. U, exp| -2 ). (3.33)
m=1 kT
Here E| is the ground state energy
E,=—2NJ+AE, (3.34)

where AE can be obtained from equation 3.13. The cumulant U,, can be expressed in

terms of the degeneracies M,, for example
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Ml
U,=2J]—
MO
M, 1 M,
U2=4JV 2\ M, (3.35)
M, M, M, 1[M,\|
U,=6J|—2——L_ 24| L
M, M,M, 3\M,

When the values of U,, are known, the degeneracies M; can be calculated recursively.

We calculate U, using the method described in [12]. The value of U, can

be obtained from the trace of a matrix
U,=—2JTrR", (3.36)
where the matrix R is obtained from
R=D,g. (1+D,G,)(1+D,G,)--(1+D, G, ) (3.37)

Here 7ma is the maximum order of perturbation theory needed to identify all ground
states eigenvalue. We can see that once the ground state calculations are finished, we
can immediately calculate R. The cumulants U,, and thus the degeneracies M;, can

finally be obtained.

3.3 Data Analysis

3.3.1 Transition Concentration

As the first issue of this thesis, we hypothesise that, in the thermodynamic
limit, there is a sharp transition concentration where the probability of getting a 2J
excitation changes from 0 to 1. In a finite system, finite size effects will smear out this
sharp transition. However, we can estimate the p. from the behavior of the system
when L is increasing. Let us denote P, as the probability of getting 2/ states. In the
ferromagnetic phase, P, increases with increasing L, while in the spin glass phase P,
decreases. Finding the value of p where P, changes from increasing to decreasing with

L will give us a rough idea what the value of p. is.

We can also use the finite size scaling analysis to get a better value of p..
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Since 2J excitations come from the spanning paths, they can be treated as a percolation

problem. We assume here the scaling relation for P, as

P,L"=f[(p=p)L’], (3.38)

in analogy with a percolation threshold [48]. The critical parameters { and ¢ , as well
as the transition concentration p,, are chosen to give a good data collapse for all data
points. Let us denote (x;,y;) as the jth data point of the ith data set. In our case x;
represents the concentration p; for the system with linear dimension L; while y;
represent the corresponding value of (P;);. The good data collapse can be obtained by

minimizing the quality number §

s =Y,)
S=—o i 3.39
Nd; dy,+dY: (339

where N, is the number of selected data points, and Y; and dY; are the values of the
master curve f at point x; and the corresponding uncertainty, respectively. We can see
that the value of S gives the mean square distance to the master curve of the selected
data points in the units of standard uncertainties. For a good data collapse, S should be
less than or around 1. Note that, since the master curve fis not known and needs to be
determined from the data points, we have to include the uncertainties dY; in the

calculation of S above.

To calculate Y; and its uncertainty, we use the method provided by
Houdayer and Hartmann [29]. After applying the scaling law, we select two adjacent
points j' and j' + 1 around x; from the set i’ # 1 according to the relation x;; < x; < Xy(+1).
If there is no pair in the i'th set that satisfies this relation, we will not use the data in
the i'th set to calculate the master curve at x;. If there is no such pair for all data sets 7',
then Y, and dY; are not defined at x;. The total number of data points that give the

master curve is thus N,.

Once all pairs around x; are selected, the value of Y; and its uncertainty

dY; can by calculated using the standard linear least square fitting procedure.

The uncertainties of the critical exponents 1, ¢ and also the transition
concentration p., can be obtained using the method described in [10]. We fix one

corresponding parameter at various values while optimizing S with respect to the rest.



Noparit Jinuntuya Formalism and Methods / 32

The range of the fixed parameter that gives S double to the minimum value is defined

as the uncertainty.

3.3.2 Uncertainty of the Data Points

We can see in the last section that, to calculate the quality number S, we
need to know the uncertainty d¥;; of each data point. In principle we have to generate a
large number of data sets and evaluate the standard deviation of each data point of P;.
Obviously, this is impractical, if not impossible. We use here the bootstrap method
[49,50] to evaluate the uncertainty of each data point. The basic idea of this ’quick and
dirty” method [50] is that, we use the data set as the best available information of the
distribution of itself. By resampling from the original set without replacement, that is,
each data point can be resampled more than once, we will have new data sets that
reflect the distribution of the original set. The standard deviation of these new sets give

us the estimation of the uncertainty of the original data points.

3.3.3 Distributions of Low-Lying states

As the second issue of this thesis, we investigate the distributions of 2.J and
4J states. According to equation 1.4, it is not M, and M, but M,/M, and M,/M, that
contribute to the low temperature specific heat, so we will investigate these ratios

instead of directly investigating M, and M.

For 2J states, we expect that the most probable value of M, should be zero,
since in ferromagnetic phase the 2J state vanishes in thermodynamic limit. It is

instructive to investigate the cumulative probability C;, which is defined as

M,
—=<Xx
0

C,(x)= prob . (3.40)

Below p., we expect that the number of 2./ states should decrease when L is increasing,
and C, approaches 1 at all points x > 0. Above p., on the contrary, 2J states exist. These
spanning 2J excitations should share some similarity to the spanning 4.J excitations.
According to [12], we expect that the probability of getting large M,/M, is finite, and
C; should have a fat tail.
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For 4J states, we are interested in the probability density function Ha(x),

which is defined as

H,(x)dx= prob . (3.41)

M
xs%—2<x+dx
L 0

In the ferromagnetic phase, with low defect concentration, the defected bonds are
isolated, as shown on the left of figure 3.2, and we have a unique ground state (aside
from global spin flips). The ground state degeneracy M, is thus 1. At each defect bond
there are two ways to excite the 4. states, by flipping one of the two spins joined by
the defect bond. Since the total number of bonds is 2N, there are approximately 2pN
defect bonds when N is large, and the degeneracy of 4J states M, is 4pN. The ratio
M>/Mper spin is 4p. We may expect that the probability density H,(x) should develop

a sharp peak at this value when L is increasing.

For the canonical spin glass, p = 0.5, it was shown in [12] that the height
of H,(x) collapses with increasing L. This is totally different from the low
concentration case described above. We expect that sharpness and collapse of the peak
of the probability densities are the characteristics of the ferromagnetic and spin glass
phases, respectively. To confirm this, we investigate the behaviour of H,(x) just above
and below p. to see whether or not they behave very differently as in the cases of low

concentration ferromagnetic and canonical spin glass phase.

To get the density H»(x), we use the kernel density estimation method [51].
The basic idea is that, instead of representing each data point as a rectangular function
as in the histogram method, they are represented as a kernel function. The probability

density is estimated from

(3.42)

where K(x) is the kernel function, # > 0 is the smoothing parameter called bandwidth,
and 7 is total number of data points. The kernel function can be any symmetric
function that integrates to one. We can see that the histogram of {x;} can be regarded

as a special case of this method with a rectangular kernel function K that satisfies
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| =

K(x—x,)= if xis in the bin that contains x;
i (3.43)

=0 otherwise,

S

where b; is the width of bin that contains x;. Note that in this case # = 1.

The advantage of this method is that if we choose a suitable kernel, we
will get a smooth estimated density which converges to the true density faster than
with the histogram method. A commonly used kernel is the standard or unit normal

density function which is the Gaussian distribution,

(x—u)’
20°

1

K(X)ZO\/Z—neXp

(3.44)

withp=0and o= 1.

The most important issue is how to choose the appropriate bandwidth. This
is similar to the issue of choosing a proper bin width in the histogram method. We
adopt here the adaptive algorithm described in [52]. By this algorithm the bandwidths
are adjusted due to the local density of the data. This fits our requirement since we
expect a fat-tail distribution in the spin glass phase, where the density of data points

can be very different around the peak and in the tail.

3.4 Computational Details

We use the algorithm described in section 3.2 to calculate the ratios
M,/M, and M>/M,. System sizes range from L = 8§ to 129. Defect concentrations range
from p = 0.050 to 0.150. Numbers of disorder realisations are 20000 for L <49, 10000
for L <97, 5000 for L =113, and 2000 for L = 129. For each value of L, the number of

disorder realisations are the same for all values of p.

We adapt the FORTRAN code used in [12,14]. In these works the system
sizes are even, and the lattices have two-colour symmetry, as shown on the left of
figure 3.14. The original code takes advantage of this symmetry to reduce the logical
test time and memory. In our work some of the system sizes are odd and there is no

colour symmetry (see the right part of figure 3.14), so we need to modify the original
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code to ignore the symmetry. This results in a slightly longer computing time. The
memory issue does not matter since a memory card is very cheap now and a large

amount of memory can be easily accessible even though the code is run on a PC.

i 2212121

Figure 3.14: (Left) A system with even L in the direction of periodic boundaries
(vertical dash lines) having two-colour symmetry. (Right) When L along the direction

of periodic boundaries is odd, the colour symmetry is destroyed.

The data for M,/M, and M,/M, were generated on the TERA cluster at Thai
National Grid Center (shut down now) and on the Rock cluster at the Department of
Physics, Kasetsart University. We used up to 300 nodes in our calculations. The CPU
times for a disorder realisation range from a few seconds for the smallest size to

almost 24 hours for the largest size. It took about a year to collect all the data used in

this work.

The data was then analyzed on four intel Quad-core CPUs. Finite size
scaling analysis is performed using the algorithm described in section 3.3.1. We adopt
an implementation of this algorithm in the Python language available to be
downloaded from [53]. It is straight forward to calculate the cumulative probability of
M,/M,. To get the probability density function of M,/M, we use a MATLAB
implementation on the kernel density estimation [52]. The code is downloadable

from [54].
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CHAPTER 1V
RESULTS AND DISCUSSION

4.1 Transition Concentration

To get a rough idea of the value of the transition concentration, we plot the
probability P, at various values of system size L and defect concentration p, as shown
in figure 4.1. We can see that at the defect concentration below 0.102 the probability
P, is decreasing with increasing L, and we can say that the system is in the
ferromagnetic phase. Above p = 0.106 the probability P, is obviously increasing and
the system is in the spin glass phase. The transition concentration must lie between

these two concentrations.

20 40 60 80 100 120
Figure 4.1: The probability P, of finding % > 0, plotted as a function of system size
L for various values of antiferromagnetic bond concentration p.
To get a more precise value of p., we perform a scaling plot, as shown in

figure 4.2, using equation 3.38. In this plot we fix 1y =0. This is reasonable since the

value of P, is bounded in the range [0,1]. However we also have tested the
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optimisation without Y fixed. The result gives 1 <0.001.
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Figure 4.2: The scaling plot of P, as a function of the antiferromagnetic bond

concentration p with p. = 0.1045(11) and ¢$=0.532(72).

The scaling plot is quite impressive. The data collapses with the good
quality number S = 0.62. The optimised values of ¢ and p. are found to be 0.523(72)
and 0.1045(11), respectively. Figure 4.3 gives the variation of the minimised quality
number Sy, as a function of p.. The uncertainty of pc can be obtained from this curve,

as described in section 3.3.1. The uncertainty of ¢ is obtained in the same fashion.

3

* 4+
24+ T N
+
+ o
" 5
< +
'§l‘8 +
%} + -
+ g
b
; o
1.2 * ‘ +
} N e
f +f{+A
0.6+ . ‘ Py b+t 4 . J
0.102 0.103 0.104 0.105 0.106 0.107

Pe

Figure 4.3: The variation of Sy as a function of p..
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The value of p. agrees, within error bars, with p. = 0.103(1) proposed in
[10] but disagrees with p. = 0.1022(3) proposed in [11]. The slightly larger value of
our p. may be due to the finite size effect. We have tested this by performing the
analysis using data from systems with L < 65 and get p. > 0.105. This suggests to us

that the effect of finite size is an overestimation of p.. We expect that a smaller value

of p. will be obtained from the analysis of the system with L > 129.

4.2 Distributions of Low-Lying States

The results in the previous section confirm our expectation that the
transition concentration where P; changes from 0 to 1 coincides with the
ferromagnetic to spin glass transition. We now go further by looking at the differences
of distributions of low-lying states just below and above the transition, at p = 0.090
and p = 0.110 respectively. Figure 4.4 shows the cumulative probability C; of finding
M,/M, < x for p = 0.090. We can see that the most likely value of M,/M, is zero. The
probability of getting M;/M, > 0 is decreasing with L. We may expect that in the
thermodynamic limit, C, = 1 for any M,/M, > 0, which means that, in the
ferromagnetic phase, the 2J states vanish. This result agrees well with the scaling

analysis in the previous section.
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Figure 4.4: The probability Ci(x) of finding % <x for p =0.090.
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We next look at the distributions of M,/M, just above p.. Figure 4.5 shows
the cumulative probability C; of finding M,/M, < x for p = 0.110. We can see that the
most likely value of M,/M, is still at zero. However the probability of getting
M,/M, > 0 is increasing with L. The distributions of 2. states do not develop a sharp
peak but broaden when L is increasing. The decreasing of C; with L suggests us that,
in the spin glass phase, when L is large enough, the 2J states will always occur. This

again agrees with the scaling analysis. We have from these results that, for the system

with odd L, the energy gap in the spin glass phase is 2J.

0.9

0.85

Figure 4.5: The probability Ci(x) of finding - <x for p = 0.110.

M,

It is naively expected that, according to equation 1.5, the first excited states
should dominate the thermal response of the system when the temperature is low
enough. We found that this is not the case for our system. Following the trend of C;
when L is increasing, the ratio M;/M, will not have a definite value in the
thermodynamic limit. This sample-to-sample fluctuation of M,/M, gives rise to the
same behaviour in the specific heat. This is not what we expect for a physical quantity.
When L is large, the specific heat should have a definite value. This depends only on
the defect concentration but not on the detailed distribution of the defects. This
suggests to us that, even though the energy gap is 2J in the system with odd L, it is not
physically meaningful to say that the 2J excitations dominate the thermal response at

low temperature.
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We next investigate the distribution of 4. states for the systems with odd L.
Since we expect that, from the above results of Cj, in the ferromagnetic phase the 2J
states vanish in the thermodynamic limit, the first excited states have energy 4.J. Figure
4.6 shows the probability density functions H, for p = 0.090 with various values of odd
L. We can see a sharp peak develops with increasing L. From this trend, we may

expect to get a definite value of M,/M, per spin in the thermodynamic limit.

18 T T T T

16 | A L

2l 5 —

49 ........

12 [ 65

10 .
=
T gl

6 .

4+

2 -

0.2 0.7 0.8
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Since we cannot get 2J excitations in the systems with even L, the first
excited states also have energy 4.J. Figure 4.7 shows the probability density functions
H, for p = 0.090 with various values of even L. We can see we get the same behaviour
as in the odd L case. We can say that in the ferromagnetic phase, the energy gap is 4J,
no matter whether we have odd or even L. This also suggests to us that we will get a

definite value of M,/M, per spin in the thermodynamic limit. According to equation

1.5, the specific heat will have a definite value too.

In the spin glass phase, the behaviour of the 4J states is quite different.
Figure 4.8 shows the probability density functions H, for p = 0.110 with various values
of odd L. We can see that the distribution is collapsing with increasing L. The height of

the peak is decreasing and the distribution is broadening. The most likely value also
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shifts upwards when L is increasing.
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The collapsing of the distribution of 4. states for the system with odd L is

very similar with that of the canonical spin glass model with even L [12]. To see that



Noparit Jinuntuya Results and Discussion / 42

this is the behaviour of the spin glass phase, we have investigated the distributions of
4J states for the systems with even L, just above the transition concentration. Figure
4.9 shows the probability density functions H, for p = 0.110 with various values of
even L. We can see that the distributions are very similar to that of the odd L cases.
The collapse of the distribution of 4/ states seems to be the characteristic of the spin

glass model.
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Figure 4.9: The probability density H(x) of getting Lz% = x for p = 0.110 with
L

0

even L

For the systems with even L, the first excited states have energy 4J.
However, we cannot expect that the low temperature specific heat is dominated by the
first excited states. This is due to the sample-to-sample fluctuation, as in the odd L
case. It seems to be the characteristic of the spin glass phase that, to get a physically
reasonable thermal response, we need the contributions of more energy states than just

the first excited states.
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CHAPTER V
CONCLUSIONS

We have investigated the existence of spanning 2J excitations in the
bimodal Ising spin glass model on a square lattice with periodic boundary conditions
in one direction, embedded in an infinite ferromagnetic nest in the second direction,
and odd L. We find that when the defect concentration is low, the spanning 2.J
excitations are hardly found. In contrast, the spanning 2J excitations can be easily
found when the concentration is high. By performing the finite size scaling analysis,
we found a sharp transition concentration at p, = 0.1045(11), which, although slightly
larger, agrees well with the ferromagnetic to spin glass transition found in the
literature. We expect that the discrepancy is due to the finite size effect. This suggests
us that, for a system with odd L, the spin glass phase can be characterized by the

existence of spanning 2./ states.

Although we cannot get spanning 2J excitations when L is even, we can
get the spanning 4J paths when the concentration is high enough (see section 3.1). We

believe that the spanning excitations are the characteristic of the spin glass phase.

We have also investigated the distributions of low-lying states just above
and below p.. In the ferromagnetic phase, where p < p., we found that for the system
with odd L, the distributions of 2/ states develop a sharp peak at M;/M, = 0 when L is
increasing. The probability of finding M,/M, > 0 is also decreasing with L. These mean
that, although the 2.J states are possible in the system with odd L, they are hardly found
when the system is large. We expect that the 2.J states are completely absent in the

thermodynamic limit.

Since the 2J state is not allowed in the systems with even L, we may say
that we cannot have 2J states in the ferromagnetic phase in the thermodynamic limit,
no matter whether the system size L is odd or even. The energy gap is 4J,

independently of L.
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We next move to investigate the distributions of 4J states in the
ferromagnetic phase. Since a 2J state is not allowed, 4/ states are the first excited
states. The distributions of M,/M, per spin develop a sharp peak for the systems with
both odd and even L. We expect a definite value of M,/M, in the thermodynamic limit.
It is reasonable to expect that the thermal response at low temperature is dominated by
the first excited states. The low temperature specific heat should have a definite value

and follow exponential scaling in the thermodynamic limit.

In the spin glass phase, where p > p., the behaviour of the distributions of
low-lying states are quite different. We found that, for the system with odd L, the
distributions of 2./ states also develop a sharp peak at M,/M, = 0 when L is increasing.
However, the probability of finding M,/M, > 0 is increasing with L. Unlike in the

ferromagnetic phase, the 2.J excitations persist as L increases.

The decreasing of C(x) with increasing L indicates that we will not get a
definite value of M/M, in the thermodynamic limit. Even though, in the spin glass
phase, the systems with odd L have a 2J gap, we cannot expect that 2./ states dominate
the low-temperature thermal response. It is unreasonable to expect a sample-to-sample

fluctuation for a physical quantity.

The distributions H»(x) of the 4J states exhibit the same behaviour. We
find that they are collapsing with increasing L, for both the systems with odd and even
L. This means we cannot expect a definite value of M,/M, per spin even in the

thermodynamic limit.

Broadening of the distributions seems to be a characteristic of the spin
glass phase. Our results agree well with [12], in which the authors study the
distributions of 4J states in the canonical spin glass model. This suggests us that we
may use the distributions of low-lying states to specify the ferromagnetic to spin glass
transition. However, finite size effects prevent us from getting a precise p. from the
data of our available lattice sizes. Finite size scaling analysis is the best way to get the

precise value of p..

It is interesting to find that, in the spin glass phase, the energy gap is
dependent on whether L is odd or even. For odd L the gap is 2J while for even L the
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gap is 4J. However, the difference may not matter. Broad distributions of low-lying
states suggests to us that the low temperature behaviour of the system needs
contributions from many excited states, not just the first one. We expect that including
the contributions of all energy states to the calculation will lead to the definite value of
physical quantities in the thermodynamic limit, regardless of the value of the energy
gap.

In [13], the authors explain that it is because of the large entropy of the
higher excited states that the contributions to the thermal response in the spin glass
phase include many excited states, even at low temperature. Our results support this
explanation. Collapsing of the distributions of 2J and 4J states means that a large
number of these states can easily be found when L is large. It is reasonable to expect
an even larger number of higher states can be found. This means that, even though the
Boltzmann weights of the higher energy states are small at low temperature, they can
be compensated by huge values of degeneracies. Probabilities of finding the higher
excited states are comparable to the lower ones. We can thus expect the contributions

of many (if not all) excited states to the specific heat.

There are many interesting questions that remain. First, it is interesting to
see the contributions of higher excited states to the specific heat. The point is to
answer whether or not the specific heat will have a definite value, depending only on
the defect concentration but not the detailed distribution of the defect bonds. To
answer this question, it is not suitable to work with the periodic-nested boundary
conditions used here, since the boundary conditions mimic a defect patch on the
infinite ferromagnetic nest. The specific heat obtained will include the effect of the
nest. During the time of doing this research we have developed a code for the system
with an open boundary. We choose this kind of boundary condition because we can
adapt the degenerate state perturbation theory to work with it. The preliminary results
show that the distributions of the specific heat have a thiner tail with increasing L.
However, due to the large computational time to find many excited states (we do the
calculations up to the 20" excited states), we can work only with small systems where
L < 48. A faster code is needed to give any conclusion. This line of code development

is in progress.
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The second question, which is probably more interesting, is the scaling
behaviour of the low temperature specific heat. As discussed above, we cannot naively
expect exponential scaling. Many works suggest power law scaling, as discussed in
chapter 2, where the problem is with the value of the critical exponent a. We are
interested to answer this question using our algorithm. The advantage of our method is
that we can work at any arbitrary low temperature. It can also be used as a complement
to the Monte Carlo method which has problems working at very low temperatures.
Our present problem is, however, with the computational time. When L becomes larger
we will need more and more excited states involved with our calculation. An

optimized code and powerful machines are desperately needed to complete this task.

Apart from the specific heat problem, the spanning path itself is also
interesting. As to the third question, it is interesting to investigate the relation between
the spanning excitation paths and the collapse of the distributions of low-lying states.
Since they are both the characteristics of the spin glass phase, it is reasonable to expect
some relation between them. It is also discussed in [12] that the broad distributions of
4J states fit well with extreme value statistics. It is very interesting to see how the

spanning paths bring this “uncommon’ statistic into our system.

As to the last question, we have pointed out above the similarity of
spanning excitation paths and domain walls. It is discussed in chapter 2 that there are
controversies about fractal dimension of the domain walls. It should be interesting to
adapt the technique of entropy difference measurement (equation 2.4) to obtain the
fractal dimension of spanning paths, in the hope that this should give some useful

information to solve the domain wall issue.
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