Chapter 7

Open Problem and Conclusion

For the open problem we may usc our results in chapter 5 to determine the
adjacency of the following graph,

B,.(m) =B (5)

«
‘577 (2

In this study, we obtain the following results:

7.1 Let C,be a cycle of length n where n > 2. Then det(A(Cr)) = 0 if and only if
4 | n.

7.2 Let n > 3. Then

0 if n =4k for somc k € Zt;
det(A(C,)) =< —4 if n =4k + 2 for some k € Z™;
2 otherwise.
7.3 If a tree T has a sesquivalent spanning subgraph, then |V(T)| must be even,
that is the tree T contains an even number of vertices.
7.4 Let P be a sesquivalent spanning subgraph of the tree T'. Then

{z,z;} € E(P) if and only if |T},| is odd.
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7.5 A tree T has a sesquivalent spanning subgraph if and only if for each z € V/(T)
there is exactly onc x; € N(z) such that |T,| is odd.

7.6 Every tree has at most one sesquivalent spanning subgraph.

7.7 Let T be a tree of n vertices. Then
1 if T has a sesquivalent spanning subgraph

and n = 4k for some k € Z*;

det(A(T)) = ¢ —1 if T has a sesquvivalent spanning subgraph
and n = 4k + 2for some k € Z* U {0};

\ 0 otherwise.

7.8 If n is an odd number, then B,(m) has no spanning elementary subgraph for
all positive integers m > 2.

7.9 Let n be odd and m be positive integer such that m > 2. Then
det A(B,,(m)) = 0.

7.10 Let m, n be natural numbers where n is cven and m > 2. Then

mn—2m+42

(- = (m—1) —;—L is cven;
det A(B,.(m)) =

(=1 (% 1) % is odd.

7.11 Let m > 2. Then the graph B,(m) is nonsingular if and only if n is cven.

7.12 If G and H are (vertex) disjoint graphs, then
det A(GU H) = det A(G) - det A(H).
7.13 Let G and H be graphs such that V(G) NV(H) = {z}. Then
det A(G U H) = det A(G\z) - det A(H) + det A(H\z) - det A(G).

7.14 Let P,(P,,) be a path, of the order n, of paths P,,, where n > 1 and m > 2.
Then

0 if nm is odd;

det A(P,(P,)) =

nm

(=1)= ifnmis cven.
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7.15 Let n > 3 and m > 1. Then

(
(—1L)= if m is cven;

2(—1)”3—_l if n and m is odd;
if mis odd and n = 2(mod4);
L 0 if mis odd and n = 0(mod4).

det A(Cn(Pm)) =

7.16 Let F be a path, of the order n, of cycles C,, where n > 1 and m > 3. Then

0 if m= 0(mod 4);
det A(F) = § (—4)" if m =2(mod 4);
n+1 otherwise.

7.17 Let n,m > 3. Then

(—4)" if m = 2(mod4);
det A(CL(Chn)) = § 4 if m = 1(mod4) and n is odd;

0 otherwise.

718 Let G and H be two disjoint graphs of order m > 1 and n > 1 respee-
tively. Denote the vertices of G by V(G) = {1,2,...,m} and the vertices of H by
V(H) = {m+1,m+2,...,m+n} and let G < H be the joint of the two graphs
by the edges {m,m + 1} and {m — 1,m + 2} (Sce Figurc 1). The the determinant of
A(G =< H) can be computed as follows:

det A(G < H) = det A(G) det A(H) — det A(G \ {m}) det A(H \ {m + 1})
— 2det AV(G) det AX(H) — det A(G\ {m — 1}) det A(H\{m + 2})

+det A(G\ {m — 1,m})det A(H\ {m+1,m +2}).

7.18 Let C,,, and C,, be cycle graphs with m and n vertices, respectively. Then for
the determinant of the graph C,, < C,, we have

(

1 if m = 0(mod 4) and n = 0(mod 4);

—1 if m = 0(mod 4) and n = 2(mod 4);
or m = 2(mod 4) and n = 0(mod 4);

det A(Cp, < Cp) =< —4 if m = 1(mod 4) and n = 2(mod 4);
or m = 2(mod 4) and n = 1(mod 4);

9 if m = 2(mod 4) and n = 2(mod 4);

0 otherwise.




7.19 The adjacency matrix of the graph K, =< K, obtained by joining two complete
graphs I, and K,,, m,n > 2 by two cdges is always singular.
7.20 Let A be the adjacency matrix of P,,0C,, such that n > 3 and m > 1. Then

m—1

det(A) = 2™ H (cos

1i=()

nme

).

m



