Chapter 3

Determinant of Cycles and Trees

We divide this chapter into three sections. In section 3.1, we study the eigenvalues
of the adjacency matrix of circulant graphs. We prove that every adjacency matrix
of complete graph is nonsingular, and characterize nonsingular cycles. In section 3.2,
we provide the definition of sesquivalent graphs and then use the Harary’s formula
(sce Proposition 2.3.8) to characterize nonsingular tree. In section 3.3, we provide the
difinition of a spacial type of graphs called book graphs and characterize the nonsingular

book graphs.

3.1 Nonsingularity of Complete Graphs and Cycles

Let G be a circulant matrix and let [0, ag, ..., a,] be the first row of the adjacency
matrix of a circulant graph G. Then the cigenvalues of G arc given by the following

formula;

n

Ar :Zaljw(j‘l)r,r:(),1,...,n— 1 LAY

j=2

where w = e2m/n,

Lemma 3.1.1. Forn > 2,
det(A(K,)) = (=1)""H(n —1).

Proof. Let K, be a complete graph where n > 2.

0 1 1
0 1

A(Ky) =
1
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Thus by definition of 2.3.3, A(K,) is a circulant matrix and by Lemma 2.3.5,

T

A() = Z(l;]jw(j_l)() = (13 + a13 + a4 + ...+ a1, = 1+ 1+..+1=n-— 1,
j::2

Moo= S e = wtw? et wY,
j=2

Vo ) By BB @ e 3 T
=2

Ay = Z(Lljw(j-l)(nAI) el +w2(n—]) +w3(n—l) + .. _*_w(n—l)(n—l).

i=2

Hence X, = w" + w? + " + .. + ™ where r =1, 2j0,m — 1.
Since 1 4+ w” + w? + ... + WD = 0 then w" + w? + ... + Wt~V = 1.
Thus \{ = Ao = ... = A\, = — 1.
By Theorem 2.2.11, det(A(KL)) = Ao A1+ Ay
S TN D
— (1) (n = 1).
Thercfore, det(A(K,)) = (=1)""1(n — 1). n

Corollary 3.1.2. For alln > 2, A(K,) is nonsingular.

Proof. By Lemma 3.1.1, det(A(K,)) = (—=1)""'(n — 1) where » > 2. Then
det(A(K,)) # 0. Therefore, A(K,,) is nonsingular. n

Example 3.1.3. Find the determinant of K.
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Then det(A(Kg)) = (—1)4 (8 —-1) = —T.

Lemma 3.1.4. For n > 2 if A(C,) is the adjacency matrixz of a cycle Cy, then the

. 2nr
cigenvalues are \, = 2 cos(—) where r = 0,1,2,...,n— 1.
n
Proof. Since A(C,,) is circulant matrix, by Lemma 2.3.5,

T
_ F—1)0 _
Ao = E (Lljw( W = a1y + @,
=2

n

A = E (J,U-w(]”l)l = QoW + amw(””l),
j=2
n

Ay = g (I,Uw(J_l)Z = apow? + Bl 2,
=2

103

i—1 - e ol K. P
An-1 = E ay ;w00 = g™t + a1w™® D=1 where w = e2™/™
=2

So A =w +w™ Y forallr € {0,1,2,...,n — 1}.

Next, consider

. 2 | 2,
w" = (cos— +isin—)
n n
2. . Pnr
= (cos — + isin —)

n n
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and

. VA T L B
WD — (cos — +isin ———)'(" n
n n

2T =il
(cos ——(L—z +

2rnr(n—1)
n '

n

)

2rr 2rr

= (cos(2nrr — —) + 1sin(2n1r — —

(cos(2nr — =70) + isin(2mr = =)
2nr Wi
= COs —— —18ln—.
n n

7 s1n

Then M, =w” +w' ™

2rr
= 2cos —.
n

; 2nr :
Therefore A, = 2(:os£ for all 7-.€ {0,1,2,...,m— 1}. £
n

Lemma 3.1.5. Let C,, be a cycle of order n where n > 3. Then dct(A(Cy,)) = 0 of and

only if 4| n.

Proof. Let C, be a cycle of order n. Assume that det(A(C,)) = 0. By Lemma

2nr
3.1.4, A(C,,) has cigenvalues A, = 2 cos 2T forall v € 10,1,2, .sn=1}.
n
Since det(A(C,)) = 0, there exists A, = 0 for some 7 € {0,1,2,...,n — 1}.
2mr 2rr @
Consider 7 such that A, = 0, we have 2 cos(—) = 0. Then — = 3™ where m is an
i n

odd number, hence mn = 4r. Therefore, 4|n.

Conversely, assume that 4|n. Let n = 4k for some k € Z* and choose 1 = k.

2k
Thus A\x = 2cos _;F =2 cosg— = 0. Thercfore, det(A(Cy)) = 0. n
Example 3.1.6.
(%1
Vg (U
C(‘, s
V3 Vs,

Vg
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(() =0 0 Qa4

JR1l _0F Latr 0
0001 1 0
000101

By Lemma 3.1.4,

Ap = 2eps0 =2

Al = 2005(%) Sl

2
Ay = 2cos(,—j) = —1]
Az = 2co08(w) = —2
4
Ay, = 2cos(r—;r) —

o

As = 2cos(—) =1.
4
Thus

(l()t(/‘ (C(,)) = /\())\1 /\2)\3)\4/\6

= (2()(-1(=2)(=1)(1)(1)
= —4.

Example 3.1.7.

V1 Vg

Ug U3
Cg 5
Uy Uy

Vg Vs
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(01000001

T 0¢h 00 D00
01010000
00101000
det(A(Cy)) =
00010100
000010710
00000101
\10000010/

By Lemma 3.1.5, det(A(Cy)) = 0.

Theorem 3.1.8. Let n > 3. Then
0 i n=/4k for somek e Zt;
det(A(Cn)) = —4 if n =4k + 2 for some k € Z%;
2 otherwise.
Proof. Casc I: If n = 4k, then we use Lemma 3.1.5.
Casc II: Let n = 4k + 2 for some k € Z*. Then there arc exactly three

sesquivalent spanning subgraphs of C,, which arc

(% Vs Vak+1
(2)

Uy U4q Vak+2

V1 Vik+1 U3

(i1

Utk+2 U4k (%
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(4i1) the graph C,, itself which is the only subgraph containing a cycle.
For the graphs (i) and (i), we have ¢ = 2k + 1,7 = 2k + 1 and s = 0. For the
graph (ii1), we have ¢ = 1,7 = 4k + lands = 1. Therefore, we have det(A(Cixi2)) =
2[(=1)%+120] 4 (—1)%+12! = —4,
Casc I1] : If n = 4k +1 or 4k + 3, then C,, is the only sesquivalent spanning
subgraph of C,. Thus, ¢ = 1,7 = 4k(or 4k + 2), and s = 1. Thercfore, we have
det(A(Cary1)) = (—1)%2! = 2 = det(A(Car+3))- ]

As an immediate conscquence of the above theorem and Theorem 3.1.1 we
obtain the following formula which is difficult to prove by means of purcly analytic

methods:

Corollary 3.1.9. Letn > 1. Then

1 0 ifn=A4kfor some k € Z*;
% i 3 2nr B
Z‘Hcos(—) =49 —4 ifn=4k+ 2for some k € Z*;

mn
=0

2 otherwise.

Example 3.1.10. For n = 3, we get the casy to chick equality:

2 47 1
cos(cos—cos — = —.
3 3 4

But for n = 5 for example we get an interesting and much harder to check cquality:

2 A7 or 8 1
COS — COS — COS — = —.
5} 5} 5 5 16

cos 0 cos
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3.2 Characterization of Non-singular Trees

Let 7 be a tree. As usual, we denote by V(T') the set of its vertices and by E(T') the
sct of its edges. Since we want to apply Proposition 2.2.5 to determine det(A(T)), we
need to identify all sesquivalent spanning subgraphs of the tree 7' It turns out that it

is not so common that a trce contains such subgraphs.

Lemma 3.2.1. If a tree T has a sesquivalent spanning subgraph, then |V (T )| must be

even, that is the tree T' contains an even number of vertices.

Proof. By definition of tree graph, no cycle is a subgraph of a tree. Thus, if P is
a sesquivalent spanning subgraph of a tree T', then P consists of a number of separate
(single) edges. Each edge contains two(different) vertices, hence P must contain an even
number of vertices. If, additionally, P is a spanning subgraph of T', then V(T= W)

and hence |V(T))| is cven.

Suppose that z € V(T) and N(z) = {21, 22,...,Tn, } is the set of all neighbors
of z in T, Let us define, for each z; € N(z), a subsct T, of the set V(T') :
T,. = {y : y = z; or there is a path fromy to x; which does not pass through x}.

Lemma 3.2.2. Let P be a sesquivalent spanning subgraph of the tree T. Then
{z,z;} € E(P) if and only if |T4,| s odd.

Proof. It is casy to notice that all Ty, are disjoint subsets of V/(T'). Since they are
connected subsets of V(T), they may also be regarded as subtrees of the tree T. Let
P, denote the subgraph of P induced on the set Ty,. Now, it is obvious that P, is a
sesquivalent spanning subgraph of the tree Ty, if {z, z;} ¢ E(P). If {z,z;} € E(P), then
the subgraph of P induced on the set 15, U {z} is a sesquivalent spanning subgraph of
the appropriate subgraph of T. Thus, by Lemma 3.2.1, we conclude that {z,z;} € E(P)
if and only if |Ty,]| is odd.

If P is a sesquivalent spanning subgraph of the tree T, then there is the only
onc z; € N(z) such that {z,2;} € E(P). Thus, by lemma3.2.1., if a trec T has a
sesquivalent spanning subgraph, then for very x € V(T) there is exactly on z; € N(z)

such that
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|T%.| is odd. Let us prove that this is also a sufficient condition for a tree to have a

sesquivalent spanning subgraph. ]

Theorem 3.2.3. A tree T' has a sesquivalent spanning subgraph if and only if for every

x € V(T) there is exactly one x; € N(x) such that |T;,| is odd.

Proof. Onc implication follows from the above lemma. To prove the reverse impli-
cation, let us assume that T is a tree such that for every z € V(T') there is exactly one

clement in N(x), denote this element by f(z), such that |Ty()| is odd.

E(P) = {{=z, f(x)} : = € V(T)}.

To prove that P is a sesquivalent subgraph of 7T, it suffices to show that f(f(z)) ==
for cach x € V(7).

Let ¢ € V(T) and let N(z) = {x1, s, ..., Tn, }. We know that f(x) € N(z).
It also means that z € N(f(x)). Thus, it suffices to prove that the set

(1)  {y:y = z or there is a path from y to z which docs not passf (z)}

has an odd number of clements. But any path that joins y with « (and docs not pass

f(x)) must contain an clement of N(z) (different from f(z)) . Thus, the set (1) equals to

2) ULTs, - o # F(@)} U s},

The scts Ty, arc disjoint and cach of them contains an cven number of clements if
x; # f(z)(we recall that among the sct T, only Ty contains an odd number of
clements). Morcover, the clement 2 belongs to none of these sets. Therefore, we
conclude that the sct (2) (and hence(1) as well) contains an even number of clements

which was to be proved. ]

Since that right hand side of the above equivalence depends only on the tree T,
and it is either fulfilled or is not for any given tree, a sesquivalent spanning subgraph

(if it exists) is defined uniquely by Lemma 3.2.2. Thus, we get

Corollary 3.2.4. Every tree has at most one sesquivalent spanning subgraph.

Now, we can apply Proposition 2.3.8 to compute the determinant of the adjacency

matrix of a tree. We get
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Theorem 3.2.5. Let T be a tree of n vertices. Then

4
1 i T has a sesquivalent spanning subgraph

and n = 4k for some k € Z*;
det(A(T)) = q —1 if T has a sesquuivalent spanning subgraph
and n = 4k + 2for some k € Z+ U {0};

{ 0 otherunse.

Proof. Suppose that T has a sesquivalent spanning subgraph P and n = 4k. Then
the number of components, ¢ of P and the number of edges both are g — 4—; =2k
So r(P) = n— ¢ = 4k — 2k = 2k and s(P) = 2k — 4k + 2k = 0. Thus, we get
det(A(T)) = (-1)*(2)° = 1.

Similarly, if T has a scsquivalent spanning subgraph P and n = 4k + 2,
then ¢ = 2k + 1 and hence 7(P) = 2k + 1 and s(P) = 0. Thus, we get det(A(T)) =

(,_1)21‘:;!(2)() ] m

Combining Corollary 3.2.4 and Thcorem 3.2.5 above we have the following char-

acterization for non-singular trees:

Corollary 3.2.6. A trec T is non-singular if and only if T' has a sesquivalent spanning

subgraph.

As dircet corollary from Theorem 3.2.5 we can also obtain a well known result for

the determinant of a path P,.
Corollary 3.2.7. Let P, be a path of n wvertices. Then

(-1)*  if n =2k for some k € Z7,
det(A(PR,)) =

0 otherwise.
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3.3 Characterization of Non - singular Book Graphs

In this section, we find formulas for the determinant of the adjacency matrices
of book graphs. We start by providing definition of the object.

For cach 2 = 1,2, ..., m, let G; be a graph which is isomorphic to cycle C,, with the
vertex set V(G;) = {0;,14,2;,...,(n— 1);}, and cdge set E(G;) = {{=zi, (z + 1):}|z =
0,1,2,...,n—1} where 0, = 0,1, =1 for all i = 1,...,m and + is addition modulo n.
(Note that for all 7 # 4, V(G;) N V(G;) = {0,1}).

We call a graph B,(m) a C,, book graph of m > 2 pages if the vertex sct of
B,(m) is V(B,(m)) = UV(G,;) and the edge sct is E(B,(m)) = QE(G’i).
=1 i=1

i

Example 3.3.1. Bs(3)

We proceed to compute the determinant of a C,, book graph by implementing the
formula from Proposition 2.3.8. Thus in this case we have to compute for which we
nced to compute the rank and co-rank for cvery scsquivalent spanning subgraph of the
given book graph.

In the case when the pages of a book graph are cycles of odd length it is not difficult
to sce that such sesquivalent spanning subgraphs do not exist, provided there are more

than two pages in the book graph.
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Proposition 3.3.2. If n is an odd number, then B,(m) has no sesquivalent spanning

subgraph for all positive integers m > 2.

Proof. Let m be a positive integer greater than two and n an odd integer. Sup-
posc B, (m) has scsquivalent spanning subgraph and let us consider the two possible

partitioning cases: (Look at the graph below for a motivation)

4.

Case I : B, (m) is partitioned only into single cdges.

If onc of the spanning cdges for the sesquivalent spanning subgraph of B, (m) is
{0,1} then each page has a (remaining) order of n — 2, (since every page contains the
edge {0,1}). Thus, 2 must divide n—2, so that the single edge partitioning of the pages
to be possible. This applics that n is cven, a contradiction to the assumption on n.

If the single edge partitioning of B, (m) docs not contain the edge {0, 1} then, there
is a page that has to span all vertices starting at 0 and finishing at 1, but that is a
path of cven length and as such does not assume a single cdge partitioning.

Hence a partitioning of B,(m) into single edges is impossible.

Case I1 : B,(m) is partitioned into a cycle and single edges.

First observe that no sesquivalent spanning subgraph of B, (m) can contain more
than onc cycle. The cycle of the sesquivalent spanning subgraph must be an entire page
of the book or two pages ”transformed” into one cycle by removing the edge {0,1}.
Clearly, in the former case, after the cycle (page) is chosen the remaining pages have
an order of n — 2, that is they are paths of even length and as such do not assume
clementary partitioning, and in the latter case the same holds, since there arc more
than two pages (m > 2).

Thus, Case IT is also impossible and therefore B, (m) has no sesquivalent spanning

subgraph. ]



27

From the result of the Proposition 3.3.2 and Corollary 2.3.9 we have:
Lemma 3.3.3. Let n be odd and m be positive integer such that m > 2. Then
det A(B,,(m)) = 0.

To complecte the study for the determinant of book graphs let us consider book
graphs whose pages are cycles of even order, i.e. for given B,(m) let n be even and
m > 2.

Tan—1 Ty

41n~ 1

31::,7 1

2m—l 22

As we discussed in the proof of Proposition 3.3.2 (look at the graph above for

notation) the scsquivalent spanning subgraph of By, (m) are of the following types:

Thn—1 i
,’. .~\
47"~1 ,—“/’ T n \“~\ 42

1 dy " O T

FIZ

o 3m 1 31

b
377:.—1 Nn, 2/ 32

2m—l 22
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Thn—1 2
FC [
41"_1 _,—"” Tn T \\\\ 42

F4 .
3m\. 31

2m 21

—

For cach of the observed patterns we compute 7(I') and s(I') as follows:

I'y: r(C)=m-2)m+2— {(n = 2)2(m —2) +1} = il 2m2+ 2n —2
S(Fl) =) (’TL = 2);’"), - 2) +2n—2—{(n—2)7n+2}+{(n— 2);7” == 2) +1}

=]
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Ty : T(Fz):(n_Q)nl+2_{(TL—2)(n2z—1)+n}:mn—§m+2

(n—2)(m—1)+n (n—2)(m—1)+n

5 }

s(Ty) = —{(n—2)m+2}+{

2
= 0
o gl ) — 2 — 27
Ly r(T3) = (n—2)m+2— {(m fng2) 1} = %Tm_iﬁ
o 2 m — l B 1 —2
5 Pa)iss (n )ém ) +n—{(n—-2)m+2}+ {(m )(n —2) iy
= ]
Ti —'2 2 y ‘___2,/ 2
Iyt r(Cy)=(n—2)m+2— {Q’L__)T_’_' B mn = 2m + 2
. 2
1 _2 —2 2
s(Fy) = w +1—{(n—-2)m+2}+ {Z”_TLTWL_}
= 0 -

Now we arc ready to compute the determinant of the book graphs with pages of

cven order.

Theorem 3.3.4. Let m,n be natural numbers where n is even and m > 2. Then

mn—2m-+2

(et

n
(m—1)% if 5 is even;

det A(Bp(m)) =

mn—2m+2
2

(—1) (m+1)? if g is odd.

Proof. Let n be even and m > 2. By diagrams (I'; — I'4) above we see that for

m
cach B,(m) there arc sesquivalent spanning subgraph of type I';, there arc m

sesquivalent spanning subgraph of type 'y, there are m sesquivalent spanning subgraph
of type I'y and only one of type 'y .
Then by Proposition 2.3.8 we compute the determinant of A(B,(m)) to be the

following:
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det(A(B,(m))) = Cp{(=1)™5 22 (2)1) + m{(—1) ™7 (2)°}

gD s 2))

T’L' mn— 27nt'2n 2 mn—2m+2
Zm{(~) 2} + m{(-1)" = "}

mn—2m+n mn—2m+42
2 2

+m{(2)(-1) }+(—1)

mn—=2m—2 J1n 2 mn— n+

=m(m—D{(-1)" = }+m{(-1)

o 2m{(=1) ")
+ (g
= (—]V)lm”'?ﬂ{m(m - )=t +m(-1) + 27"»(“]»)% i (—1)%

= (=1)™7" {—m2 + 2m(-1)% — 1}.

We sce that if r—?j is even, then det A(B,(m)) = (=1)™" 7 (—m? + 2m — 1)and if %
is odd, then det A(B,(m)) = (=1)™7 " (=m? — 2m — 1). n

By combining the results from Corollary 3.3.3 and Theorem 3.3.4, we obtain the

following characterization for non-singular book graphs:

Corollary 3.3.5. Let m > 2. Then the graph B,(m) is nonsingular if and only if n s

coen.

For completencss of the discussion obscrve that the graph B, (2) is never singular

with the determinant of the graph equal:

ex Mo
—1 if — is cven;
2 b

I

det A(B,(2)) T -9 if%is odd;

{ —2 if n is odd.



