CHAPTER II

PRELIMINARIES

2.1 Definitions and Examples

In this section, we introduce precise definitions, notations, and examples

which will be used in this research.

Definition 2.1.1. [17] Let S and T be non-empty sets. If there exists a mapping
SxT'xS — S, written (a, o, b) = aab for all a,b € S and o € T', the set S is called
a D-semigroup if S satisfies the identity (aab)Bc = aa(bfc) for all a,b,c € S and
a,fel.

From associativity relation, we denote aabc for (aab)Bc. Then
aabfc = (aab)fBc = aa(bfc).

If S is a -semigroup and A C T then S is a A-semigroup and in case of

A = {v} then S is called a y-semigroup. .

By Definition 2.1.1, it is obviously that if S is a I'-semigroup then Sisa

~-semigroup for all v € I'.
The following examples are I'-semigroups.

Example 1. Let S be the set of all m x n matrices and I' be the set of all n x m
matrices over a field then for A,B € S the product AB can not be defined if
m # n ie., S is not a semigroup under the usual matrix multiplication. But for
all A,B,C € S and a, € T we have AaB € S and since matrix multiplication is

associative, we have (AaB)BC = Aa(BfSC). Hence S is a I'-semigroup.

Example 2. Let X and Y be non-empty sets. If S is the set of all functions
from X to Y and T is the set of all functions from Y to X then for f,g € S the

composition f o g can not be defined if X # Y. Thus S is not a semigroup under



the usual composite function but S is a [-semigroup i.e. for all f,g,h € S,a,8 €T

we have foaoge Sand (foaog)ofoh= foao(gofBoh).

Example 3. Let S be the set of all integers of the form 7n + 2 and I be the set
of all integers of the form 7n + 5 where n € Z. Define

ayb:=a+7v+b

for all a,b € S,y € I We will show that S is a [-semigroup. Let a,b € S
and v € I. Then we set a := Tny; + 2,b := Tny + 2 and ~ := Tng + 5 for some

ny, ng,ng € Z. Consider
a’yb: (7TL1 +2) + (7n3+5) +(7TL2+2) = 7(711 +ng +ng+ 1) + 2.
Thus avb € S, so S is a [-semigroup.

Definition 2.1.2. [24] Let S be a I'-semigroup. A non-empty set H of S is said
to be a sub I'-semigroup of S if HTH C H.

For v € T if we defined a ob = ayb for all a,b € S then S becomes a
semigroup and denotes this semigroup by S,.

Let v € I, H is called a sub ~y-semigroup of S if HyH C H. Then H is

called a sub «-semigroup of S if H is a sub vy-semigroup of S,.

Example 4. Let S = [0,1] and I := {% | n is a positive integer}. Then S is a
I'-semigroup under usual multiplication. Let M := {0, %] for all £ € N. We have
that M is a non-empty subset of S and ayb € M for all a,b € M and vy € I". Thus

M is a sub I’-semigroup of S.

Definition 2.1.3. [24] Let S be a I-semigroup. An element a € S is regular if
a = aazfa for some z € S and for some «, 3 € I'.

S is a regular I'-semigroup if for all elements of S are regular.

Example 5. Let Q~ be the set of all negative rational numbers and I := {—Il, | p

is prime}. Then Q~ is a I'-semigroup under usual product of rational numbers.



Next, we will show that Q™ is a regular ['-semigroup.
Let a := — € Q™ for m,n € N. Then we can write m = p;p, - - - py where
p; are prime for all : = 1,2,...,k and k € N. Choose a := —pll and @ := —i are

elements in T".

Teking z := ——"-— € Q7, we have that
| 1 n 1 -]
aazfa = (_p—1p2 Peyi_ 2y _ ___)(_Plpz pk)
n D1’ PaP3ccPek-1 Dk n
_ _ b2 Dk
n
= a.

Thus a is regular which implies that Q~ is a regular I"-semigroup.

Definition 2.1.4. [25] Let S be a I'-semigroupand a € S. Let z € Sand o, B € T".
An element z is said to be an (a, B)-inverse of a if @ = aazfa and z = zfacz.

VA(a) denotes the set of all (@, B)-inverses of a, i.e.

VB(a) :={z € S| z = zBaaz,a = aczfa}.
Example 6. By Example 5, we have

n 1 D1p2 - Pk 1 n
zfaas = (~————)(~) (- ) () ()
D2p3 * - Pr-1 Dk n n P2P3 * * - Pr-1

n
DP2P3 * ' Pr-1

= X.

()
Thus ——=2— €V, *'(a).

P2P3 " Pk—1 (—ﬁ)
Definition 2.1.5. [19] A regular I'-semigroup S is called an inverse I'-semigroup
if for all a € S, a, B € T, VB(a) # 0 implies | VF(a) |= 1.

That is, every element a of S has a unique (a, 3)-inverse.

Definition 2.1.6. [16] Let S be a I'-semigroup. An element e € S is said to be an
a-idempotent of S, where o € I' if ece = e. We denote the set of all a-idempotents

of S as follows : E,(S) :={e € S| eae =e}.



Let E(S) := U E,(S). Then we called E(S) the set of all idempotents of
a€cl
S. If z is an idempotent of S, we mean = € E(S).

Definition 2.1.7. A regular I'-semigroup S with the set of all idempotents E(S)
will be called a locally inverse I'-semigroup if e['STe is an inverse I'-semigroup for

every e € E(S).

Definition 2.1.8. [26] The Green’s equivalence relation £,R,H and D on a I'-
semigroup S are defined by the following rules :

(1) aLh if and only if STaU {a} = STbU {b}.

(2) aRb if and only if al'SU {a} = bI'S U {b}.

B)H=LNR.

4 D=LoR.

The L-class (resp. R-class, H-class, D-class) containing the element a will

be written L, (resp. R,, Hy, D,).

2.2 Basic Properties

In this section certain basic results are presented. Reference will be made

to these throughout the thesis.

Proposition 2.2.1. [25] S is a regular I'-semigroup if and only if VB(a) # 0 for

alla € S, for some a,B €T.

Theorem 2.2.2. [21] Let S be a T'-semigroup, S is an inverse I'-semigroup if and
only if

(1) S is regular,

(2) if e, f € Eo(S) then eaf = fae where a €T'.

Lemma 2.2.3. [26] Let S be a I'-semigroup. Then for all a,b € S, we have
(1) aLb if and only if a = b or there exist z,y € S and o, 3 € ' such that
a = zab and b = yQfa.
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(2) aRb if and only if a = b or there exist z,y € S and o, f € I such that
a = baz and b = afy.

(3) aHb if and only if aLb and aRb.

(4) aDb if and only if there exists c € S such that aLc and cRb.

Lemma 2.2.4. [26] Let S be a I'-semigroup, o € I' and e be an a-idempotent.
Then

(1) ace =a for all a € L.

(2) eaca = a for all a € R..

(3) ace = a = eaa for all a € H,.
PropoSition 2.2.5. Let S be a reqular T'-semigroup. Then for all a € S, there

ezist a, B € T and o/ € VP(a) such that @/'Ba € E,(S) and aaa' € Eg(S).

For a I'-semigroup S and a € T, we define a new operation o on .S by
aob:=aab for all a,beS.

Then (S, o) is a semigroup. Such semigroup is denoted by S,. A nonempty set T
is called a subgroup [27] of Sy if (T, 0) is a group.

Definition 2.2.6. [21] A - semigroup S is called left (right ) simple if it has no

proper left (right ) ideals. S is said to be simple if it has no proper ideals.

Theorem 2.2.7. [21] Let S be a I'- semigroup. S, is a group for some y € ' if
and only if S is both left simple and right simple.

Definition 2.2.8. Let S be a I-semigroup without zero. We shall say that S is

completely simple if S is simple and if it contains a primitive idempotent.

Corollary 2.2.9. [24] Let S be a I'-semigroup. If S, is a group for some o € T’
then S, is a group for alla € T'.

Definition 2.2.10. [28] Let S be a I-semigroup and a € S. If a = aazfa and

aaz = zfa for some z € S,a, B € I then an element a is called an (o, §)-completely
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regular element of S.
A T-semigroup S will be called completely regular if every element of S is

an (a, f)-completely regular element for some o, 8 € T'.

Corollary 2.2.11. [28] Let S be a T'-semigroup and e € E(S). Then H, is a
subgroup of S, for somey € I.

Theorem 2.2.12. [28] Let S be a I'-semigroup. Then the following statements are
equivalent.

(1) S is completely regular.

(2) Each element of S lies in a subgroup of S, for some v € I.

(3) Every H-class is a subgroup of S, for some y €.

Definition 2.2.13. [3] Let X be a partially ordered set. An equivalence relation p
on X is called strictly compatible with < if no two distinct p-related elements are

comparable with respect to <.





