CHAPTER III

METHODS FOR FINDING
SOLUTIONS OF GENERALIZED NON-STRONGLY

MONOTONE VARIATIONAL INEQUALITY PROBLEMS

In this chapter, the main results of this thesis will be presented. Recall that we

will consider the following problem: Find u* € H, g(u*) € S such that
(A(u*),g(v) —g(u*)) >0, Yve H: g(v) € K, (3.0.1)

where A is a kind of monotone mapping, {A;}Y, is a finite family of \;-inverse
strongly monotone mappings from K into H and S = ﬂfil S5 = I I
Ai(z) = 0}, denoted by GV Ik (A, g,S) for a sct of solutions of the problem (3.0.1).

3.1 Regularization for general variational inequality problem in Hilbert

spaces.

For each a € (0,1) we now construct a regularization solution u, for (3.0.1) by
solving the following general variational inequality problem: find u, € H, g(u,) €

K such that
N

(A(ua) + 0" Y (A0 ) (ua) + ag(ua), 9(v) — g(ua)) > 0, (3.1.1)

=1

Vve H, gv) e K,0<p<1.

We start with useful lemmas.

Lemma 3.1.1. Let K be a closed conver subset of a real Hilbert space H. If
A : H — H is a hemicontinuous and g-monotone mapping and A; 1S a A;-
inverse strongly monotone mapping of K into H, then functions Fy, F; : ¢~ (K) X

g Y (K) — R defined by

Fo(u,v) = (A(u), g(v) — g(u)) and Fi(u,v) = ((Aiog)(u), g(v) - g(u)), (3.1.2)
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for all (u,v) € g7 (K) x g7Y(K), and i = 1,2,...,N, are equilibrium monotone

bi-functions on g~'(K), for eachi=1,2,...,N.

Proof. Let u,v € g~ *(K), Since A is a g-monotone mapping, we have

F()(’u, U) + F()('U, u) =

< 0.

Therefore Fy is a monotone bi-function on g~*(K).

Next, we show that Fj is a monotone bi-function on ¢~'(K) for all i =

1,2,...,N. Let u,v € g *(K), Since A; is a \;-inverse strongly monotone mapping,

we have

F;(u,v) + Fi(v,u) =

((Ai 0 g)(u), g(v) — g(u)) + {(Ai 0 g)(v), g(u) — g(v)),
9)(u), 9(

= ((Aiog)(u),9(v) — g(u)) + ((Ai © 9)(v), 9(v) — g(u)),
= (Aiog)(u) — Aio g)(v),9(v) — g(u)),
= (Ai(g(u)) — Ai(9(v)), 9(v) — g(u)),
= —(Ai(g(u)) — Ai(9(v)), g(u) — g(v)),
< L
Therefore Fj is a monotone bi-function on g~ *(K), for alli = 1,2,...,N. O

Let K be a closed convex subset of a real Hilbert space H. For each o €

(0, 1), defined a function F, : g7'(K) x ¢7'(K) — R by

Fo(u,v) = Fo(u,v) + o Y Fi(u,v) + afg(u), 9(v) - g(u)),

for all (u,v) € g7 (K) x ¢~

3 (3.1.3)

i=I

1(K), where Fy and F; defined by 3.1.2.
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Lemma 3.1.2. If A : H — H is a hemicontinuous and g-monotone mapping,

A; is a \j-inverse strongly monotone mapping of K into H and g is a continuous

mapping, then a function F, defined by (3.1.8) is a monotone hemicontinuous

mapping in the variable u for each fized v € g~

Proof. Let u,v € g7}

monotone bi-functions on g~

Fo(u,v) + Fo(v,u)

%

Y(K), for each o € (0,1).

(K), by Lemma 3.1.1 we have I, and Fj are equilibrium

Y(K), for each i = 1,2,..., N. This gives

Fy(u,v) + o Z Fi(u,v) + afg(u), g(v) — g(u))
z:lN
+Fo(v,u) + ot Z Fi(v,

i=1

u) + a(g(v), g(u) — 9(v)),

Fo(u,v) + Fo(v,u) + o Y [Fi(u,v) + Fi(v, u)]

[%le

1

u))

[F;(u,v) + Fi(v,u)]

1

+a(g(u) — g(v),9(v) — g

Mas

Fo(u,v) + Fo(v,u) + o*

—allg(u) — g(v)|I?

0. (3.1.4)

1=1

Il

Therefore F,, is a monotone bi-function on g~ '(K).

Next, we show that F, is hemicontinuous in the variable u for each fixed

v € g~ '(K). For each fixed v € g7*(K), let (u,z) € g7"(K) x g~'(K), we have

tlalrfo Fo(u+t(z — u),v)

+ a“ZFi(u +t(z — u),v)
—g(u+t(z — u))l.

Jim, [Fy(u+ t(z — ), v)

alg(u+t(z —u)),g(v)

Consider, since A is a hemicontinuous mapping, we have

hT Fo(u + t(z — u),v)

lim (A(u + t(z — u)), g(v)

t—+0

(lim A(u+1(z — ), g(v) = lim g(u+t(z - u))),

(A(u), g(v) — g(u)),

— g(u+t(z —u))),
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= (A(u),g(v) — g(u)),
= FO(u,’U),

and, since A; is a Lipschitz continuous mapping, we have

Jim Fi(u +#(z —u),v) = lim (A0 g)(u + t(z - ), g(v) — g(u+ t(z — u))),
= (Jlim (A;0 g)(u+t(z —u)), g(v) — lim g(u+1t(z —u))),
= ((Aiog)(u),g(v) — g(u)),
= Fy(u,v).

It implies that

Jim Fo(u +1(z —u),v) = Fo(u,v) +a Z Fi(u,v) + (g (u), g(v) — g(u)),

= Fo(u, 0N

Therefore I', is a hemicontinuous mapping in the variable u for cach fixed v €

g YK). ]

Lemma 3.1.3. Let A : H — H be a hemicontinuous and g-monotone mapping
and A; be a M\i-inverse strongly monotone mapping of K into H. If g: H — H 1s
an &-ezpanding mapping such that K C g(H), then a function F, defined by (3.1.3)

is a strongly monotone mapping with constant a&? > 0, for each a € (0,1).

Proof. By (3.1.4) and g is an &-expanding mapping, we have

Fo(u,v) + Fa(v,u) = Fo(u,v) + Fo(v,u) + o SN | [Fi(u,v) + Fi(v,u)]
- g()I1%,
—allg(u) — g()|1*,

< —af?ju—v|?

—allg(u

~—

INA

Therefore F, is a strongly monotone mapping with constant a§ > 0. ()



15

Theorem 3.1.4. Let K be a closed convex subset of a real Hilbert space H and
g : H — H be a mapping such that K C g(H). Let A: H — H be a hemicontinuous
and g-monotone mapping. Let A; be a \;-inverse strongly monotone mapping of
K into H, for each i = 1,2,...,N. If g is an expanding affine continuous mapping
and GVIg(A,g,S) # 0, then the following conclusions are true:

(a) For each o € (0,1), the problem (3.1.1) has the unique solution .
(b) lir(r)1+g(ua) = g(u*), for some u* € GVIk(A,g,S).
a=¥

(¢c) There exists a positive constant M such that
Mla —
llg(ua) — g(up)||* < ——I&é—ﬂ, for all a,p € (0,1). (3.1.5)
Proof. Firstly, due to the definition of the A;-inverse strongly monotone mapping
A;, we may always assume that \; € (0, %] for each 1 = 1,2,..., N. Now, we define
functions Fy, F; by (3.1.2). Moreover, by Lemma 3.1.1, Fj and F; are equilibrium

monotone bi-functions on ¢~'(K), for each 1 = 1,2,..., N.

Now, let a € (0,1) be a given real number. We construct a function F,

defined by (3.1.3).

(a) Observe that, the problem (3.1.1) is equivalent to the problem of finding
u, € ¢g7'(K) such that

Fo(uq,v) >0, Yveg'(K). (3.1.6)

Moreover, by Lemma 3.1.2 we have F,(u,v) is monotone hemicontinuous in
the variable u for each fixed v € ¢~ !(K). By Lemma 3.1.3, since g is an {-expanding,
we have F,(u,v) is a strongly monotone mapping with constant a&* > 0. Further,
since ¢ is an affine continuous mapping, we have ¢! (K) is a closed convex subset
of H. Thus, by Lemma 2.2.10(b), the problem (3.1.6) has the unique solution

u, € g Y(K), for each o > 0. This proves (a).
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(b) Observe that for each y € GVIg(A,g,S), we have Fy(y,u,) > 0 and
Fi(y,uq) =0, for e = 1,..., N. These imply

N
Fo(y,ua) + 0" Y Fi(y,us) >0, Vy€ GVIk(A,g,S).  (3.1.7)

i=1
Consequently, by using the monotonicity of Fy and Fj, we see that (3.1.3), (3.1.6)
and (3.1.7) imply

0 Z _Fa(uaa y)

= —[Fo(tta,y) + Z Fi(ua,y) + afg(ua), 9(y) — 9(ua))]
> —Fy(tg,y) — ¥ Z Fi(ua,y) — o{g(ua), 9(y) — 9(ua))
N
= 10(y, ug)it o Z Fi(y, ua)]
= _[FO(uon Z/) + Fo(y, uoz)] - aﬂ Z[E(uaa y) + E(y) ua)]
o a(g(ua),g(y) - g(ua))
> afg(ua), 9(ua) — 9(v)), (3.1.8)

forally € GVIkK(A,g,S).

Hence,
(9(ua), 9(y) — 9(ua)) = 0, forall y € GVIk(4,g,S5).
This implies,
lg(ua)ll < llg()ll, forall y € GVIk(A,g,S). (3.1.9)
Thus {g(ua)} is a bounded net of K. Consequently, the set of weak limit points
as a — 0 of the net (g(u,)), denotes by w,(g(u,)), is nonempty. This allows us

to pick z € wy,(g(u,)) and a null sequence {ax} in the interval (0,1) such that

{9(uq,)} weakly converges to z as k — oo. Notice that, since K is closed and



17

convex, this implies that z € K. Consequently, since K C g(H), we let u* € H be
such that z = g(u*). We claim that u* € GVIk(A,g,S).

To prove such a claim, we divide it into two steps:
Step 1: We will show that g(u*) € S.

Let us observe that, Fy(y, uq,) > 0 for each y € GVIk(A,g,S) and k € N.
By using this observation together with (3.1.3) and the monotonicity of Fj, we see

that

N
o D> Fi(tay,y) + ar(9(ua,), 9(9) = 9(ua,)) > —Fo(uay,y) > Foy, ua,) 2 0,

=1

that is,
N

> Filuay,y) + o "(9(ua,), 9(y) — 9(ua,)) 20, (3.1.10)

i=1

for each y € GVIk(A,g,S) and k € N.

Now we consider for each j € {1,2,..., N}. Let y € GV I (A, g, S) be picked.
Since A; is a Aj-inverse strongly monotone mapping, in view of (3.1.9) we have

AillAjo g(ta,) = Ajo g < (Aj(9(ua) — Aj(9(¥)): 9(tar) — 9(v))

= (4;(9(ua,)), 9(ua,) — 9(y))

= Z(Ai(g(uak)),g(uak)—"g(y»

= _Zﬁ‘i(uamy)

< oy *(9(uay), 9(y) — 9(uay))

< o " [llgua) M@ = ll9(ua )]

< o eI, (3.1.11)

for each k € N. Letting k — oo in (3.1.11), we obtain

lim [|4; 0 g(ua, )| = lim [|4; 0 g(ua,) — 4; 0 g(y)]| =0. (3.1.12)
—500 =00
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On the other hand, we know that the mapping T; := I — A; is strictly
pseudocontractive, hence by Lemma 2.2.12, we have A; = I — Tj is demiclosed at
zero. It follows that A;(g(u*)) = 0. This means g(u*) € S;. Consequently, since
j € {1,2,..., N} is chosen arbitrary, we conclude that g(u*) € (., S; =: S. This

proves Step 1.

Step 2: We will show that u* € GV Ik(A, g), where GV Ik (A, g) is denoted
for the solution set of the problem (1.0.2).

From the monotonic property of F,, and (3.1.6), we have

Fo(v, tay) + o SN | Fi(v, tay) + ar(g(v), 9(ua,) — 9(v))

Il

Bilv, i)
—Fo(ta,, v)

IN

IA
o

for all v € ¢g7'(K). This gives,

Fo(v,ta,) + 0 Y Fi(v,ua,) < 0i{g(v), 9(v) = 9(ua,)), Vv € g7} (K). (3.1.13)

i=1

Notice that, since the operator A; is a Lipschitzian mapping, we have F; is a
bounded mapping for each 7 = 1,..., N. Thus by letting k — oo, since oy — 0%
and g(uq,) — g(u*) as n — oo, from (3.1.13) we see that Fy(v,u*) < 0, for any
v € H,g(v) € K. Consequently, in view of Lemma 2.2.10(a) and Lemma 3.1.2,

Step 2 is proved.

Hence, from Steps (1) and (2), we conclude that u* € GVIg(A,g,S) as

required.

Next, we observe that the sequence {g(uq,)} actually converges to g(u*)

strongly. In fact, by using a lower semi-continuous of norm, we know that

lg(u?)l < lim inf[|g(ua, |- (3.1.14)

Consequently, since u* € GVIk(A,g,S), we see that (3.1.9) and (3.1.14) imply

lg(ua, )|l — |lg(u*)]] as & — oo. Then, it is straightforward from Lemma 2.1.12,
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that the weak convergence to g(u*) of {g(us,)} implies strong convergence to g(u*)

of {g(ua,)}. Moreover, in view of (3.1.9), we see that

llg(w*)|l = inf {|lg()|| : y € GVIk(A,g,S5)}. (3.1.15)

Now we show that

lim g(ua) = g(u").

a0+
Let {g(uq;)} C (g(ua)), where {a;} be any null sequence in the interval (0,1).
By following the lines proof as above, and passing to a subsequence if necessary,
we know that there is 4 € GVIk(A,g,S) such that g(ua;) — g(@) as j — oo.
Moreover, from (3.1.9) and (3.1.15), we have ||g(@)|| = ||g(u*)||- Consequently,
since the function ||g(-)|| is a lower semi-continuous function and GV Ik(A, g, S) is
a closed convex subset of H, we see that (3.1.15) gives u* = 4. This implies that

g(u*) is the strong limit of the net (g(u,)) as a » 0t

(c) Let o, B € (0,1) and wu,, ug are solutions of the problem (3.1.1), associ-
ated with « and S, respectively. Without loss of generality, we will assume that

a < f.

Thus, since Fy and F; are monotone mappings, by applying (3.1.6), we have

N
(o = B) D Fi(ua, up) + a(g(ua), 9(up) — 9(ua)) + B{g(ug), g(ua) — 9(up)) 2 0,

i=1
that is,

B — ot

«

(ot0) = Latun)atue) ~ 9tun)) < Z= S i)l (3110

Notice that,

(9(ua) = L9(up), 9(ua) — g(up)) = llg(ua) — glup)ll® + *3E{g(up), g(ua))

~ =L lg(up)|I”

ll9(ua) = g(ug)l|* + 2L (g(up), g(ua)),

vV
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since 0 < a < f. Using this one together with (3.1.16), we have

i ik oy IV
lo(a) — o(ua)l < E=267 4+ 00 5 |Fy(ug,ug)l, (.17
i=1

where 6 = sup{||g(u.)| : @ € (0,1)}. Consequently, by using the boundedness of

F;, we have

”g(ua) i | g(uﬂ)”2 < - + TMQ, for some M2 > 0.

Now, we consider a function h : [1,+00) — R which is defined by
h(t) =t™*, forallt € [1, +00).

Observe that, we have

H(t) = % Vi € [1, +00).

Now, for ¢,,t; € [1,+00) such that @ = 3 and = i by the Mean-Value Theorem,
the exists k € (t,%;) such that

- _tl‘ﬂ_tz—# __a"——ﬂ“_a“—ﬁ“

AL b=ty 24 P
Consequently,
o —pr _ —p f-a 1
Q krtt o o
Therefore
lotua) - gunl? < =20+ 22 Loy
< 6;2(11\/[1 + 5;2a - pMs,
& [('B(;?a)} 2M,  where M = max{M;, pM,}.

This completes the proof. O
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3.2 Regularization inertial proximal point algorithm for general vari-

ational inequality problem in Hilbert spaces.

In this section, we will provide a regularization inertial proximal point algorithm
for finding a solution of the problem (3.0.1). In fact, starting with an element
z1 € H such that g(z;) € K, we will consider the sequence {z,} which is defined
by the following processes:

N

(cn[A(2zny1) +op Z(Ai 0 g)(2zn+1) + ang(zni1)] + 9(2ns1) — 9(2n),

9(v) = g(zns1)) 2 0, (3.2.1)
forallv € H, g(v) € K, where {c, } and {a, } are sequences of positive real numbers.

It is worth to know that, the well-definedness of sequence {z,}, defined in

(3.2.1) is guaranteed by the following result.

Lemma 3.2.1. Assume that all hypotheses of the Theorem 3.1.4 are satisfied. Let
z € gY(K) be a fized element. Define a bi-function F, : g7'(K) x g7'(K) = R by

N

Fi(u,v) == (c[A(u) + * Y (Ao g)(u) + ag(w)] + g(u) — 9(2), 9(v) — g(w)),

=1
where ¢, a are positive real numbers. Then there ezists the unique element u* €

g Y (K) such that F,(u*,v) >0 for allv € g H(K).

Proof. Assume that g is an £- expanding mapping. Then for each u,v € § K],

we see that

F,(u,v) + Fy(v,u) < (1 + ca)(g(u) — g(v), g(v) — g(u))
= —(1 + ca)|lg(u) — g(v)|I?
< =61 + cajllu — olI*.

This means F is £(1 + ca)-strongly monotone. Consequently, by Lemma 2.2.10(b),

the proof is completed. a
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Now we provide some sufficient conditions for the convergent of regulariza-

tion inertial proximal point algorithm (3.2.1).

Theorem 3.2.2. Assume that all hypotheses of the Theorem 8.1.4 are satisfied. If

the parameters ¢, and oy, are chosen positive real numbers such that

(7) M of =40
n—o0

(4) lim 252t =,
n—o0 n+1
(i93) liminf, cpoq > 0. (3.222)
n—0o0

Then the sequence {g(2,)} defined by (8.2.1) converges strongly to the element g(u®)

as n — +00.

Proof. From (3.2.1), we have

(cnlA(2n41) + 05 Z(Ai 09)(zn41)] +(1+ Cn0n)9(Znt1) — 9(zn), g(v) — 9(zn+1)) = 0.

i=1
That is

<CTL[A(ZTL+1) 7 alrt Z(Az © g) (Zn+1)] o (1 + Cnan)g(zn—H)’ g(’U) - g(zn+1)>

=1

> (g(zn), 9(v) — g(2n+1))-
Thus

N
(1 + cnan) <(—1TC:—C;—)[A(zn+1) +ak > (Aiog)(za+1)] + 9(2n11),9(v) - g(zn+1)>

1=1

> (g(zn),g('u) — 9(Zn41)),

SO

(1 + cpap) _

i=1

N
<-—C"—[A(zn+1) + ol Y (Ai 0 g)(zn41)] + g(zn41), 9(v) — g(zn+1)>

(1—+inTn)(g(zn),g(v) = 9(zn41))-
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Hence

N
(n[A(zns1) + o S~ (Ai 0 g)(2n11)] + 9(2n41), 9(v) — 9(2n41))

i=1

2 ﬁn(g(zn)ag(v) - 9(zn41)),

1
(1+ cpan)’

where [, = e—"¢,0,,.- (3:2.3)

By the similar argument, from (3.1.1), we have

N

(caA(tn) + b Y (As 0 g)(un) + ang(un) + g(un) = 9(un), 9(v) — g(un)) 2 0,

i=1
and so

N

[Aun) + ) (Ai 0 g)(un)] + g(un), g(v) — g(un))

1=1

Cn
(14 cpan)

(

1
~ (14 cpw)

(g(un), g(v) — 9(un)),

where u, is the solution of (3.1.1) when « is replaced by ay. Thus

N

(tn[Aun) + 0> (Ai 0 g)(un)] + g(un), 9(v) = g(un))

1=1

> Bulg(un), 9(v) — g(un)). (3:24)

By setting v = u, in (3.2.3), we have

N

(n[A(zni1) + o> (Aiog)(za11)]; 9(un) = g(2nt1)) 2 Pulg(2n), 9(un) = 9(2zn11))-

N
<NTL[A(ZTL+1) = aﬁ Z(Al og)(zn+1)], g(un) = g(zn+1)> Z Bn<g(zn)7 g(un) - g(zn+1)>'

and by setting v = 2,4 in (3.2.4), we have

(un[Aun)+02 > " (Aiog)(un)]+9(zn11)s 9(2ns1)—9(w)) 2 Bulg(un), 9(2n+1)—9(un))-

i=1
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Adding one obtained result to the other, we have

pn{A(znr1) = Alun) + 0t Y (Ai(9(2041)) = Ailg(un))), 9(un) = 9(zn41))

+49(20 1 D glin)yglun)— 9(2n+li= Balg(2a)glun)sg(ta)s*9(2n1))-
(3.2.5)

Notice that, since A is a g-monotone mapping and A;,7 = 1,...,N is a

Ai-inverse strongly monotone mapping, we have

<A(zn+1) i A(un)ag(un) 7 g(z’n+1)> S Oa
and
(Ai(9(zn11)) — Aig(un)), 9(tn) — 9(zn41)) <0,Vi=1,..,N.
Using these facts, together with (3.2.5), we obtain

(9(2zn+1) — 9(un), 9(tn) — 9(2n+1)) > Bn(g(2n) — 9(un), 9(un) — 9(2nt1))-

This means

<Q(Zn+1) - g(un)a g(zn+l) - g(“n)) S ﬂn(g(zn) - g(un)v g(zn—l-l) - g(un)>'

Then

19(zn+1) = g(un)lI* < Ballg(zn) — 9(un)llllg(2n+1) — g(un)ll,
which implies that
9(zn+1) = g(un)ll < Bnllg(za) — g(un)ll- (3.2.6)

From (3.2.3), (3.1.1) with y = u*, we have

19(zn 1) = guni)ll < ll9(znt1) — gun)ll + llg(un) — g(unii)|

< Bn||g(z,,)~g(un)“+\/M(a,&; Cni1)

n+1
< (1= ba)llg(zn) — g(un)|l + dn,
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where

bn = —————————cnan dn = \/M(an 2—— an+1).

(1+ chan)’ o T

Consequently, by the condition (ii), we have ) >, b, = co. Meanwhile, the con-
ditions (ii) and (iii) imply nlgr(}o%f = 0. Thus all conditions of Lemma 2.3.1 are
satisfied, then it follows that ||g(zn+1) — g(uns1)|| = 0 as n — co. Moreover by (i)
and Theorem 3.1.4, we know that there exists u* € GVIg(A, g,S) such that g(uy,)

converges strongly to g(u*). Consequently, we obtain that

0 < lg(zn) =gl = llg(zn) — g(un) + g(un) = g(u”)||

< llg(zn) = gun)ll + llg(un) — g(u?)||

it implies that ||g(z,) — g(u*)|| = 0 as n — oo. Hence {g(z,)} converges strongly

to g(u*) as n — +oo. This completes the proof. ]

Remark 3.2.3. The sequences {ay,} and {c,} which are defined by

1N i
an:<—> , O0<p<l1, and ¢, = —

n n
satisfy all conditions in Theorem 3.2.2.

Remark 3.2.4. It is worth to notice that, because of condition (ii) of Theorem
3.2.2, the important natural choice {1/n} does not include in the class of parameters
{an}. Thisleads to a question: Can we find another regularization inertial proximal
point algorithm for the problem (3.0.1) that include a natural parameter choice
{1/n}?

Remark 3.2.5. It is worth to point out that although many authors have proved
results for finding the solution of the variational inequality problem and the solution
set of a finite family of inverse strongly monotone mappings, it is clear that it cannot

be directly applied to the problem GV Ig(A,g,S) due to the presence of g.

As a special case of Theorem 3.1.4, if ¢ is the identity operator on H, we

have the following results:
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Theorem 3.2.6. Let K be a closed convezr subset of a real Hilbert space H. Let
A : K — H be a hemicontinuous and monotone mapping. Let A; be a );-
inverse strongly monotone mapping of K into H, for each i = 1,2,...,.N. If
VIg(A)S # 0, where VIg(A) is denoted for the solution set of the problem

(*), then the following conclusions are true:

(a) For each o € (0,1), the problem

N
(A(uq) + a“ZAi(ua) + QUa, v —Uq) > 0,Vv e HO< < 1

=1

has the unique solution u,.
(b) lir(r)1+ua = u*, for some u* € VIg(A)[S.
a—

(c) There ezists a positive constant M such that

lta — ug||* < Micd for all o, € (0,7). (3.2.7)

a?

Theorem 3.2.7. Assume that all hypotheses of the Theorem 3.2.6 are satisficd. If

the parameters c, and «y, are chosen positive real numbers such that

(1) lima, =0,
n—o0

(u) lim ﬂ—a"_a"“ =0,
n—oo i1

(#t) liminf c,a, > 0. (3.2.8)
n—00
Then the sequence {z,} defined by, starting with an element z, € K , we will
consider the follounng processes:

N
(Cn[A(zn+l) i & 04: Z Ai(zn—H) - O~’nzn+1] A Zp4+1 — 2p, U — Zn+1> 2 Oa

=1
for all v € K, where {c,} and {a,} are sequences of positive real numbers, con-

verges strongly to the element u* € H as n — +o00.
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On the other hand, also as a special case of Theorem 3.1.4, if A, is the zero

operator on H, we have the following results:

Theorem 3.2.8. Let K be a closed convex subset of a real Hilbert space H and
g: H — H be a mapping such that K C g(H). Let A: H — H be a hemicontinuous
and g-monotone mapping. If g is an expanding affine continuous mapping and
GVIk(A,g) # 0, where GVIk(A,g) is denoted for the solution set of the problem

1.0.2, then the following conclusions are true:

(a) For each o € (0,1), the problem

(A(ta) + ag(ua), 9(v) — g(ua)) 2 0,

Vv € H, g(v) € K,0 < pu <1, has the unique solution .
(b) lir&g(ua) = g(u*), for some u* € GVIk(A,g).
a—

(¢) There exists a positive constant M such that

l9(ua) — g(up)|? < w for all a,f € (0,1). (3.2.9)

Theorem 3.2.9. Assume that all hypotheses of the Theorem 38.2.8 are satisfied. If
the parameters ¢, and a, are chosen positive real numbers such that

) ape =N

(43) lim 222l —
n—oo “n+41

(732) liminfc oy, > 0. (3.2.10)

n—o00

Then the sequence {g(z,)} defined by, starting with an element z; € H such that

g(z1) € K, we will consider the following processes:

(Cn[A(zVH-I) + ang(zvt+1)] L g(zn+1) i g(zn)7 g('U) - g(zn+1)> 2 07

forallv € H,g(v) € K, where {c,} and {a,} are sequences of positive real numbers,

converges strongly to the element g(u*) as n — +o00.
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Finally, we have the following results:

Theorem 3.2.10. Let K be a closed conver subset of a real Hilbert space H. Let
A : K — H be a hemicontinuous and monotone mapping. If VIg(A) # 0, then the

following conclusions are true:

(a) For each a € (0, 1), the problem

(A(tg) + QUg, v —Ug) 2 0,V € HO< p< 1

has the unique solution u,.
(b) lim u, = u*, for some u* € VIg(A).
a—0t

(¢c) There ezists a positive constant M such that

Mla — B

— for all o, € (0,1). (3.2.11)

e = ugll* <

Theorem 3.2.11. Assume that all hypotheses of the Theorem 3.2.10 are satisfied.

If the parameters ¢, and «,, are chosen positive real numbers such that

(1) lima, =0,
n—o00

n—oo 9n

(i) lim == =,
+1

(13t) liminfe,ap > 0. (3.2.12)
n—o00

Then the sequence {z,} defined by, starting with an element z; € K , we will

consider the following processes:
<Cn[A(zn+1) + anzn+1] &l Zn+1 — Rny v — zn+1> Z 07

for all v € K, where {c,} and {a,} are sequences of positive real numbers, con-

verges strongly to the element u* € H as n — +o00.



