CHAPTER I1

PRELIMINARIES

In this chapter, we give some definitions, notations, and some useful results

that will be used in the later chapter.

Throughout this thesis, we assume that R stands for the set of all real

numbers and N is the set of all natural numbers.

2.1 Normed spaces and Hilbert spaces.

Definition 2.1.1. Let X be a linear space over the field R. A function ||| : X - R
is said to be a norm on X if it satisfies the following conditions:

1) ||z]| > 0,Vz € X;

2) |zl =0 z=0;

3) llz +yll < ll=ll + llyll,Vz,y € X;

4) ||az|| = |a|||z||,Vz € X and Va € R.

Definition 2.1.2. Let (X, || - ||) be a normed space.

1) A sequence {z,} C X is said to converge strongly in X if there exists
z € X such that nlgglo ||z, — z|| = 0. That is, if for any € > 0 there exists a positive
integer N such that ||z, — z|| < &,Vn > N. We often write f}ggloxn =ZTOrZT, 2T
to mean that z is the limit of the sequence {z,}.

2) A sequence {z,} C X is said to be a Cauchy sequence if for any € > 0
there exists a positive integer N such that ||z, — z,|| <€,V m,n > N.

3) A sequence {z,} C X is said to be a bounded sequence if there exists

M > 0 such that ||z,|| < M,Vn € N.

Definition 2.1.3. A subset K of a normed linear space X is said to be a convez

set in X if Az + (1 — \)y € K for each z,y € C and for each scalar A € [0, 1].



Definition 2.1.4. A normed space X is called complete if every Cauchy sequence

in X converges to an element in X.

Definition 2.1.5. Let X be a real vector space. Then a real valued function of
two variables (-,-) : X x X — R is called an inner product on a real vector space

X if it satisfies the following conditions:

1) {az + By, z) = afz, 2) + By, 2) for all z,y,z € X and all real numbers «

and f3;

2) (z,y) = (y,z) for all z,y € X; and

3) (z,z) > 0 for each z € X and (z,z) = 0 if and only if z = 0.

A real inner product space is a real vector space equipped with an inner
product.

Definition 2.1.6. A Hilbert space is an inner product space which is complete

under the norm induced by its inner product.

Definition 2.1.7. Let H be an inner product space, let {z,} be a sequence of H
and lct z be an element of H. Then {z,} is said to converge weakly to =z, denoted
by z, — z, if for any y € H we have (z,,y) = (z,y).

Lemma 2.1.8. [8]. Let H be a real Hilbert space, if {z,} C H is a bounded

sequence, then there exists a weakly convergent subsequence of {z,}.

Lemma 2.1.9. [8]. Let {z,} be a sequence of a real Hilbert space H and let
zo € H. Then z, — =z, if and only if, for any subsequence {z,,} of {z,}, there

exists a subsequence {z,, } of {z,,} converging to z,.

Lemma 2.1.10. [8]. [The Schwarz inequality] If z and y are any two vectors

in Hilbert space H, then
Kz, »)| < llzlllyll-

Lemma 2.1.11. [8]. [The parallelogram law] If z and y are any two vectors in

a Hilbert space H, then

llz +ylI> + llz — yl* = 2ll=|* + 2|yl



Lemma 2.1.12. Let H be a real Hilbert space and {z,} be a sequence of H. If

Tp — To and ||z,|| = ||Zol|, then z, — .

Lemma 2.1.13. [8]. Let H be a real Hilbert space, let K be a nonempty closed
convex subset of H and let + € H. Then there exists a unique element y, € K

such that ||z — yo|| = inf{||z — y|| : y € K}.

Definition 2.1.14. The metric (nearest point) projection Pk from a Hilbert space
H to a closed convex subset K of H is defined as follows: Given z € H, Pk is the

only point in K with the property
lz — Pxz|| = inf{llz — 9|l : y € K}.

Lemma 2.1.15. Let H be a real Hilbert space and K be a closed convex subset

of H. Given z € H and y € K. Then y = Pkx if and only if there holds the
inequality

(x —y,y—2) >0,Vz € K.

Lemma 2.1.16. Let H be a real Hilbert space and C' C H a strongly closed and

convex set. Then C' is weakly closed also.

2.2 Nonlinear mappings

Definition 2.2.1. Let H be a real Hilbert space, let K be a nonempty subset of
H and let f be a function of K in to RU {oo}. The function f is said to be
(i) lower semicontinuous if for any a € R, the set {z € K : f(z) < a} is closed;

(ii) convez if for any z,,z, € K and t € (0, 1),
f(tiE1 + (1 T t).’Eg) p< tf(.’l?l) 3P (1 = t)t(il)z)
(ii) affine if for any z,,z, € K and t € (0,1),

Fltzy + (1 — t)z2) = tf (1) + (1 — t)t(za).



Definition 2.2.2. Let A : K — H be a mapping of K into H.

(i) A is called monotone if
(Au — Av,u —v) >0, Vu,v€ K.

(ii) A is called A-inverse strongly monotone if there exists a positive real number

A such that

(Au — Av,u —v) > M||Au — Av|]?, Vu,v € K.

Definition 2.2.3. Let A, g : H — H be mappings then A is said to be g-monotone,
if

(A(r) — A(y),9(z) —9(v)) 20, Vaz,yeH.

For g = I, the identity operator, Definition 2.2.3 reduces to Definition

2.2.2(i). However, the converse is not true.

Definition 2.2.4. Let X be a real normed space and K a nonempty subset of X.

A mapping A : K — X is called hemicontinuous at a point z in K if
lim(A(z + th), y) = (A(2),y), Vy€ X,
where z + th € K.

Definition 2.2.5. Let X be a real normed space and K a nonempty subset of X.
A mapping T': K — X is called &-ezpanding if there exists a positive number &,

such that

1Tz — Tyl = €llz -y,

for all z,y € K.

Definition 2.2.6. Let X be a real normed space and K a nonempty subset of
X. A mapping T : K — K is called Lipschitz continuous on K if there exists a

positive number L, named Lipschitz constant, such that

Tz — Tyl < Lilz — yl|



for all z,y € K. If 0 < L < 1, then the mapping T is called a contraction, and if

L =1, then the mapping T is called nonezpansive.

Definition 2.2.7. Let X be a real normed space and K a nonempty subset of X.

A mapping T : K — X is said to be k-strictly pseudocontractive, if there exists a

constant k € [0,1) such that
1Tz - Tyl|* < llz - yI* + k(I = T)z — (I - T)ylI* Vz,y € K. (2.2.1)

Clearly, when k = 0, T' is nonexpansive. Therefore, the class of k-strictly pseudo-

contractive mappings includes the class of nonexpansive mappings.

Remark 2.2.8. In a real Hilbert space H, if I is the identity operator on K, where
K is a nonempty subset of H. It is well known that if T : K — H is a k-strictly
pseudocontrative mapping then the mapping A :=I1—-T is a (%ﬁ)-inverse strongly
monotone. Converscly, if A : K — H is a A-inverse strongly monotone mapping

with A € (0,1], then T := I — A is a (1 — 2))-strictly pseudocontrative mapping.

Proof. Let z,y € K. Since T is a k-strictly pseudocontrative mapping, we have

lle =yl + kllAe — Ayl = |lo -yl + KII(T - T)z — (I - T)yl?,

1Tz — Tyll?,

I(1 — A)z — (I = A)ylP?,

(I —A)z— (I - Ay, (I - A)z— (I - Ay),

v

I

= (z—y— Az + Ay,z — y — Az + Ay),
= |z —yl* — 2(Az — Ay,z — y) + || Az — Ay||.

Hence

1 —k
(Az — Ay, 2 — y) > —— |4z — Ay|*

This implies that A is a (15%)-inverse strongly monotone mapping.



Conversely, if A : K — H is a A-inverse strongly monotone mapping with

A € (0,3], we have

' 2

1Tz - Tyl> = (I - A)z— T - Ayl?
= {(I-Az—-(T-Ay, I - Az - (- Ay),
= (r—y— Az + Ay,z — y — Az + Ay),
= |lz -yl - 2(Az — Ay, z — y) + || Az — Ay|?,
< |l = yl* - 2\ Az — Ay||* + || Az — Ay]|?,

lz — ylI* + (1 — 23)|| Az — Ay|]%,

= llz—yll* + (1@ =20 - T)z - (I - T)y|*.

It implies that 7" is a (1 — 2))-strictly pseudocontrative mapping. O

Definition 2.2.9. The equilibrium bifunction F': K x K — R is said to be
() monotoune, if for all u,v € K, we have

F(u,v) + F(v,u) <0, (2.2.2)

v

(17) strongly monotone with constant 7, if, for all u,v € K, we have

F(u,v) + F(v,u) < —7lju — vl|?, (2.2.3)

(i4¢) hemicontinuous in the first variable u, if for each fixed v, we have

tllTOF(u +t(z — u),v) = F(u,v), V(u,2) € K x K. (2.2.4)

Recall that the equilibrium problem for F': K x K — R is to find v* € K

such that
F(u*,v) >0, WweK. (2.2.5)
Concerning to the problem (2.2.5), the following facts are very useful.

Lemma 2.2.10. [9]. Let F': K x K — R be such that F(u,v) is conver and lower

semicontinuous in the variable v for each fivred u € K. Then,



(a) if F(u,v) is hemicontinuous in the first variable and has the monotonic prop-
erty, then U* = V*, where U* is the solution set of (2.2.5), V* = {v* €

K|F(u,v*) <0,Yu € K}. Moreover, in this case, they are closed and convez;

(b) if F(u,v) is hemicontinuous in the first variable for each v € K and F is
strongly monotone, then U* is a nonempty singleton. In addition, if F is a

strongly monotone mapping then U* = V* is a singleton set.

Definition 2.2.11. A mapping T': K — H is said to be demiclosed at a point
v if whenever {z,} is a sequence in D(T') such that z, — z € D(T) and Tzn — v,

then Tz = v.

Lemma 2.2.12. [10]. Let K be a nonempty closed convez subset of a Hilbert
space H and B : K — H a k-strictly pseudocontractive mapping. Then I — B
is demiclosed at zero, that is, whenever {z,} is a sequence in K such that {z,}

converges weakly to © € K and {(I — B)(zn)} converges strongly to 0, we must

have (I — DB)(z) — 0.

Definition 2.2.13. An element z € K C X is said to be a fized point of a mapping
T: K — X provided Tz = .

The set of all fixed points of T is denoted by F(T).

Remark 2.2.14. Let I be the identity operator on K. It is well known that any
l-inverse strongly monotone mapping is a nonexpansive mapping. Moreover, if T' is
a nonexpansive mapping then it is well known that (I —T') is a 3-inverse strongly
monotone mapping. Notice that, the problem of finding an element of F' (T), is
equivalent to that of finding an element of x € S(;—r1), where Su-1) = e e K ;

(I — T)(x) = 0}. Also, we note that if z € S4 then z is called a zero of A.

Thus, from Remark 2.2.14, we see that the problem of finding zero of the
inverse strongly monotone mappings contains the problem of finding fixed points

of nonexpansive mappings as special case.
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2.3 Useful lemmas

Lemma 2.3.1. [11]. Let {a,}, {bn}, {ca} be the sequences of positive numbers
satisfying the conditions:

(2) Gn41 < (1 = bp)an +cpybn < 1,

(4) 3 _peo bn = +00, limy 400 (32) = 0.

Thend e, . & @, = U



