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Let H be a real Hilbert space equipped with norm ||-|| and inner product (-, -)
and let 27 and CB(H) denote for the family of all the nonempty subsets of H
and the family of all the nonempty closed bounded subsets of H, respectively.
As usual, we will define D : CB(H) x CB(H) — [0, 00), the Hausdorff metric
on CB(H), by

D(A, B) = max {sup inf ||z — y||, sup inf ||z — y]l} , forall A,Be CB(H).
zecAYEB yeBTEA

Let (©2,%,1) be a complete o- finite measure space and B(H) be the
class of Borel o-fields in H. A mapping = : Q — H is said to be measur-
able if {t € Q : z(¢t) € B} € %, for all B € B(H). We will denote by
My for a set of all measurable mappings on H, that is, My = {z : Q —
H|x is a measurable mapping}.

Let Hy and Hy be two real Hilbert spaces. Let F' : Q x Hy x Hy — H;
and G : 2 x Hy x Hy — Hy be single-valued mappings. Let U : Q x H; —
CB(H1),V : @ x Hy — CB(Hz) and M; : Q x H; — 2 be set-valued
mappings, for ¢ = 1,2. In this paper, we will consider the following problem:
find measurable mappings a,u : § — Hy and b,v : @ — Hy such that u(t) €
U(t,a(t)),v(t) € V(t,b(t)) and

{ 0 € F(t,a(t),v(t)) + Mi(¢, a(t), 1)

a(t)
0 € G(t,u(t), b(t)) + Ma(t,b(t)), Vte Q.

The problem of type (1) is called the system of random set-valued variational
inclusion problem. If a,u : & — H; and b,v : Q@ — Ha are solutions of problem
(1), we will denote by (a,u,b,v) € SRSV I, ay)(F,G,U, V). Notice that,
fU:QxHy — Hyand V : Q x Hy — Hy are two single-valued mappings



then the problem (1) reduces to the following problem: find a : @ — H; and
b: € — Hy such that

{ 0 € F(t,a(t), V(t,b(t)) + My (t, a(t)),

0 € G(t, U(t,a(t)), b(t)) + Ma(t, b(t)), Vie Q. @)

In this case, we will denote by (a,b) € SRS, a1,y (F,G,U, V).

We provide the following lemma, and use it for proving our main result.

Lemma A: Let H; and Hy be two real Hilbert spaces. Let F' : Q x Hj X
Ha — Hi and G : Q x Hy x Hy — Hay be single-valued mappings. Let
U:QxHy — CB(Hy),V:QxHy— CB(Hz) and M; : Q x H; — 2M be
a set-valued mappings for ¢ = 1,2. Assume that M; are random (A4;, m;,7;)
- monotone mappings, and A; : Q x H; — H; be random (r;,7;)- strongly
monotone mappings, for ¢ = 1,2. Then we have the following statements:

() if (a,u,b,v) € SRSV I ap)(F,G,U, V) then for any measurable func-
tions pp, p2 : 2 — (0,00) we have

a(t) = I s [Av(t a(t)) — p1(E)F (2, a(t), v(t))],

b(t) = J;r:af;;t [Aa(t,b()) — p2(t)G(t, u(t), b(t))], for all t e Q.

(i1) if there exist two measurable functions p1, pa :  — (0, 00) such that

a(t) = I8 [Ax(t a(t)) — pr(B)F(,a(t), v(2))]
b(t) = Tt [As(t (1) — pa(H)G(t, u(t), b(1))]

for all ¢ € 2, then (a,u,b,v) € SRSV Iy, p,)(F, G, U, V).

However, due to Lemma A, we see that the following assumptions should be
needed.

Assumption (A) :
A(a) Hi and Ha are separable real Hilbert spaces.

A(b) m; : @ x H; X H; — H; are random 7;-Lipschitz continuous single-valued

mappings, for 1 = 1,2.

Ale) A; : Q@ x H; — H; are random (r;,7;)-strongly monotone and random

Bi-Lipschitz continuous single-valued mappings, for i = 1, 2.



A(d) M; : Q x H; — 2™ are random (A;,m;,7;)-monotone set-valued map-
pings, for 1 =1, 2.

A(e) U : Q x Hy — CB(Hy) is a random ¢;-D-Lipschitz continuous set-
valued mapping and V' : @ x Hy — CB(Hy) is a random ¢-D-Lipschitz
continuous set-valued mapping.

A(f) F:Q x Hy x Hy — Hy is a random single-valued mapping which has
the following conditions:

(i) F is a random (cy, p1)- relaxed cocoercive with respect to A; in the
third argument and a random «;- Lipschitz continuous in the third
argument,

(ii) F is a random (;- Lipschitz continuous in the second argument.

Alg) G : Q2 x Hy x Hy — Ho is a random single-valued mapping which has
the following conditions:

(i) G is a random (cg, p2)-relaxed cocoercive with respect to Ag in
the second argument and a random «o-Lipschitz continuous in the
second argument,

(i) G is a random (o-Lipschitz continuous in the third argument.

Now, we are in position to present our main results.

Main Theorem (I) Assume that Assumption (A) holds and there exist two

measurable functions p1, p3 : 2 — (0, 00) such that p;(¢) € (O, ;—’f%) , for each
1=1,2 and

71(2) T2(t)p2()C2 ()1 (2) .
O O \/ﬁ%(t) —2p1()p1 () + 2p1(ad (Her (t) + p2(t)ad(t) < 1 — ) = pa(Bma()
Tz(t)

\/ B2(t) — 2p2(t)p2(t) + 202 (£)a (t)ea(t) + p2(t)ad(t) < 1 — IQM———C(I:%{Q—(%L

3)

T2(t) — pa(t)yma(t)

for all ¢ € §). Then the problem (1) has a solution.

In particular, we have the following result.
Main Theorem () Let U : Q@ X Hy — Hy and V' : Q x Ha — Hs be two
random single-valued mappings. Assume that Assumption (4) holds and there

exist measurable functions pj, pg satisfy (3). Then problem (2) has a unique
solution.



In the proof of Main Theorem (II), in fact, we have constructed a sequence
of measurable mappings {(an,b,)} and show that its limit point is nothing
but the unique element of SRSI(y, ar)(F, G, U, V). In this section, we will
consider the stability of such a constructed sequence.

Let F,G, M;,n;, A; and p;, for i = 1,2, be random mappings defined as in
Main Theorem (II). Now, for each t € Q, if {(zn(t),yn(t))} is any sequence
in Hy x Ha. We will consider the sequence {(Sy(t),Tn(t))} which is defined
by

)M t
Sa(t) = Tty st 1At zn(t) — pLOF (2 (), V(E (D),
79, ,M.
To(t) = Jpljzt),j;t [A2(tayn(t)) — p2()G(t, U(t»xn(t))ayn(t))], 4
where U : Q x Hy — Hy and V : Q x Hs — Hy and ¢t € §). Consequently, we
put

Sn(t) = 1(@n+1(8), i1 (1) = (Sn(®), Tu(EDII™- ®)

Meanwhile, let @ : @ x Hy X Hy — H; x Ho be defined by
Qlta®)b(1)) (T2t (A1t a(8)) =~ pLOF (6 a(0), (O Tpntiy s, (A2(t: b)) = 2 (DG (600 be])  (©)
for all @ € Myy,b € Myg,t € Q. In view of Lemma A, we see that
(a,b) € SRSI (1, 01 (F, G, U, V) if and only if (a,b) € F(Q).

Now, we prove the stability of the sequence {(am,bn)} with respect to
mapping @, defined by (6).

Main Theorem (III) Assume that Assumption (A4) holds and there exist
p1, p2 satisfy (3). Then for each t € €, we have lim, o0 On(t) = 0 if and
only if limp_oo(Zn(t), yn(t)) = (a(t),b(t)), where d,(t) are defined by (5)
and (a(t),b(t)) € F(Q).



