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Abstract: Two-fluid convective flow between two infinitely long inclined parallel plates
making an angle with the horizontal where the plates are maintained at different constant
temperatures is studied. The upper phase is filled with a viscous fluid and also occupied by a
porous material whereas the lower phase is filled with a different viscous fluid. It is assumed that
both the fluids are incompressible with different viscosities, densities and thermal conductivities.
The transport properties of the two fluids are taken to be constant. Further, the flow is assumed
to be steady, laminar, fully developed and driven by a constant pressure gradient. The whole
system is rotated with an angular velocity in a counter-clock-wise direction about an axis
perpendicular to the plates. It is observed that the effect of increasing porous parameter is the
decrease of temperature and primary and secondary velocities in both the phases.

Keywords: magnetohydrodynamics, two-fluid flow, heat transfer, rotating fluids, porous
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INTRODUCTION

As the problems of fluid flow and heat transfer in porous media have enormous applications in
science, engineering and technology, they have been studied by many researchers, notably
Bian et al. [1], McWhirter et al. [2, 3], Geindreau and Auriault [4], Seddeek [5], Chauhan and Jain [6],
Hayat et al. [7, 8] and Sunil and Mahajan [9]. More specifically, the existence of a fluid layer adjacent
to a layer of fluid-saturated porous medium is a common occurrence in both geophysical and
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engineering environments. Convective flow and heat transfer between the fluid and porous layers had
been studied by Prasad [10]. In 1998 Kuznetsov [11] studied Couette flow in a composite channel
partially filled with a porous medium and partially with a clear fluid. Then in 2002 Krishna et al. [12]
investigated hydromagnetic convection flow through a porous medium in a rotating channel. Effects of
Hall current on magnetohydrodynamic flow in a rotating channel partially filled with a porous medium
were analysed by Chauhan and Agrawal [13]. Recently, Chauhan and Rastogi [14, 15] considered Hall
current and heat transfer effects on magnetohydrodynamic flow and magnetohydrodynamic Couette
flow in a channel partially filled with a porous medium in a rotating system. Not much attention has
been given to the flow and heat transfer in a fluid-superposed porous medium with inclined geometry
except Malashetty and Umavathi [16] and Malashetty et al. [17, 18] even though the study is useful in
many areas especially in geophysical systems. In this paper we undertake a study of hydromagnetic
two-fluid flow with heat transfer aspects in an inclined channel containing a porous layer in the upper
phase and a clear viscous fluid layer in the lower phase while the whole system is rotated about an axis
perpendicular to the channel plates.

NOMENCLATURE
=)
b ratio of coefficients of thermal expansion, 41
Cp specific heat at constant pressure
ﬁﬂ’l
Ec Eckert number, 1C»AT
g acceleration due to gravity
h;
h ratio of heights of the two phases, (5_1)
Gr Grashof number, [E‘@iﬁ]
i
Ky
K ratio of thermal conductivities, (_:)
K1,K; thermal conductivities of phase I and II respectively
k permeability of porous medium
()
m ratio of viscosities, Wz
)
n ratio of densities \P1
r (S—i)]
P non-dimensional pressure gradient, L #1l1
[P—'lcp]
Pr Prandt] number, | K1

2
Re Reynolds number, | V1
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[hz'{*ﬂ'ﬁ )

R rotation parameter, W

r temperature

Twi1.Twz temperature of boundaries

u primary velocity

w secondary velocity

iUy average velocity

Xz space coordinates

Greek symbols

B coefficient of thermal expansion

o angle of inclination

P density

v kinematic viscosity

2 viscosity

A porous parameter

£ product of Prandtl number and Eckert number (Pr. Ec)

AT difference in temperature [Twa — Tw2l
=]

g non dimensional temperature,

Q angular velocity

Subscript

L value for phase

PROBLEM FORMULATION

The hydromagnetic two-phase convective flow between two infinitely long inclined parallel
plates making an angle @ with the horizontal plane is considered, where the plates are maintained at
different constant temperatures. The region 0 <y < h; (Figurel) is filled with a viscous fluid and also
occupied by a porous material having permeability k. The lower region —h, <y < 0 is filled with a
different viscous fluid. It is assumed that both the fluids are incompressible with different
viscosities Ui, densities #i and thermal conductivities K;. Figure 1 represents the physical model of the
problem.
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Phase IT

Figure 1. Physical model

The transport properties of the two fluids are taken to be constant. Further, the flow is assumed
to be steady, laminar, fully developed and driven by a constant pressure gradient (-0p/0x). The whole
system is rotated with an angular velocity Q about the y-axis. The governing equations of motion and
energy for phase I (porous medium) and phase II (clear viscous fluid) are formulated with the above
assumptions.

In phase I we use the Darcy-Brinkman equations of motion for the flow through the porous
medium so that no-slip conditions can be satisfied at the impermeable bounding wall for the porous
layer and also for the compatibility conditions at the fluid - porous layer interface. The governing
equations of motion and energy for Boussinesq fluid (following Malashetty et al. [18]) are:

2

du . g
“e L+ gy sing(T, _TWZ)_%L’I :8_§+2'DIQW1’ )]
'y
d*w
“e - _%WI ==2pQuy, 2)
y
2 2 2
an €1+ﬂ duy | [ dm) |, A (u,® +w,>) =0. A3)
dy Ky |\ dy dy Kk

In phase II the governing equations of motion and energy for Boussinesq fluid (following
Malashetty and Umavathi [16]) are:

d*u : 0
o =+ pargfa sing (T, ~Ty2) =2 +2py 0w, 4)
dy ox
d*w
ty ——= = =2pyQuy (5)
d
Y
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2 2 2
O [%J {&J o ©
dy® K|\ dy dy

where u; and w; are the primary and secondary velocity components along x and z directions
respectively, T; is the temperature, B; is the coefficient of thermal expansion and g is the acceleration
due to gravity. The no-slip condition requires that the velocity must vanish at the walls. The suffixes 1
and 2 denote the values for phase I and phase II respectively. Following Beckermann et al. [19] and
considering that the velocities, stresses, temperatures and heat fluxes are continuous across the
fluid/porous medium with no slip of velocity, the boundary and interface conditions are:

up(h) =0, wi () = 0; u1 (0) = u3(0), wi (0) = wp (0); up (=hp) = 0,wz (=h3) = 0; (7
du, du, dw, dw,
H dy Hy dy ana U, dy Hy dy ary (®)

Since the walls are maintained at constant different temperatures Twi1 and Twz at ¥ = h, and

¥ = —h; respectively, the boundary conditions on T; and T are:

dT, dr.
T,(h)=T,, T, (0)=T,(0), T,(-h)=T,,, Kld—;szd—;atFO. 9)

In making these equations dimensionless the following transformations are used:

u1*=Z—1' uz*zﬁ—z' yl*:&' J’2*=&' 9:—(T_TW2)‘ m="1 Kzﬁ'
ui ui hy hy (T —T,2) Hr K,
3
hzh_z; n:&; b=&; Gr=gﬂ1h1 (T;Vl_Twz); /Izﬁ; Pr:MCp;
hy P Bi 12 Jk K,
2

p| A (5_1’} Re-Mh, g w g QW
pur \ox ) v C, (T —Tyy) v

With the above transformations, the governing equations (1-3) for phase I transform to:

2

d L + 5 (sing)0, — Pu, = P+ 2R w,, (10)

dy Re

2
d 22w = 2R, (11)

d

ly

2 2 2
d 21 +PrEc (%) +[m) +PrEc A’ (u12+w12):O. (12)
dy dy dy

Similarly, the governing equations (4-6) for phase II transform to:
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dJ2
uzz gb mn h (s1n¢)92 = mh?P+2R*w, ,
dy Re
2
d—wjz—szuz,
dy

2 2 2
d 6;2 eprEck|[ Dz L[| g
dy m|\ dy dy

The non-dimensional forms of the boundary and interface conditions (7-9) convert to:

wM)=0; w D=0 u(0)=uy(0); w(0)=wy(0); uy(=D)=0; wy(=1)=0;

du 1 duy g DL,
dy mh dy dy mhdy
do 1 dé
6,1)=1, 6,0)=6,0), 06,(-1)=0, L - 2 at y=0.
| (1) 1(0) ,(0) ,(=1) dy  Kh dy at'y

30

(13)

(14)

(15)

(16)

(17)

(18)

The asterisks have been dropped for simplicity. Further, writing g, = u, + { w,. equations (10-12)

for phase I can be written in complex forms as:

Ta, G ~(sing)§, — 2q; = P-2iR%q,.

dy Re

dq
& 91 +PrEd Y0 | by )=,
dy dy dy

Using g.= uz + { wy, equations (13-15) for phase II can be written in complex forms as:

i q22 @ bmnh? (sing)0, = mh®P—2iR%q,
dy

, _
4 6, +1)E£dq—2dq2 =0.
dy’ dy dy

The corresponding boundary and interface conditions are:

d 1 d

(=0, ¢0)=q,0), (D=0, “L=—=24 -0,
dy mh dy

=1, 6,0)=6,00), 06,(-1)=0, d6’1: 1 49, at y=0.

(19)

(20)

€2y

(22)

(23)

(24)
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SOLUTIONS OF THE PROBLEM

The governing equations of motion (19), (21) and of energy (20), (22) are to be solved subject
to the boundary and interface conditions (23) and (24). Due to the inclusion of the dissipation terms,
the equations are coupled and non-linear, and their solutions are obtained using perturbation technique.
Since the Eckert number is of order 10” and is very small, the product Pr Ec (=¢) is very small and is
used in the regular perturbation method. The solutions are assumed in the following forms:

(91,601) =(q10-610) + (@116, D+ ... ... (25)
(q2’92) = (q20,920)+g(QZ1,921)+ ...... (26)

where q10, qz0 and 0, 0,9 are solutions for the case € equal to zero, and q;1, q21 and 6;;, 6,; are perturbed
quantities related to q;o, q20 and 0,0, 620 respectively. Substituting the above solutions in equations (19-
22) and then equating the coefficients of similar powers of € to zero, we get equations of zero™-order
and first-order approximations for phase I and phase II as follows.

Equations of zero™-order approximation for phase I:

d? Gr . .
#+—r(sm¢)6’m - 2q10 = P=2iR%qy, (27)
dy Re
d’o, 0
2
dy* (28)
Equations of first-order approximation for phase I:
d? .
%+g(5m¢)9“ - Aqy =2iR%qy,, (29)
dy Re
5 _
d- o dg,, d -
S+ Tio T910 | 2 (g1 410) = 0 (30)
dy dy dy
Equations of zero™-order approximation for phase II:
2
@+gbmnh2(sin¢) 059 = mh*P—2iR%q,,, (1)
dy Re
d’o
—220 =0. (32)
dy

Equations of first-order approximation for phase II:
d 2 d21 Gr

+—bmnh*(sing) 6,, =—2i R? , 33
5?7 Re (sing) 6y q21 (33)
; _

d
d ‘9221 LS dgy 495 ~0 (34)
dy° m| dy dy

The corresponding boundary conditions (23) and (24) transform to:
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d 1 d
7101)=0, G0)=gx(0), qap(~-1)=0, “HO__— T2 4\ _g (35)
dy mh dy
dé 1 dé
0o (D=1, 0o(0)=055(0), 03 (-1)=0, dy”’= e d;‘) at y=0, (36)
d 1 d
(D=0, ¢, (0=¢5(0), gn(-=0, -T2 4 y_o 37
dy mh dy

6, (D=0, 6,(00=6,(0), 6,(-D=0, at y=0. (33)

dy  Kh dy

32

Solutions of equations of zeroth-order approximation (27), (28) and (31), (32) using boundary

conditions (35) and (36) are:

_y+Kh

Uk 39

b0 = %a (40)

Uy = l(czs "™ +eyge™ )Cos(m6y)+ (4 + mlzy)J, (41)
Wi = —l(czs "™ —cyge™™ )Sin(m6y)_ (s + m13)’)Ja (42)
tr = c27 % + o5 ¢ Jeos(Ry ), 43)

Woo = (Czs e —cp ™ )Sin(RJ/)+ myg +mpygy. (44)

Solutions of equations of first-order approximation (29), (30) and (33), (34) using boundary

conditions (37) and (38) are:

2msy —2msy msy
011 ={cogy+c3g—mypge”™ +mypg cos(2mgy)—myyg e —mygge” cos(mgy)
sy

msy msy

sin(mg )

—myg3 ™y COS(méy)— mygg e ysin(mgy)—mygs ey COS(méy)

—mlooem Sin(ms)’)—m19167 Cos(méJ/)—mwz[

-msy . 4 3 24, . .
—Myge € J/Sln(mé)’)—mmu/ —mygry” —mye3y” f+inmey Sln(2m6J’)

msy

+i{—mygre">” cos(mgy)—migg €™ sin(mgy)—mig9 e " cos(mgy)}

msy

+if{—mygg e > sin(mgy)—mag; e ycosmgy)—mygy €™ ysin(mgy)}

+i{—mypze "> ycos(mgy)—magg e " ysin(mgy)}, (45)

2R Y “Ry ..
0y ={c31y+c3y —mys e —mys cos(2Ry)—myyz e 2N +myg e sin(Ry)
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+myg e cos(Ry)+my 9 M sin(Ry)—my 19 M cos(Ry)- m220y2}

+i{myyy sin(2Ry)+ myr3 ™ sin(Ry)+ myo3 ™ cos(Ry)+ Moo4 e M sin(Ry)}

+i{—myyy e cos(Ry)}, (46)

Uy = (033 emSy + C3q e_msy)COS(méy)‘l‘ ngy 62m5y + Ng3 e—2m5y + Nogy COS(2m6y)

Fysin(mgy)—ngy " ycos(mgy)—nog e ysin(mgy)

. m
— ngs sin(2mg y) - ngg €
~ngge " yeos(mgy)~migoe™” v sin(mgy)-ng1e™” v cos(mgy)

—-msy 2 . —msy 2 4 3
—n02¢ " sin(mgy)—nyg3 e v cos(mey)=njosy” —nigsy

2
—n106Y" —M107Y — 1108 > (47)

wip =(c3q €™ —cx3 emsy)Sin(msJ’)— 1109 sy — n10 e s 4 m 005(2”16)’)
REUTY) Sin(zmoy)—”m ey Sin(’”éY)—"lm e"™y COS(mey)—”lls e ™y Sin(méy)
—mee " yeosimgy)-—ny17 €™ v sin(mgy)-ny g " v cos(mg y)

— 1119 e—m5yy2 Sin(m6y)— 20 e—n15yy2 COS(m6y)— n121y4 - ”122)’3

2
—n23Y" —N124Y —N25, (48)

u21 = 035 eRy COS(Ry )+ C36 e_Ry COS(Ry)+ n142 eZRy + n143 e_ZRy + ”1144 COS(2Ry )

+11145 Sin(2Ry)—nygse ™ ycos(Ry)—n47 €™ ycos(Ry)+ 45, (49)

Wy = C36 e R sin(Ry)— 35 R sin(Ry)— 1|49 2Ry _ 1150 e 2Ry 4 nys; cos(2Ry)
. R . -R . 2
— 5y Sin(2Ry)+ 153 ysin(Ry)—mysqe™™ ysin(Ry)—myssy? +msey +mysy . (50)

The constants involved in equations (41-50) are not given for the sake of brevity. Solutions for
equations of zero™ and first-order approximations (27-34) are solved numerically by fixing some of
the parameters, namely P =-5,b =1, Re =5 and n = 1.5. The varying parameters are A, Gr, @ , m, h, R
and K. As the solutions of zero™-order approximation are linear, only for first-order approximation the
temperature profiles are drawn. This shows that the heat transfer up to zero™ -order approximation is
due to the conduction only. In Figures 2-20, all the other parameters except the varying one are chosen
from the set (A, Gr, ® , m, h, R, K)=(2, 5,30°,0.5, 1, 1, 1).

RESULTS AND DISCUSSION

Magnetohydrodynamic two-fluid flow with heat transfer aspects between two infinitely long
inclined parallel plates in a rotating system was studied analytically. The resulting differential
equations were solved using perturbation method for obtaining approximate solutions for temperature
and primary and secondary velocity distributions.
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Figures 2 and 3 represent the effect of porous parameter A on primary and secondary velocities
respectively. It can be observed that the effect of increasing porous parameter is the decrease in
primary and secondary velocities in both the phases. This is because the drag caused by the porous
matrix on the flow of the first phase also affects the flow of the free viscous fluid phase. It is also
observed that the effect of large A on the velocity field is more pronounced as compared to the small A.
Figures 4 and 5 show the effect of rotation parameter R on primary and secondary velocity distributions
respectively. As the rotation parameter R increases, the primary velocity decreases because increasing
rotation parameter increases the Coriolis force, which in turn opposes the buoyancy force. Hence the
primary velocity is reduced. From Figure 5, it is noticed that as the rotation parameter R increases from
(0.5, 1.5) and the secondary velocity w also increases, but outside this range as R increases, it
decreases.

1 1

0.5 0.5

yo \j 0

-0.5 05

=] 1

Figure 2. Primary velocity profiles for Figure 3. Secondary velocity profiles

different values of porous parameter 2 for different values of porous parameter 4

1 1

-0.5

-1 -1
Figure 4. Primary velocity profiles for F'i_gure 5. Secondary vechﬂy profiles for
different values of rotation parameter R different values of rotation parameter R
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The effect of Grashof number Gr on primary and secondary velocities is shown in Figures 6 and
7 respectively. As Grashof number increases both the velocities also increase because increasing
Grashof number enhances the buoyancy force, which in turn supports the flow. The effect of
inclination angle # on primary and secondary velocities is represented in Figures 8 and 9. We observe
that as the inclination angle @ increases, the primary and secondary velocities also increase in both
phases. Figures 10 and 11 represent the effect of ratio of heights h on primary and secondary velocities
respectively. It is noticed that increasing values of h increases both the velocities. This is because
increasing the height of the clear viscous fluid increases both primary and secondary flows. The effect
of ratio of viscosities m on primary and secondary velocities is shown in Figures 12 and 13. It is
observed that both the velocities increase with increasing values of m.

0.5

-0.5

<1 -
Figure 7. Secondary velocity profiles

Figure 6. Primary velocity profiles for = kA .
2 o V1 for different values of Grashof number Gr

different values of Grashof number Gr

1
60
0.5 @2 0 Q):go
?@=30 T
y 0 B \ b
0 0.2 0.4 0.6 1
-0.5
-1
11.?;1?111'9 S.Emnm"f}_-‘ ‘!6110{:1?'. prﬂlﬂle? mt‘_) Figure 9. Secondary velocity profiles for
ditferent values of angle of mnchmation ¢ different values of angle of inclination @
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1

0.5 0.5

05 -0.5

=1 =:
Figure 10. Primary velocity profiles for Figure 11. Secondary velocity profiles for
different values of ratio of heights h different values of ratio of heights h

u
Figure 12. Primary velocity profiles for Figure 13. Secondary velocity profiles
different values of ratio of vigcosities m for different values of ratio of viscosities m

The effect of porous parameter A on temperature distribution 0 is shown in Figure 14. It is
observed that, similar to its effect on the fluid flow, increasing the value of A decreases the temperature
field. Figure 15 represents the effect of rotation parameter R on temperature 0. As the rotation
parameter R increases, the temperature decreases because increasing rotation increases the Coriolis
force, which in turn opposes the buoyancy force. Thus, the velocity will be decreased, leading to a
reduction in the temperature.

The effect of inclination angle 8 on temperature is represented in Figure 16: as the inclination
angle @ increases, the temperature also increases. Figure 17 exhibits the effect of the ratio of heights h
on the temperature 0: increasing the value of h increases the temperature. The effect of Grashof number
Gr on temperature 0 is shown in Figure 18: an increase in Gr increases the temperature field in both
phases. The effect of ratio of viscosities m of the two phases on temperature is the same as its effect on
the velocities, as evident from Figure 19. Figure 20 shows the effect of the ratio of thermal
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conductivities K on temperature 0: the larger the ratio of thermal conductivities, the greater the amount
of heat transfer.

=1
Figure 14. Temperature profiles for
different values of porous parameter 4

0

Figure 15. Temperature profiles for
different values of rotation parameter R

0.5

0.5

yo

Figure 16. Temperature profiles for
different values of angle of inclination ©

Figure 17. Temperature profiles for
different values of ratio of heights h
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Figure 18. Temperature profiles for Figure 19. Temperature profiles for
different values of Grashof number Gr different values of ratio of viscosities m
1

0.5

0

Figure 20. Temperature profiles for different
values of ratio of thermal conductivities K

CONCLUSIONS

The problem of magnetohydrodynamic two-fluid convective flow and heat transfer in an
inclined channel containing a viscous fluid superposed by the porous medium with constant
permeability in a rotating system has been investigated analytically. Approximate solutions for
temperature and primary and secondary velocities have been obtained using regular perturbation
method. The important results from this study are:

e The effect of porous parameter is to retard the temperature and primary and secondary velocities in
both phases.

e The increase in buoyancy force incorporated through Grashof number and angle of inclination is to
enhance the temperature and primary and secondary velocities for both porous and viscous layers.
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e The increase in Coriolis force incorporated through the rotation parameter is to reduce the
temperature and primary velocity of the flow in both phases.

e The flow and thermal aspects of the fluids in the channel are enhanced by an increase in the ratio
of viscosities of the fluids and the ratio of heights of the two phases.

e The results of the two-layered flow containing both the fluid and porous layers could be useful in
recharge/discharge problems like the flow of geophysical fluids, packed-bed energy storage, etc.
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