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Abstract: A new class of analytic functions with respect to 2k-symmetric conjugate
points is introduced. This class combines the class of starlike functions and convex
functions with respect to 2k-symmetric conjugate points. Some interesting properties such
as subordinations, inclusion relationships, integral representations, convolution condition
and inequalities are discussed in relation to the coefficients of this class of functions.
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INTRODUCTION

Let 4 be the class of functions f of the form:

f(z)=z+zw:anz", (D)

n=2

which are analytic in the open unit disc £={z:[z|<1}. Let f and g be two functions which are
analytic in £ . We say that the function f is subordinate to the function g (represented by fp g
or f(z)p g(z)) in E if there exists a function w analytic in £ with w(0)=0 and |w(z)|<1 in E
such that f(z)=g(w(z)). In particular, if g is univalent in £, then f(0)=g(0)and f(E)c g(E).
The classes of starlike and convex univalent functions are defined respectively as

zf '(z)

S*={f:feA andRe—>0,zeE},

/(z)
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I:Zf l'Z'!J =0, zelE

C=<[f:fe.ﬁiand}lew }

The class of M (1) of A -convex function introduced by Mocanu [1] is defined as: Let
fedand z7'f(z) f'(z)#0.Then feM(A) for AeR if

A G CAC) N R
Re{(l A)Af(z) A ) } 0, zeE.

A function f which is analytic in the open unit disc £ is said to be starlike with respect to the

symmetric points [2] if it satisfies
of'(z)
f(z)-f(=2)
where ¢(z) e P, the class of functions with positive real part. Such class of functions is denoted by
S’ (¢). Also, a function f € 4 is said to be in the classC, (¢) if and only if
zf'eS. (qo)

The class C,(¢) was studied by Stankiewicz [3]. A function f which is analytic in the open
unit disc £ 1s said to be starlike with respect to the symmetric conjugate points [4] if it satisfies

_FCE)

p go(z), zekE,

p go(z), zekE,

where ¢(z) e P, the class of functions with positive real part. Such class of functions is denoted by
S (¢). Also, a function f € 4 is said to be in the classC, (¢) if and only if

'S, (9).
The classes S, (¢) andC, (¢) were studied by Ravichandran [5].

Al-Amiri et al. [6] introduced and investigated a class of functions starlike with respect to 2k-
symmetric conjugate points S’ (¢) which satisfies the relation

#'(2)
p qo(z),z eE,
S (2)
wherep(z) e P, k=2 is a fixed positive integer and f,, is defined by
k-1 [ :
£ (2) =LZ(&"’f(s"z)+s"f(s"7)), &= expﬁ. (2)
2k < k

It is clear that a function f € 4 is said to be in the class C* () if and only if
zf' e Si (p).
These classes, S’ (¢) of starlike functions with respect to 2k -symmetric conjugate points and C* (¢)

of convex functions with respect to 2k -symmetric conjugate points, were studied by Wang and Gao

[7].

From (2) we have
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fox (x"z) =x"f,,(z)and f,, (x"E) =x"f,.(2);
£ (x"z) = f; (z) and f), (x"?) = 1, (2);

= —
£ (2) =2—kZ(g" "(s"z)+s"’f (s z))

In terms of convolution,

ok (Z)=Z+Z ! jcjzj

- %((f*h)(z) +(f*h)(Z)) where h(z) = %EZ(I es)

Hu=2

Wang and Jiang [8] introduced and investigated the class M*(4,9) which is defined as:
Let fedand z"' f(z) f'(z)#0.Then f e M (A,p) for 2eR if

G CAC))
R A G

where ¢(z)e P, k22 is a fixed positive integer and £, is defined by (2).

p qo(z),zeE,

THE CLASS M *(a,B,2)

Keeping in view the above mentioned classes, we now define the following subclass of
analytic functions with respect to 2k -symmetric conjugate points.

Definition 1. Let f € 4 and f,, be defined by (2). Then f € M *(a, 8, 1) if and only if

A G CAC) N P N PR A G IR CAC) AN
O NC AN ((1 SNEN f;k<z>] 1
where 0<a <1, 0<B<1,A>0, k>2.

<p

, ze€E, 3)

Special Cases
(i) For A =1, the class M (a,B,A) yields the class C\” (a, ), consisting of univalent functions

satisfying the condition:
a((zf (2)) ]H

() )
e

£ (2)
where 0<a <1, 0< <1, and k>2.

(i) Fora =0, the class M (a, 8, 2) produces the class S («, B), satisfying the condition:
1 (2) fu(2)
where 0<a <1, 0< <1, andk>2.

(111) When £ =2, A=1 anda = f =1, we obtain the classC,,[9].

(iv) For k=2, 2=0, a=p=1, M*(a, B, 1) reduces to the class S [10].
(v) Taking k=2, 2 =1, M2' (a, 8, 2) reduces to the classC_(a,B).

(vi) For k=2, 2=0, M2 (a,B,1) reduces to the classS_ (o, ).

<p

, zek,

, zek

b
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PRELIMINARY RESULTS

Lemma 2 [11]. Suppose that the function¢ is convex and univalent in £ with¢(0)=1 and
Re| f(z)+y)=0for 8, yeC, z £

Ifp is analytic in £ with p(0) =1, then

' (z)

o(z)s, PO melies p()p 9(2). z<

p(z)+
Lemma 3 [12]. Let #.7=T and¢ be a convex and univalent function with
Re(ﬁ¢(z)+7/)>0, zek.
Also, let he A:h(z)p ¢(z). If pe P and
(z'(2))
p(z)+
ﬂh(z)+)/
Lemma 4 [13]. Let F be analytic and convex and univalent inE. If f, ge 4 and f, gp F, then

p 4(z), thenp(z)p 4(z).

Gf+(1—cr)gp F,0<0<1.

MAIN RESULTS
Theorem 1. A function f e M (a,p,2) if and only if
(I EA G CAO) LYY
fzk(z) lek (Z) 1-afz
Proof. Let f € M (a,f,2). Then from (3) we have

P60 ()
= 0
(

| #(2) ()
By taking F, (z)=(1-4 + A , we have
B M E

[, (2) =1 < Bl (2) +1f

or

(1-a’B*)|F, (2)12-2(+af ) Re F, (z) < f* 1.

If a #10or g #1, then we have

|FM(Z)|2_2(1+0:[32 ]ReFu(z)+(l+aﬂ2) 3 Br-1 +(1+aﬁ2]

1-02p3 1-a2f?) 1-a2p> \1-a?p

or

F (z)— 1+0¢[32 |2< [32(1+oz)2
2% 1—a2ﬁ2| (l_azﬁz)Z’

+azﬂ — and radius ﬂ(ltaz)
l1-a°pB l-a'p

. The function

which represents the disk with centre at
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o(z)p ¢(2) =

1+ Bz
l-afz

maps the unit disk onto the disk
~ 1+ap’ |<ﬂ(1+a)
1-2f?| 1-a?p?

and we notice that F, (E)c¢(E), F,, (0)=¢(0)and ¢ is univalent in £ . Therefore, we get

1+ Bz
E (2)p é(2)= —
Conversely, suppose that F,, (z)p 11+/; °  Then using subordination, we write
—afz
1+ﬂw(z)
F =—r 4
M(Z) l—aﬂw(z) @
where|w(z)|<1. From (4) we have
|F (Z)—1|= m_l =| +aﬁw | | 1+O£ | (5)
Zk 1-apw(z) ‘ 1-apw(z ‘ ‘ (2) ‘
Also,
a+aﬁw(z) l+a
F. l|= |————2+1| = g|————|. 6
|a 2k(z)+ | l—aﬂw(z) i ‘ l—aﬁw(z) ©)
By using (6) in (5), we obtain
|, (2)-1= B|(aF, (2) +1) w(z)| < BlaF, (2)+1],

where | w(z)|<1for allz € E. This implies that

P ()
o e !

Hence f e M (a, B, 1)

< fBla

Theorem 2. Let f e M (a,B,1). Then f,, e M (a,B,). Furthermore, f,, €S (a,B,1).
Proof. Let f e M (a,B,1). Then by Theorem 1, we write
(oL@ G | epe
fzk(z) fzk(z) 1-afz
where f,, 1s defined by (2), 0<a <1, 0< <1, k>21s fixed positive integer, 1 >0andz € E . Using

subordination, we write

REAC I CAC) LY IIO

, = - (7)
So (Z) So (Z) l—aﬂw(z)
On replacing z by x"zin (7) form =0,1,2....k—1,x** =1, we have
(1-2) x'”zf'(x'”z) i f'(x'”z) +xmzf"(xmz) ~ 1+ ﬂw(x'”z) ®

fu(x"2) 1o (x"2) T1-apw(xz)

Taking conjugate, we write
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(1-2) x"’zf'(me) i f'(me) + mef"(me) _ 1+ ﬁw(xmi)
S (x"’E) £ (me) 1- aﬁw(x"?)
Adding (8) and (9), we obtain

(l_l){zf'(x"’z) . x"’?f’(xmf)}

Lxz) g (xE

+

)
9 f'(xmz)+xmzf”(xmz) f'(xm7)+xm7f"(xm7) _ 1+ﬂw(xmz) . 1+ﬂw(xm3)
£ (x"2) £ (+%) I-apw(x"z) 1-apw(x'z
By using (2) and applying summation for m =0,1,2...,k —11in the above equation, we have

(1—},)421,‘{4'(35"12) N xmgf’(ﬂf?)}

2k | S (xmz) fzk (me)

ey {f'<xf"z>+xr"zf"<xr"z>+f'<xME>+xmz"<xma>}

2k ](2'/\' (xmz) fZ'A' (x’”g)
" { (o) Hﬂ—W(ﬁ)}

Z_k,,,:0 l—aﬂw(xmz) l—aﬂw(x"?) '
Thus,
S A O I CAC) B R G BN G
fzk(z) fz'/((z) 2k = l—aﬂw(x'”z) l—aﬂw(x'”E)
or

G @) g vemE) |
(IMﬂAﬁ lﬁxﬁ :m;%ﬂwwﬂa pwm@?ﬁ Ple.p).

1+ Bz

where P[a, B]is a convex set and p(z) p . This implies that

1-afz
#u(2) , (#(2) 1Bz
1-2 +A ,
UL O ARG P
which further implies that f,, e M_(a,B,1).
5 (2)

Now, let p(z) ==2-—. After some manipulation, we have

S (2)

7 (2) , , (#.(2)
N E e

From (10), we obtain
zp'(z)p 1+ 6z
p(z) l—aﬁz.

p(z)+ﬂ,
Using Lemma 2, we get
#(2) 1+pz
p(z)= p .
( ) o (z) l1-afz

SN~

)

(10)
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Hence f,, €S, (a.B8,2).

Theorem 3. Let 0<a <1, 0< S <1, k >2 (fixed positive integer) and A > 0. Then
M (a.B,2) S, (@ B).
Proof. Let f e M (a,B,1). Then by Theorem 1, we write
I:]-_-z"l Zf;.rl:zil_il:zf;x(z?lj = l_ﬁz .
- -'f:‘k I:Zﬁl f;.'r I:ﬂ l_a’ﬁz
where f,, (z) is defined by (2). Now we let
r(z) =—Zf (2) and h(z)= 5 (2) ,
Sk (Z) S (Z)
where hand p satisfy the conditions of Lemma 3. This implies that
(1-2) £}, (2) +l(z zf (z)) _ (Z)+lzp (2) b 1+ pz ‘
S (Z) So (Z) h(z) 1-apfz
From (11) and by using Lemma 3, we obtain
p(z): zf (z)p 1+ pz ’
ok (z) 1-afz

(1D

which implies that f e S")(a, 8) . Hence
M*(a,,2) =S¥ (a, B).
Theorem 4. Let 0<a<land 0< <1, 0< A< A2 Then
M (e, B 2,) <« M (@, . 2,).
Proof. Suppose that f € M>*(a, 8, 4,). Then by Theorem 1 we have

Also from Theorem 3, we write

zf'(z) 1+ Bz
h(z)= .
( ) ok (z)p 1-afz

Now
(l_l)zfz'k (2) iy (Zfz'k (Z)) :(l_ij of'(z) +£ (1-2 )ZfZ'k (2) A (Zfz’k (Z))
D2 () ) F(2) A fu(z) 0 1(2)
=(1—i—;]hl(z)+j—;hz(z).
Since 1 ﬂz is a convex set, therefore by using Lemma 4 we get the required result.
—apz

Theorem 5. Let f e M (a, 3,1). Then we have
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—IZ—{ueXpIMLZ;‘O{ w(x"’g) + W(xmg)_)]dg}ldu

. S 2k l—aﬁw(x'"g) l—aﬁw(xmg

A

where f,, is defined by equality (2), A # 0, wis analytic in £ with w(0)=0 and |w(z)|<1.
Proof. Let f e M2 (a,B,1). Then from Theorem 1, we have

~ zf'(z)+ (Zf'(Z))l 1+ pz
U O ) P

By using subordination, we have

TREACINCAC) IRLY IIC)

+A

fu(2) T AR 1-apw(z)]
where w is analytic with w(0)=0 and |w(z)|<1l. Replacing z by x"z for m=0,12...,k-1,

2w j . .
w= exp% and using (2), we write

(1-2) x'”zf'(x'”z) i f'(xmz)'+ x'”zf"(xmz) _ 1+ﬂw(xmz) (12)
fu(x"2) 13 (x"2) 1= apw(x"z)
and
(1-2) x"’zf'(me) i f'(xm7)+xmzf"(xm2) _ 1+ﬁw(xm3) ‘ (13)
1 (x'7) £ (x'7) - apw(x"Z)
Adding (12) and (13), we obtain
(1-2) zf’(x:z) . mef'(me)
f“’ (x Z) fzk (me)
f'(xmz)+xmzf"(xmz) f'(me) +xm3f"(xm3) 1+ ﬁw(xmz) 1+ﬁw(xm5)
+A + = + .
S (xmz) 1 (x'”?) 1—0![3W(xmz) l—aﬁw(x"?)
Again using (2) and applying summation for m =0,1,2...,k —1 in the above equation, we get
(1-2)§ ) 7'(x"s) x5 ()
2k 3| fulx2) g (xF)
+i§ f'(xmz)+xmzf"(xmz) +f'(me)+mef"(me)
2k 0= £ (xmz) 1l (xmg)
:Li 1+ﬁw(xmz) . 1+ﬂw(xm7) ‘
2k 2 l—aﬂw(x'”z) l—aﬂw(x'"?)
Therefore,
o), (2) (zfz'k(z))' 1 & 1+ﬂw(xmz) 1+ﬂw(xm7)
1-2 2 - . 14
A0 RGO T wE | Can () ape(7) (19
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From (13), we obtain

a2 L E) 1 g tepe(z)  1epw(xE) |1
(1-1) A ] z{l—aﬁw(xmz) l—aﬂw(x"?)}

S (Z) S (Z) z 2k.%

z

or

sz'A(z)+ (zfz'k(z))'_l_ o (1+a)p w(xmz) N w(xm;)
(1=2) [ (2) * £ (2) Z_Zm:() z [l—aﬂw(xmz) l—aﬁw(x"';).

On integration, we have

k,g{m()) EME } s Ly [ wlxe) | w(x"’E)_)]dg

0 S l—aﬂW(xmg) l—aﬂw(xmg
or
zf) (z)T e (1+a)B 1 w(xmg) w(xmg) J {5
{fu(z) u(2) epJ. S 2kz"’°1—0‘/3W(xm€)+1—aﬂW(x'”;) B "
Let

_ Zfz'k(z) ' -
e E G O TACR (16

Since f,, is A-convex and if A is not an integer, we can select a suitable branch so that F,, (z) is
analytic in £ . Logarithmic differentiation of (16) gives

F(2) e (3 (2)
F =(1=4) fo (2) g fi(z)

2% (Z)

Since f,, is A-convex in E, F,, is starlike inE . Now we solve (15) for f,, by assuming that1 =0 .
(The case when A =0gives f,, (z) = F,, (z)). A formal manipulation leads to the solution:

A

By using (15), we have

Fu(e)| ] o)z [ (222 izil[ eeat W(xmg)m—)]dg

Sy (2) 6 2k

or

()= J- ]‘-1+aﬂ1 mo[ w(x'"g) . W(xmg)_]dg au | .

s G l—aﬁw(x"’g) l—aﬁw(x"’g)

which is the required integral representation for f,, when f e M (a, B,2).

Theorem 6. Let f e M (a,3,1). Then



10
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£ = [ O ()22 |,

oulfu )] Lo 1-apw(7)
where f,, is defined by (2), w is analytic in £ withw(0)=0, |w(z)|<1 and c=%. IfA=0, then we
have
If“ 1+ﬂw )du.
N aﬁw(u)

Proof. Let f e M2 (a,B,1). Then by Theorem 1, we have

(l_l)zf(z)_i_l(zf'(z)) — 1+ﬂW(Z) ,
Sk (Z) Sor (Z) l—aﬂw(z)
where w is analytic in £ with w(0)=0 and |w(z)|<1. For 2#0 , multiplying both sides by

1 1
I[](z/\ (Z)]/l ](z'/\ (Z) , WC get

1+p w(z)

l-afw ( z) ’
where ¢ =1/4. The left-hand side of the above equation is the exact differential of zf”(z)[ £, (2)] .
Therefore, on integrating both sides with respect to z we obtain

"(z =1+—Cz ‘! tm
f( ) Z[fZA(Z)]LJ;[fZA(G)] fzt«( )l—aﬂw(g)dg'

of' ()o@ L@+ AT (' (2)) = (14 ) £ ()

Therefore,

1 T L 072

If 1 =0, then we have

(2 Fu(2) 1+ Bw(z)
f(z)— z l—aﬂw(z)'

Hence

Theorem 7. Let f e M (a,,1). Then

1+ e’ 1+ Be”’ *—;?&
{f( )* ((1 z) 2(1—aﬂe“’)h(2)]}_2(1—aﬂe‘")(f QIOM

where 0<0 <27, 0<a<l, 0<pB<1,A>0andzeE.

Proof. Let f e M (a,3,1). Then by using Theorem 2 we have

fes @ p),
which implies that, for 0 <0 <27, we can write
zf'(z) 1+ Bz

o (z)p l1-afz ’
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#'(z) 1+’ .. , 1+ Be”
and I (z)il—aﬁe’o implies that zf"(z) - (1_ pe m]fﬂ( )#0
Therefore,
1|, 1+[3e’0
o225 o o )
For zf’(z):f(z)>1<(1_zz)2 and ﬂk(z)=z+2aj;ajcjzj=%{(f*h)(z)+(f*h)(;)}, where
1 & z
h(z)—zm:()l_wm(z) from (17) we obtain
f{f ST s il e *h)(;)}};to
1+ Be” 1+ B’ \7
Hre (2 ren -4 (2 G0 o

1 z 1+ pe” 1+ 8"
- * - __(2) [Ve—2C_(rxn)(z) 0.
z{f(Z) [(1—2)2 2(1-ape”) (Z)]} 2(1—aﬁe'0)(f )(2)
Theorem 8. Let f(z)=z+) ;ajzj be analyticin Eand 0<a <1, 0< <1, k>2,1>0 with

S (@-A-ap)j+Ad-ap);)a, |+

Jj=2, j#lk+1

i [{A=2)Gk+ 1)+ A} A =ap)+ (1= B)2+ jK)]| Re(a,. )y, | + (18)

J=1

S (-aB)(jk+1)’ | Re(a,)a,., |+~ B)Y Gk +1)| Re(a,,) " < Bl +a)-2,

J=1 J=1

where 1=0,1,2,.... Then fe M (a,B,2).

Proof. For the proof of this theorem, the desired result can be obtained by using series
representation (1) and (2) of fand f,, respectively in

M =[(1-2)zf"(2) £, (2)+ A(2'(2)) S (2) — S (2) £ (2) |-
Bla{(d=zf"(2) £ (2)+ A(2"(2)) fu (2)} + s (2) S (2)

and then applying the condition given above in (18).

REFERENCES

1. P. T. Mocanu, “Une propriete de convexite generalisee dans la theorie de la representation
conforme”, Mathematica (Cluj), 1969, 11, 127-133.

2. K. Sakaguchi, “On certain univalent mapping”, J. Math. Soc. Jpn., 1959, 11, 72-75.

3. J. Stankiewicz, “Some remarks on functions starlike with respect to symmetric points”, Ann.
Univ. Mariae Curie-Sktodowska Sect. A, 1970, 19, 53-59.

11



Maejo Int. J. Sci. Technol. 2016, 10(01), 1-12

4,

10.

11.

12.

13.

J. Sokol, “Function starlike with respect to conjugate points”, Folia Sci. Univ. Tech. Resov.,
1991, 85, 53-65.

. V. Ravichandran, “Starlike and convex functions with respect to conjugate points”, Acta Math.

Acad. Paedagog. Nyhazi., 2004, 20, 31-37.

H. Al-Amiri, D. Coman and P. T. Mocanu, “Some properties of starlike functions with respect to
symmetric-conjugate points”, Int. J. Math. Math. Sci., 1995, 18, 469-474.

Z. G. Wang and C. Y. Gao, “On starlike and convex functions with respect to 2k-symmetric
conjugate points”, Tamsui Oxford J. Math. Sci., 2008, 24, 277-287.

Z. G. Wang and Y. P. Jiang, “Some properties of certain subclasses of colse-to-convex and
quasi-convex functions with respect to 2k-symmetric conjugate points”, Bull. Iranian Math.
Soc., 2010, 36, 217-238.

A. Janteng, S. A. Halim and M. Darus, “Functions close-to-convex and quasi-convex with
respect to other points”, Int. J. Pure Appl. Math., 2006, 30, 225-236.

R. M. El-Ashwah and D. K. Thomas, “Some subclasses of close-to-convex functions”, J.
Ramanujan Math. Soc., 1987, 2, 86-100.

P. Eenigenburg, S. S. Miller, P. T. Mocanu and M. O. Read, “On a Briot-Bouquet differential
subordination”, Rev. Roumanie Math. Pure Appl., 1984, 29, 567-573.

R. Parvatham and S. Radha, “On a-starlike and a-close-to-convex functions with respect to n-
symmetric points”, Indian J. Pure Appl. Math., 1986, 17, 1114-1122.

M.-S. Liu, “On a subclass of p-valent close-to-convex functions of order 3 and type a”, J. Math.
Study, 1997, 30, 102-104.

© 2016 by Maejo University, San Sai, Chiang Mai, 50290 Thailand. Reproduction is permitted for
noncommercial purposes.

12



