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APPENDIX A
Al
PROOF OF LEMMA 1.1

Pick any bidder i € N . If bidder i does not win one spectrum license in the

first round, her value of license in the second round is x,;. Given that bidder ;’s
competitors follow some strictly increasing strategy b(.) where the maximal of b(.)is

b(x, ;) . The bidder ;’s problem is to choose b; to maximize

E[(xzyi — X, );(bi”m } (A1)

Where
Z}sz(]) =1 if b, >x,

=0 otherwise

By definition x,,, is the maximal among n-1 samples, hence the distribution function

is F(x)"™".

Therefore, (A.1) can be re-write as follow:

by

I (n— 1)(x2’i - x) £ (x)F (x)" " dx (A2)

0

Now, we can show that b, = x,; (truth-telling bid) maximize (A.2)

Suppose first that b, < x,,, then letting b, — x,; the integral in (A.2) increased by

X;

Jlo= 1o, =) (o) (43)

b,
This is true since if b, <x<x,;, then x,, —x>0. The reverse happens if b, > x,;
since in the region b; > x > x,, and the integrand is negative.

For the case that bidder i does win one spectrum license in the first round, we apply

the similar argument to obtain the result.
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APPENDIX B
B.1
PROOF OF PROPOSITION 2.1

For the sake of exposition, we present the proof for k = 2. The other cases can
be proved analogously.

Consider k=2,

“(2)

1
Ule,)= [ [2" e (enys e Mewdeq

+H” 15y €y M (s Meydey = my ;) (B.1)

We also know that,

+ I jﬂL (e e M ey €y Mee ) = my () (B.2)
0

The expression for U(¢) and P(c,,&) are obtained from (B.1) and (B.2). From

incentive compatibility, we have;

Ule,)> P(.c,) (B.3)
and
U@ )z P(c,,¢) (B.4)
Furthermore,
1 ¢(2)
P(T,c¢;)= U(E)+I j[”w (i) (Ee 1A (e e Meqydeg (B.5)
¢ 0
and

1 €@2)

I I 7" @y (coveu I (e Mg deg (B.6)

Therefore, from (B.3), (B.4), (B.5) and (B.6), we obtain the following inequality

‘@)

I[”W ()= 7" e 1 ey e Megdeq,

0

mu—..—



<IJ‘[7Z' ;3¢ cc)]f12

By letting ¢ — ¢, it follow from (B.7) that

Thus,

Notice that, (4) and (5) imply that

1 €(2)

H” tegy-co i e

Hence, from (B.9) and (B.10),

(2)

J!’* i o
—II[;I (c o )]f12 (

ey Megydey

)+ Meydea) = my (1

Combing (B.1) and (B.11) and rearranging, we obtain:
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(B.7)

(B.11)
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B.2
PROOF OF PROPOSITION 2.2

By definition,

= nj m, (c)g(c)dc

Substituting (8) in (B.13) and integrating by parts, we obtain,

R, =n[V, ()5 (c)ole)ie

Note that,

r0-1- 5" ot i-cte

=0

It can be shown that (B.15) implies,

- (c>=["‘IJ<n NG - GO (o)

k—1
From which it follows that

nf," " (c)G(c) = Kf;' c)
Substituting (B.17) into (B.14) yield

= kIV fk+1( )dc =kEV, ( (k+1))

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)

72



73

APPENDIX C
Cl1
PROOF OF LEMMA 3.1

If bidder i does not participate in the mechanism, then her payoff 7; depends
on how the auctioneer allocates the spectrum licenses in such an eventuality. Notice
that, if bidder i does not participate in the mechanism, then the auctioneer can choose
to allocate a license to each of her competitors, or a license to one of her competitors,
or to not allocate any license. Hence, bidder i’s payoff if she does not participate in
the mechanism is either 72'(0; s(zl),s(zz)), 7Z'(0;S(21),0), 7[(0; s(zz),O), or 7(0;0,0). Next,
notice that it follows from (2)—(4) that

(0552, 5%)) = min{z(05 52,53 ), 7(0:52).0), 7(0:53,.0). z(0:0.0)  (C.1)

Notice that (C.1) holds regardless of the auctioneer’s choice of the allocation rule a in
the mechanism. It also follows from (6) that in the optimal mechanism, the payoff of

every nonparticipating bidder has to be minimized. Therefore, we obtain the result.
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C.2
PROOF OF PROPOSITION 3.2

We denote the payoff of bidder i in the truth-telling equilibrium of the direct
mechanism as follows:
\PiQ(Si): ViQ(Si’Si)
First, we prove the necessity part. Note that incentive compatibility implies that

Wo(s.)2V,(r.s,)  forallr,s, €[0]] (c.2)

29

Moreover, we can re-write V,, (ri ,si) as follows:

VQ(r,s +22:C1)k r s Ik) (r,rilk)] (C.3)

1 1

2
Zfbk 01, (7, s | k)ds (C.4)
=1

Therefore, from (C.2) and (C.4), we find that incentive compatibility implies the

following condition:

@, ()T, (r,, 51 k)ds (c5)

k:l

= t—.g
MN

and, by interchanging the variables, we find that,

¥, j Z(I) J(s.,s1k)ds (C.6)

5, k=1

Combining (C.5) and (C.6), we obtain the following inequality:

.[ZCD (s, sIk)ds>‘I’ IZ@ 0, (r,s1k)ds (C.7)
5 k=1 5 k=1

Notice that, the above inequality implies (21). Next, we divide all the terms in (C.7)

and let r, — s, to obtain the result that

and hence,



which is (20).
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Next, we prove the sufficiency part. Suppose, (20) and (21) are satisfied, but

the mechanism is not incentive compatible. Then, there exists s, and r, such that

ViQ(’"i’Si)> lPiQ(Si)
and substituting (C.4) in (C.10), we obtain that,
S
J.zq)k(ri )Hz(ri’s | k)ds > LPiQ(Si)_ lPiQ(ri)
I k=1

Furthermore, using (20) in (C.11), we obtain

S

Ii%(n)ﬂz(n,s |k )ds > TZZ‘,CD,C(s,»)HZ(si,s |k )ds

. k=1 k=1

Notice that (C.12) contradicts (21).

(C.10)

(c.11)

(C.12)
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C3
PROOF OF COROLLARY 3.1

Pick any two values of s, in [0,1], say s, and s;. Without loss of generality,

let s,< s, . Using (21), we obtain that

®, (s, )T, (5705, 1)+ @, s, )T, (5725, 12)

<@, 5, 1 (s, 1)+ @, (s ), (575, 12) (c.13)
Further, because the payoffs are convex in the signal s , therefore,

I, (s, 5 1)< T, (s s, 11) (C.14)
and

I, (s, 5, 12)< 11, (5] 57 12) (C.15)

Combining (C.13), (C.14) and (C.15), we obtain the result.

C4
PROOF OF PROPOSITION 3.3

From (20), it follows that:

By (S,S)ds (C.17)

1

vV, (Si’si):‘/iQ(O’O)+

6

o t—.__@

(Y
k

Combining (27) and (C.17), we obtain:

(o) S (o) b | -1, 00

k=1 0
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C.S5
PROOF OF PROPOSITION 3.4

Substituting (28) in (19), we obtain the following relation:

Ry = 3}26:{0% (s:)- ]-ﬂk (s, s)ds}g(si s, — WV (0,0)
=33 o e s el st |20, 00 (c19)

Furthermore, we integrate by parts the second expression in the right hand side of

(C.18), and obtain the following expression for the auctioneer’s revenue:

=38 ol i |-v,(00) (19)

Where 7,(s)=a,(s)- 3, (s,s)l_—G(s); k=1,..6.
g(s)

We now simplify the expression in (C.19). For the sake of exposition, we only
present the simplification for the case in which the auctioneer commits to allocate
both the licenses to the bidder with the highest signal for all possible profile of
reports; one can use the same technique for any arbitrary allocation rule. Under such a

commitment,

3 3 3 3

(5(31),5(2)’ s(3))e A6(7 | Q) for any possible value of (sa),s(z), s(3))
Pick any arbitrary s, in [O,l], Notice that if bidder i with signal s, has the highest
signal among the three bidders, then the set B6(s,) is realized. Moreover, if

s, = s,y 0r sy then the set BI(s, ) is realized. From (C.19), it follows that

6 1
Ry=35 [0l s |20, 00 (c20)
k=1] ¢
Therefore, we first evaluate the expression

iyk(si):7/6(si)+y1(si)+yl(si) (C~21)

k=1

By expanding the expression in the right hand side of (C.20), we obtain the following:
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ray 1-G(s,) 87(s,:0,0)
; Vi (Si ) = .([ .([ ”(Si ;0’0) - g(s[ ) s, s (')ds(ZZ)ds(zl)
Ls 150
+ [ [ 2(0:52)0)12 Odstydsty + [ [ 7(0:57,.0)3 st s (c22)
5; 0 Si S

Similarly, in the second term s, = s(32), and in the third term, s, = s(33). Also, the
following relation holds:

3g(si )fé (s(l)’s(Z)): fixs (Si’s(l)’s(2)>

Therefore, we can re-write the first term (on the right hand side) of (C.22) as follows:

ol 1-Gl(s,) 87(s,30,0 PN
=3 E')‘J‘|:7[(Si;0’0)_ g(sl(;l) ﬂ(;;i ):|g(si)f12(')ds(2)ds(1)dsi

1
!
LSPR) 1-Gls} ) oxls} ;0,0
= 3J. J. J. |:7Z(S(31);O,0)— 3S(1)) ﬁ(s(li ):lg(sa))fé (.)dsé)dsé)dsa)
000

= j j j {ﬂ(sa);0,0)— - G(Sa)) 57f(s(31);0,0)} i3 (Vs dsiydsi,
0

Similarly, we can expand the other terms to obtain the auctioneer’s revenue as

follows:

(Jg) {ﬂ(sa) ;0,0)+ 27;((); S(31)’0)_
0

X fias (Vds(syds(yydsty — 3V, (0,0)

o

—w

=,
ow

o
S ey =

)
Aot 53500509 M Odistydsis dsty =3V, (0.0)

Analogously, the revenue of the auctioneer under any arbitrary allocation rule can be

determined.
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C.6
PROOF OF PROPOSITION 3.5

It follows from inspection of (30) that in the optimal mechanism, the payoff of

a bidder with signal 0, given by V,, (0,0), has to be minimized, subject to
V,(0,0)2 7z

Hence, in the optimal mechanism, we must have
Vo 0,0)=z

where 7 is defined in (31). Moreover, by construction, the maximum value of

[

=,

(1)5(2)

;tAk rIQ 1 ’Ss)flzs()ds ds ds) (C-23)

S
o —

is given by

3 3
S)S(2)

1
[ [ [ 255505858 i Oeist sy (C.24)
000

Notice that maximizing the expression in (C.23) and minimizing V, (0,0) are

independent of each other. Hence, we have the result.



