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APPENDIX A 

A.1 

PROOF OF LEMMA 1.1 

 

Pick any bidder Ni� . If bidder i  does not win one spectrum license in the 

first round, her value of license in the second round is ix ,2 . Given that bidder i’s 

competitors follow some strictly increasing strategy (.)b where the maximal of (.)b is 

� � )( 1,2xb . The bidder i’s problem is to choose ib  to maximize 

                                             � �� �
� �

� �1..
1,2

1,2,2 AxxE
xbi

i ��
�

��
	 


�
�  

Where  

� �
� �

otherwise

xbif ixbi

0

1 1,2
12




�

�

�
 

By definition � �1,2x  is the maximal among n-1 samples, hence the distribution function 

is � � 1
nxF . 

Therefore, (A.1) can be re-write as follow: 

                     � �� � � � � � � �2.1 2
,2

0

1

AdxxFxfxxn n
i

b



�  

Now, we can show that ii xb ,2
  (truth-telling bid) maximize (A.2) 

Suppose first that ii xb ,2� , then letting ii xb ,2�  the integral in (A.2) increased by 

         � �� � � � � � � �3.1 2
,2

,2

AdxxFxfxxn n
i

x

b

i

i




�  

This is true since if ii xxb ,2�� , then 0,2 �
 xx i . The reverse happens if ii xb ,2�  

since in the region ii xxb ,2��  and the integrand is negative. 

For the case that bidder i  does win one spectrum license in the first round, we apply 

the similar argument to obtain the result. 
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APPENDIX B 

B.1 

PROOF OF PROPOSITION 2.1 

 

For the sake of exposition, we present the proof for 2
k . The other cases can 

be proved analogously. 

Consider 2
k ,  

                     

� � � �� �
� �

� � � �� � � � � �

� � � �� � � � � �� � � � � �

� �

� � � �1.,,;1

,;

2
0 0

2121
1

1221

2121
1

12

1

0
1

2

2

Bcmdcdcccfcc

dcdcccfcccU

i

c c
nL

n

c

c

i
W

i

i

i


�




� �

� �







�

�

 

We also know that, 

         

� � � �� �
� �

� � � �� � � � � �

� � � �� � � � � �� � � � � �

� �

� � � �2.~,,;1

,;,~

2

~

0 0
2121

1
1221

2121
1

12

1

~ 0
1

2

2

Bcmdcdcccfcc

dcdcccfccccP

c c
nL

n

c

c

i
W

i


�




� �

� �







�

�

 

The expression for � �cU ~  and � �ccP i
~,  are obtained from (B.1) and (B.2). From 

incentive compatibility, we have; 

                                 � � � � � �3.,~ BccPcU ii �  

and 

         � � � � � �4.~,~ BccPcU i�  

Furthermore,  

         � � � � � �� �
� �

� �� � � � � �� � � � � � � �5.,],~;[~,~
2121

1
121

1

~ 0
1

2

BdcdcccfcccccUccP nW

c

c

i
W

i


�
 � � ��  

and 

         � � � � � �� �
� �

� �� � � � � �� � � � � � � �6.,],;~[~, 2121
1

121

1

0
1

2

BdcdcccfcccccUccP n
i

W

c

c
W

ii

i



�
 � � ��  

Therefore, from (B.3), (B.4), (B.5) and (B.6), we obtain the following inequality 

� �� �
� �

� �� � � � � �� � � � � �2121
1

121

1

~ 0
1 ,],~;[

2

dcdcccfcccc nW

c

c

i
W 

� � ��   



  
 

70 
 

 � � � �cUcU i
~
�  

                                 � �� �
� �

� �� � � � � �� � � � � � � �7.,],~;[ 2121
1

121

1

0
1

2

Bdcdcccfcccc nW

c

c

i
W

i



� � � ��  

By letting icc �~  it follow from (B.7) that                       

                 � � � �� �� �

� � �

�



1

0

1
2 ;

'
ic

c

i

i
W

i c

cc
cU

�
� � � �� � � � � � � �8., 2121

1
12 Bdcdcccf n
  

Thus,  

         � � � � 

 icUU 1 � �� �� �

� � � �� � � � � �dcdcdcccf
c

cc n

c

c W

ci

2121
1

12

1

0

1
1

,
;2


� �� �

��
 

     
� �

� �� �� �

� � � �� � � � � �2121
1

12

1
1

0

,
;22

dcdcdcccf
c

cc n

c

c

c

Wc

i i


� �� �

�



�
 

     � � � �� �
� �

� �� � � � � �� � � � � � � �9.,],;[ 2121
1

121

1

0
12

2

Bdcdcccfcccc n
i

W

c

c
W

i




 � � ��  

Notice that, (4) and (5) imply that  

       � � 
1U � � � �� �
� �

� � � �� � � � � � � � � �10.1,,;1 22121
1

12

1

0 0
21

2

Bmdcdcccfcc n
c

L

i



� ��  

Hence, from (B.9) and (B.10), 

� � 
icU � � � �� �
� �

� � � �� � � � � �2121
1

12

1

0 0
21 ,,;1

2

dcdcccfcc n
c

L

i


� ��                     

� � � �� �
� �

� �� � � � � �� � � � � � � � � �11.1,],;[ 22121
1

121

1

0
12

2

Bmdcdcccfcccc n
i

W

c

c
W

i




 
� � ��  

Combing (B.1) and (B.11) and rearranging, we obtain: 
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� � � � � � � �� �
� �

� � � �� � � � � �� � � � � �

� � � � � �� �
� �

� �� � � � � �� �
� � � � � �

� � � � � � � �12.1

}
,

],;1;[{1

,],;1;[1

1
2

1

22

1
211

2

21
1

12
1

1

0
122

2121
1

1221

1

0
1222

2

2

BdccfcVm

dccfdc
cf

cccf
ccccm

dcdcccfccccmcm

n

c

n
n

n
L

c

c
W

nL

c

c
W

i

i

i

i
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B.2 

PROOF OF PROPOSITION 2.2 

 

By definition,  

� � � � � �13.
1

0

BdccgcmnR kk �
  

Substituting (8) in (B.13) and integrating by parts, we obtain,  

� � � � � � � �14.
1

0

1 BdccGcfcVnR n
kkk � 

  

Note that, 

� � � �� � � �� � � �15.1
1

1 1
1

0

1 BcGcG
j

n
cF jnj

k

j

n
k











 
��
�

�
��
�

� 



 �  

It can be shown that (B.15) implies, 

� � � � � �� � � �� � � � � �16.1
1
1 111 BcgcGcGkn

k

n
cf knkn

k




 

��

�

�
��
�

�







  

From which it follows that  

                        � � � � � � � �17.1
1 BckfcGcnf n

k
n

k �

 
  

Substituting (B.17) into (B.14) yield 

� � � � � �� �n
kk

n
kkk ckEVdccfcVkR 11

1

0
�� 

 �  
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APPENDIX C 

C.1 

PROOF OF LEMMA 3.1 

 

If bidder i  does not participate in the mechanism, then her payoff c
i� depends 

on how the auctioneer allocates the spectrum licenses in such an eventuality. Notice 

that, if bidder i  does not participate in the mechanism, then the auctioneer can choose 

to allocate a license to each of her competitors, or a license to one of her competitors, 

or to not allocate any license. Hence, bidder i ’s payoff if she does not participate in 

the mechanism is either � � � �� �2
2

2
1 ,;0 ss� , � �� �0,;0 2

1s� , � �� �0,;0 2
2s� , or � �0,0;0� . Next, 

notice that it follows from (2)–(4) that 

           � � � �� �2
2

2
1 ,;0 ss� � � � �� �2

2
2
1 ,;0min{ ss�
 , � �� �0,;0 2

1s� , � �� �0,;0 2
2s� , � � � �1.}0,0;0 C�  

 

Notice that (C.1) holds regardless of the auctioneer’s choice of the allocation rule a in 

the mechanism. It also follows from (6) that in the optimal mechanism, the payoff of 

every nonparticipating bidder has to be minimized. Therefore, we obtain the result. 
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C.2 

PROOF OF PROPOSITION 3.2 

 

We denote the payoff of bidder i  in the truth-telling equilibrium of the direct 

mechanism as follows: 

� � � �iiiQiiQ ssVs ,
�  

First, we prove the necessity part. Note that incentive compatibility implies that 

                                            � � � � � � � �2.1,0,, CsrallforsrVs iiiiiQiiQ ���  

Moreover, we can re-write � �iiiQ srV ,  as follows: 

                    

� � � � � � � � � �� � � �

� � � � � � � ���

�







 !��


 
 !��


i

i

s

r k
iikiiQ

iiiii
k

kiiQiiiQ

Cdsksrrr

CkrrksrrrsrV

2

1
2

2

1

4.|,

3.|,|,,

 

Therefore, from (C.2) and (C.4), we find that incentive compatibility implies the 

following condition: 

                          � �iiQ s� - � � �� iiQ r � � � � � ���



 !
i

i

s

r k
iik Cdsksrr

2

1
2 5.|,  

and, by interchanging the variables, we find that, 

             � �iiQ r� - � � �� iiQ s � � � � � ���



 !
i

i

r

s k
iik Cdsksss

2

1
2 6.|,  

Combining (C.5) and (C.6), we obtain the following inequality: 

           � � � ���



� !
i

i

s

r k
iik dsksss

2

1
2 |, � �iiQ s� - � � �� iiQ r � � � � � ���




 !
i

i

s

r k
iik Cdsksrr

2

1
2 7.|,  

Notice that, the above inequality implies (21). Next, we divide all the terms in (C.7) 

and let ii sr �  to obtain the result that 

                                 � � � � � � � �8.|,2

2

1

' Ckssss ii
k

ikiiQ  !
� �



 

and hence, 

                        � � 
� iiQ s � �0iQ� � � � � � ���



 !�
is

k
k Cdsksss

0

2

1
2 9.|,  
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which is (20). 

Next, we prove the sufficiency part. Suppose, (20) and (21) are satisfied, but 

the mechanism is not incentive compatible. Then, there exists is  and ir  such that 

                                               � � �iiiQ srV , � � � �10.CsiiQ�  

and substituting (C.4) in (C.10), we obtain that, 

                       � � � ���



� !
i

i

s

r k
iik dsksrr

2

1
2 |, � � � � � �11.Crs iiQiiQ �
�  

Furthermore, using (20) in (C.11), we obtain 

                       � � � ���



� !
i

i

s

r k
iik dsksrr

2

1
2 |, � � � � � �12.|,

2

1
2 Cdsksss

i

i

s

r k
iik��




 !  

Notice that (C.12) contradicts (21). 
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C.3 

PROOF OF COROLLARY 3.1 

 

Pick any two values of is  in � �1,0 , say '
is  and ''

is . Without loss of generality, 

let '
is < ''

is . Using (21), we obtain that 

� � � � � � � �2|,1|, ''
2

'
2

''
2

'
1 iiiiii ssssss  !� !                         

                                � � � � � � � � � �13.2|,1|, '''
2

''
2

'''
2

''
1 Cssssss iiiiii  !� !�  

Further, because the payoffs are convex in the signal s , therefore, 

                                            � �� 1|, '''
2 ii ss � � � �14.1|, ''''

2 Css ii  

and 

                                            � �� 2|, '''
2 ii ss � � � �15.2|, ''''

2 Css ii  

Combining (C.13), (C.14) and (C.15), we obtain the result. 

 

C.4 

PROOF OF PROPOSITION 3.3 

 

From (20), it follows that: 

                              � � � � � � � �17.,0,0,
0

6

1

CdsssVssV
is

k
kiQiiiQ ��




�
 "  

Combining (27) and (C.17), we obtain: 

� � � � � � � �0,0,
6

1 0
iQ

k

s

kikii Vdsssssm
i



�
�
�

�

�
�
�

	


� �




"#  
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C.5 

PROOF OF PROPOSITION 3.4 

 

Substituting (28) in (19), we obtain the following relation: 

       

� � � � � � � �

� � � � � � � � � � � �18.0,03,3

0,03,3

6

1

1

0 0

1

0

1

0

6

1 0

CVdsdssgssdssgs

VdssgdssssR

Q
k

s

iikiiik

Qii
k

s

kikQ

i

i



�
�
�

�

�
�
�

	






�
�
�

�

�
�
�

	




� � ��

�� �







"#

"#

 

Furthermore, we integrate by parts the second expression in the right hand side of 

(C.18), and obtain the following expression for the auctioneer’s revenue: 

                              � � � � � � � �19.0,033
6

1

1

0

CVdssgsR Q
k

iiikQ 
�
�

�
�
�

	

 � �




$  

Where � � � � � � � �
� �

.6,...,1;
1

,: 






 k
sg

sG
ssss kkk "#$  

We now simplify the expression in (C.19). For the sake of exposition, we only 

present the simplification for the case in which the auctioneer commits to allocate 

both the licenses to the bidder with the highest signal for all possible profile of 

reports; one can use the same technique for any arbitrary allocation rule. Under such a 

commitment, 

� � � � � �� � � �QrAsss |ˆ6,, 3
3

3
2

3
1 �  for any possible value of � � � � � �� �3

3
3
2

3
1 ,, sss  

Pick any arbitrary is  in � �1,0 , Notice that if bidder i  with signal is  has the highest 

signal among the three bidders, then the set � �isB6  is realized. Moreover, if 

� � � �
3
3

3
2 sorssi 
 , then the set � �isB1  is realized. From (C.19), it follows that 

                              � � � � � � � �20.0,033
6

1

1

0

CVdssgsR Q
k

iiikQ 
�
�

�
�
�

	

 � �




$  

Therefore, we first evaluate the expression 

                               � � � � � � � � � �21.116

6

1

Cssss iiii
k

k $$$$ ��
�



 

By expanding the expression in the right hand side of (C.20), we obtain the following: 
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� � � � � �
� �

� �� �

� � � � � �

� �� � � � � � � � � �� �
� �

� � � � � � � �22..0,;0.0,;0

.
0,0;1

0,0;

2
1

2
2

2
12

1
2
1

2
1

2
2

2
12

1

0

2
1

2
1

2
2

2
12

0 0

6

1

2
1

2
1

Cdsdsfsdsdsfs

dsdsf
s

s
sg

sG
ss

i ii

i

i

s

s

ss

s

s s

i

i

i

i
ii

k
k
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� ��

��

�
�

�
�
�

	

�

�








��

�
�$

 

Notice that, in the first term on the right hand side of (C.22), � �
3
1ssi 
 , and hence, 

� � � �
3
2

2
1 ss 
  and � � � �

3
3

2
2 ss 
  

Similarly, in the second term � �
3
2ssi 
 , and in the third term, � �

3
3ssi 
 . Also, the 

following relation holds: 

� � � � � �� � � � � �� �21
3

12321
2

12 ,,,3 sssfssfsg ii 
  

Therefore, we can re-write the first term (on the right hand side) of (C.22) as follows: 

� � � �

� � � �
� �

� �� �

� � � � � � � �

� �� � � �� �
� �� �

� �� �
� �

� �� �

� �� � � � � � � � � �

� �� � � �� �
� �� �

� �� �
� �

� �� �

� � � � � � � �
3
1

3
2

3
3

3
123

1
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3
1

3
1

3
1

3
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1

3
1

3
2

3
3

2
12

3
1

1

0 0 0
3
1

3
1

3
1

3
13

1

2
1

2
2

2
12

1

0 0 0

1

0
6

.
0,0;1

0,0;

.
0,0;1

0,0;3

.
0,0;1

0,0;3

3

3
1

3
2

3
1

3
2

2
1

dsdsdsf
s

s

sg

sG
s

dsdsdsfsg
s

s
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sG
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dsdsdsfsg
s

s
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sG
s

dssgs

s s

s s
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i

i
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i
i
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Similarly, we can expand the other terms to obtain the auctioneer’s revenue as 

follows: 

� �� � � �� � � �� �
� �� �

� �� �
� �

� �� �

� � � � � � � � � �0,03.

0,01
0,;020,0;

3
1

3
2

3
3

3
123

1

0 0 0
3
1

3
1

3
1

3
13

1
3
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3
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3
2

Q

s s

Q

Vdsdsdsf

s

s

sg

sG
ssR


%

�
�
�

�

�
�
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�
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�
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�
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� �

� �� �

� � � � � �� � � � � � � � � � � �0,03.,, 3
1

3
2

3
3

3
123

3
3

3
2

3
1

1

0 0 0
|ˆ6

3
1

3
2

Q

s s

QrA Vdsdsdsfsss 

 � � �&  

Analogously, the revenue of the auctioneer under any arbitrary allocation rule can be 

determined. 
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C.6 

PROOF OF PROPOSITION 3.5 

 

It follows from inspection of (30) that in the optimal mechanism, the payoff of 

a bidder with signal 0, given by � �0,0QV , has to be minimized, subject to 

� � ��0,0QV  

Hence, in the optimal mechanism, we must have 

� � �
0,0QV  

where �  is defined in (31). Moreover, by construction, the maximum value of 

                            � �

� �� �

� � � � � �� � � � � � � � � � � �23..,, 3
1

3
2

3
3

3
123

3
3

3
2

3
1

1

0 0 0
|ˆ

3
1

3
2

Cdsdsdsfsss
s s

QrAk� � �&  

is given by 

                 
� �� �

� � � � � �� � � � � � � � � � � �24..,,* 3
1

3
2

3
3

3
123

3
3

3
2

3
1

1

0 0 0

3
1

3
2

Cdsdsdsfsss
s s

� � �&  

Notice that maximizing the expression in (C.23) and minimizing � �0,0QV  are 

independent of each other. Hence, we have the result. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


