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particle flow in a vertical-sided silo with a conical hopper bottom. One mathe-

matical model is for studying particle flow in the silo. The governing equations

are the principle of conservation of linear momentum and the principle of con-

servation of angular momentum. The model is solved using a Discrete Element

Method to investigate the behavior of granular flow in the silo, the effects of

inlet flow rate, and bottom angles on the pressure distribution on the hopper

wall throughout the static process of material filling into the silo. Influences

of bottom angles on the discharge pattern and the pressure distribution on dis-

charging problem in a varied mass-flow silo and a constant mass-flow silo are also

discussed. Another mathematical model is for studying the air-particle flow in

the silo. The governing equations for the the air flow are the continuity equation

and the Navier-Stokes equations. To determine the particle movement, Newton’s

law is applied. The model is solved by the Finite Element Method, based on the

Arbitrary Lagrangian Eulerian approach. The flow pattern in the silo and the

pressure distribution along the hopper wall are investigated. The results show

that the models can capture the flow pattern of particles in the silo.
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CHAPTER I

INTRODUCTION

1.1 The Filling and Discharging Processes

The filling and discharging processes, involving the flow of granular

materials in silos, is used in many industries such as agriculture, mining, chemical

and food processing. Although there are many different kinds of silos being used

in industries, new developments are still occurring on in regards terms of silo

designs and operation systems. The essential feature of the filling and discharging

processes is illustrated in Figure 1.1. In the filling process, particles start to

flow from the top of the silo into the silo, fall under gravity and finally the

assembly particles come to rest on the base of the silo as seen in figure 1.1(a).

The discharging process starts when the outlet of the silo is opened and particles

flow out from the silo as seen in figure 1.1(b).

(a) Filling process (b) Discharging process

Figure 1.1: Filling and discharging processes
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Many problems still encountered during the filling and discharging pro-

cesses as seen in Figure 1.2. These problems are mainly

• the formation of stable arch formed above the hopper outlet. Figure 1.2(a)

shows the appearance of arching. The arch shape or bridge shape is formed

above the outlet of the hopper and block any further discharge, leading the

flow of granular solids to be stopped.

• the piping or rotholing as seen in Figure 1.2(b) which occurs in silo if only

the granular solid above the outlet is flowing out and the remaining granular

solid keeps on its place without flowing.

• the segregation during filling as seen in Figure 1.2(c) are due to particle size

since the large particles accumulate close to the silo walls, while the smaller

particles collect in the centre. Thus, the small particles are discharged first

and the large particles are discharged at the end.

In addition, silo collapse as shown in Figure 1.3 causes a lot of dam-

age. The silo is poorly designed due to a lack of understanding of concentrated

granular flow behaviors and their properties.

(a) Arching (b) Piping (ratholing) (c) Segregation

Figure 1.2: Flow problems

To overcome the problem, understanding fully the physics of granular

flow is needed. Therefore, further study of the filling and the discharging pro-
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Figure 1.3: Collapse of a silo due to a poor design [22]

cesses and development of robust mathematical models for simulating the flow

of granular material become more and more important for the design of new silo

systems and the optimization of these processes.

1.2 Scope and Objectives

Over the past two decades, extensive studies have been carried out to

model many aspects of granular flow in silos. These studies have resulted in a

basic understanding of physics of granular flow and provided some basic guideline

for the design of the silo. However, many phenomena, such as the pressure

distribution on the silo wall, the formation of arching and the flow behavior in

the silo, have not been fully understood nor well controlled. In addition, more

efficient and robust mathematical models of granular flow have to be developed.

The propose of this project is to model the granular flow in silo and to develop

a robust discrete element method and finite element method based computation

algorithm for filling and discharging processes. More specifically, the project aims

to

• develop a mathematical model for simulating the flow behavior of granular

materials in a vertical-sided silo with conical hopper bottom;



Wariam Chuayjan Introduction / 4

• investigate the effects of inlet flow rate and bottom angles on the pressure

distribution on the hopper wall through out the static process of material

filling into the silo;

• investigate the effects of bottom angle on the discharge pattern and of

normal pressure distribution on the discharge problem in a varied mass-

flow silo and in a constant mass-flow silo.

1.3 Outline of the Thesis

This thesis is divided into six chapters. Chapter I describes the essential

features of the filling and the discharging processes involving granular flow though

the silo, highlights the problem arising in industries and presents the objectives

and scope of the study.

Chapter II summarizes previous research works closely related to the

scope of this study and particularly granular flow through silos via experimental

models and mathematical models.

Chapter III presents a detailed formulation of two-dimensional discrete

element model, three-dimensional discrete element model and continuum mod-

elling of granular flows.

Chapter IV presents the development of 2-D discrete element model for

the study of granular flow in the filling and discharging processes. The governing

equations describing the motion of particles are the principle of conservation of

linear momentum and the principle of conservation of angular momentum. Some

numerical investigations on the effect of inlet flow rate and bottom angle on the

pressure distribution and the flow pattern are also presented in this chapter.

Chapter V concerns the development a finite element model based on Ar-

bitrary Lagrangian Eulerian approach to study air-particle flow in a vertical-sided

silo with conical hopper bottom. Some examples of our numerical investigation

of air-particle flow in the silo on the flow pattern and the pressure distributions

along the hopper wall are presented in this chapter.

Chapter VI presents the conclusion gained from the present study. Dis-

cussion on future research work is given in this chapter.
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CHAPTER II

PRIOR MODELLING STUDIES

2.1 General Overview

The filling and discharging processes involve many complex phenom-

ena which occur during the processes such as pressure acting on the silo walls,

the formation of arching and the flow behavior. The pressure acting inside a

silo during filling and discharging processes are mainly affected by the silo con-

figuration and the properties of the stored granular solid. Understanding these

phenomena is essential for the design of silos and for minimizing problems in

industrial practice. Over the past 4 decades, extensive research has been carried

out to study the physics of granular material including the properties of granular

materials, the silo pressure, the flow rates of granular material flowing out of

silos, etc. Early research focused mainly on experimental investigation [3, 71, 86]

and on deriving approximate analytical methods [34, 35, 37, 78, 79]. In general,

due to the large number of particles used in the system, experiment is limited

and numerical methods have been the major approach used in the study of the

precess. Hence, the latest research focused mainly on developing sophisticated

mathematical models and on numerical algorithms for numerically investigating

various aspects of the process. Further study of the filling and discharging pro-

cesses and development of robust mathematical models for simulating the flow of

granular materials have become more and more important for the design of silos

and optimization of these processes.

The models developed and investigations carried out previously are

mainly in two areas:

• experimental models
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• mathematical models.

In the following three sections, we introduce granular materials and

industrial particle flows, review the experimental models and the mathematical

models, and the Finite Element Method, Discrete Element Method and Hybrid

method.

2.2 Granular Materials and Industrial Particle Flows

A granular material can be defined as a collection of a large number

of discrete particles. Examples of such materials include sands, soil, cement,

grains, chemical powders, coal, plastic pellets and mineral products. Properties of

granular material are different from the collective properties of the three classical

states: solid, liquid, or gas. Granular materials are neither solid nor liquid but

combine properties of both solid and liquid. A granular material can behave like

a solid in some cases and like a liquid in other cases depending on the stress state.

Particle size of the granular material can be classified according to their mean size

from small to large including ultrafine powders (0.1−1.0 μm), superfine powders

(1.0−10 μm), granular powders (10−100 μm), granular solids (100 μm−3.0 mm)

and broken solids (3.0− 10 mm) [33]. These days, granular materials are widely

used in industrial processing such as mining, cement, food, feed mill and plastics

industries. To improve the quality and productivity of products, it is necessary

to understand the behavior of granular flows.

Industrial application can be broadly classified according to the key

physical processes such as drying, mixing, screening, storage and discharge pro-

cesses.

• Drying process

In an industrial drier, optimization and control of drying process have

been studies [25, 59] in order to improve the management and possibly the

design of industrial driers. Naon et al. (1995, [59]) proposed mathematical

model to describe mass and energy transfers during convection drying of

natural rubber. Hasatani et al. (1991, [25]) proposed an experimental
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model to confirm the effectiveness of radiative heating on drying of wet

granular materials. They examined quantitative evaluation of the radiation

effect and a theoretical model.

• Mixing process

Powder mixing is a key process in many industrial blending system.

Prediction of powder motion is important in many systems including phar-

maceutical, food and polymer manufacturing. Many researches have been

carried out to study granular flows related to powder mixing [40, 58, 73].

Portillo et al. (2006, [66]) simulated a powder mixing process based on

compartment modelling. The V-blender is an example system. The effects

of the sample location, number of samples, particles with the sample and

sampling time have investigated. The results showed that initial loading

could substantially increase the required mixing time to reach a homoge-

nous state. More detail of mixing of granular material can be seen in Hill’s

review paper [29].

• Screening process

Industrial screening is a process used for particle separation in the food

industry and the pharmaceutical industry. The study of particulate systems

has been carried out to understand the complicated size distribution and

composition. This physical understanding is led to a great economic impact.

Li et al. [49, 50] studied screening separation of a granular mixture of two

types of particles: soybeans and mustard seeds on an inclined screen. The

results indicated that the effect of particle bed depth is crucial to particle

segregation in material layers and hence to screening efficiency. Dong et

al. (2009, [17]) simulated a three dimensional discrete element model of

typical 3-deck and 5-deck banana screens. They investigated an effects of

vibration conditions and geometry of the screen on the sieving processes.

Their model has been to be very useful to the development of a better

understanding and the control of banana screening processes.

• Storage and Discharge Processes
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The storage of bulk solids has been studied using the discrete element

method. Many researche works have studied the solid phase stresses in sim-

ple shear flow with periodic boundaries [19, 41, 46, 56]. Many devices such

as silo, hopper, bin and bunker can be used to store granular materials.

The silo is often used for storing and discharging the granular materials

in mineral processing and manufacturing industries. There are variety of

shapes of the silos as shown in Figure 2.1. The flow of granular materi-

als from these silos are frequently studied. When a granular material is

discharged from the silo, there are two different types of flow: mass flow

and funnel flow. In mass flow, all particle inside the silo is in motion dur-

ing discharging process as shown in Figure 2.2(a). Figure 2.2(b) presents

the funnel flow, only material in the center above the hopper outlet is in

motion while some of the materials near the wall remain stationary during

the discharging process. There is also the special case that combines both

of mass flow and funnel flow and this called mixed flow as shown in Fig-

ure 2.2(c). In mixed flow, the boundary on the flowing solid intersects the

vertical walls of the silo at a point called effective transition.

2.3 Experimental Models

To fully understand the physics of granular flows in silo, the pressure

distribution in silos have been measured. The pressure distribution at the bottom

of a silo was firstly reported by Janssen (1895, [34]). In 1964, Jenike [35] studied

the importance of characterising the flow during discharge process of a silo and

noticed its effect on the wall pressure distribution. In 1969, Aoki and Tsunakawa

[1] measured wall pressure in a hopper and a bin-hopper system under stationary

and flowing conditions. They found that the material bed near the outlet be-

comes loose under gravity flow condition and the velocity of individual particles

increased rapidly, resulting in a continuous increased in the dynamic pressure on

the wall. In 1990, Ooi et al. [64] measured pressures on the walls of a prototype

silo subject to both concentric and eccentric flow. Their experiment included

filling, storage and both concentric and eccentric discharge. They investigated
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(a) Conical Hopper (b) Chisel

(c) Wedge (d) Pyramid

(e) Cylindrical flat-bottomed slot (f) Cylindrical flat-bottomed circular

Figure 2.1: Silo geometries
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(a) Mass flow (b) Funnel flow (c) Mixed flow

Figure 2.2: Flow patterns in silos

systematic unsymmetrical pressure patterns. The results provided a region basis

for the representation of pressure distributions for silo design.

In 2000, Brown et al. [3] carried out experiments on a square steel

silo containing two different free-flowing granular solids, sand and pea gravel.

They investigated the patterns of pressure during filling, storage and discharge

processes. The results showed that the pressure across the face of each wall was

non-uniform. High pressure was seen to develop near the corners and low pressure

near the centre of the wall. The results showed that changes in the stiffness of the

walls affected the pressure distribution around the circumference of a rectangular

silo.

In 2001, Yang and Hsiau [86] carried out on experiment to investigate

the flow pattern and wall normal stress of the silo during discharging process.

They used two different inserts in funnel flow to improve the flow pattern to mass

flow type. The effects of using differently shaped inserts on the flow pattern and

wall stress were analyzed. Zhong et al. [88] carried out in a pilot scale silo storing

plastic pellets and barley. The silo is thin-walled and made of aluminium and has

a flat bottom. They investigated the flow pattern and wall stresses. The results

showed that the filling process had a marked effect on the solids flow pattern and

the wall stresses for plastic pellets, but very little effect on those for barley.

In 2002, Rotter et al. [71] performed experiments in a rectangular

planform silo with flexible walls. They focused on pressures measured at the
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end of the filling process. Two different solids, sand and gravel, were used in

the experiment. The results showed that the pressure distribution at any level

was systematically non-uniform, though most existing silo pressure theories and

design codes assume uniformity in any horizontal. High pressures were found to

develop in the corners of the silo.

Recently, Chen et al. (2007, [8]) carried out experiments in a full-scale

silo storing approximately 250 tonnes of iron ore pellets. They measured both the

flow pattern and the wall pressures. The experiments showed a strong correlation

between the flow channel and the discharge pressure distribution.

2.4 Mathematical Models

In the past, many simulation tools have been used to investigate the

flow behavior of granular solids and the pressure distribution in silos. These

tools include Finite Element Method (FEM), Discrete Element Method (DEM),

averaging method, statistical analysis and hybrid method. However in this study,

we review three well known methods: FEM, DEM, and hybrid method.

2.4.1 Finite Element Method

The finite element method has been used to simulate the dynamics

with continuum and discontinuum. Here, we present the use of FEM to study

the granular flow in silo.

In 1991, Ooi and Rotter [65] studied the pressures on the walls of

conical silo hoppers based on the assumption that the material stored within the

hopper is in an elastic state. The simulation is conducted using a finite element

analysis. The effects of hopper wall friction and hopper wall flexibility on the

stress distribution were investigated. The results indicated that the pressure

distributions were quite insensitive to assumed elastic properties of the solid.

An increase in the wall friction coefficient decreases the wall pressures. In very

shallow hoppers, the maximum pressure tends to occur towards the bottom. As

the hopper is made steeper, the maximum pressure occurs progressively higher

up the hopper.
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In 1996, Ooi et al. [63] presented a finite element model to analyze the

mechanical behavior of coal and its effect on silos arching and pressures acting

on silo walls. The results showed that the finite element predictions lay close to

the average of all the classical theory predictions. Near the top and the bottom,

the finite element predictions differed significantly from classical predictions. In

1998, Karlsson et al. [39] used a fluid model to study granular flows in silos.

The FE simulation gave a flow pattern representing either a mass or funnel flow

simulation.

In 2003, Guaita et al. [23] proposed three dimensional model to study

the influence of hopper eccentricity on pressure using FEM. Based on assumption

that the stored material is an elasto-plastic behavior. The computation domain

is a circular cylindrical silo with an eccentric hopper. The result indicated that

the pressure increased on the side opposite to the outlet displacement, as the

eccentricity of the hopper increased. Within the same eccentricity, the pressure

along the wall of the cylinder as well as on the wall of the hopper increased as the

internal friction angle decreased. Goodey et al. [20] developed a finite element

model for the filling pressure distribution in a square planform silo with flexible

walls. The results were compared with experimental study. They investigated

both the state of stress in the stored solid and the pressures imposed on the silo

walls. The results showed that the horizontal pressure distribution at any given

depth at the end of filling was far from uniform, with larger pressures developing

in the corners than against the mid-side of the silo walls.

In 2006, Goodey et al. [21] used a three dimensional finite element

model for square planform thin-walled silos to predict the wall pressures in a

wide range of geometries after filling with three different solids: sand, gravel and

wheat. They investigated the state of stress in the stored solid, the pressures

imposed on the silo walls and the non-uniform horizontal pressure distribution at

any given depth at the end of filling in silo with flexible walls. The results showed

that the hyperbolic function proposed for this horizontal pressure distribution

gave a close representation of the new predictions.

In 2007, Wu et al. [83] developed a finite element model to study
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the flow of dry granular solids through a domain involving a frictional contact

boundary. The granular material is assumed as a compressible viscous-elastic-

plastic continuum. The FEM in space and the finite different method in time

are used to solve the problem. The results were qualitatively satisfactory in the

sense of capturing the pressure concentration in the transition area of vertical

and converging hopper wall.

2.4.2 Discrete Element Method

The DEM, which was introduced by Cundall and Strack in 1979 [16],

has become more popular for studying the physics of granular materials. The

DEM can describe granular flow at a particle scale based on the Newton’s second

law. The motion of each individual particle have two types: transitional and ro-

tational motions. Equations of motion are the principle of linear momentum and

the principle of angular momentum. By integrating the equations of motion for

each particle with respect to time, the velocity and displacement of the particles

at any instant of time are derived. Over the last few decades, a great deal of

effort has been carried out in developing various different discrete element models

to describe the flow behavior of granular material. These models can be classified

into two categories, namely the hard particle models (Campbell and Gong (1986,

[6]), Hopkins and Louge (1991, [31]) and Hopkins and Shen (1986, [32])) and the

soft particle models (Cundall and Strack (1979 [16]), Walton and Braun (1986,

[80])). The soft particle model originally developed by Cundall and Strack [16].

This model allows for deformation of particle which is modeled as an overlap of

the particles. The hard particle model assumes that particles are rigid.

The simulations carried out in the past were either performed in two-

dimensional model (Langston et al. [45–48], Banton et al. [2], Yang and Hsiau

[86]) and three-dimensional model (Cleary and Sawley (1999 [13], 2002 [14])),

Hirshfeld and Rapaport (2001, [30]), Li et al. (2004, [51]), Zhao et al. (2006,

[87]), Cleary (2004, [9]), and Goda and Ebert (2005, [19])).

In 1979, Nguyen et al. [62] presented an approximate solution to the

flow of a cohesionless granular material in a conical hopper. The material is
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modelled as a perfectly plastic continuum which satisfies the Mohr-Coulomb yield

condition. They derived analytical expressions of the mass flow rate and the wall

stress which were compared to some experimental data and other analyzes.

In 1995, Langaton et al. [46] simulated filling and discharge in flat bot-

tomed and conical hoppers. The granular material was modelled as an assembly

of non-cohesive discs for the two dimension, and spheres for the three dimension.

Numerical values for discharge rate, static average bulk density, static hopper

wall stress and discharge wall stress in two and three dimension were obtained.

They also observed the appearance of rupture zone within the material and asso-

ciated wall stress peaks where the rupture zones intersect with the hopper wall.

Rong et al. [69] simulated flow behavior of idealized particles in a bin of various

shapes using the DEM. They focused on two distinct aspects: occurrence of shear

bands and use of flow corrective inserts. The results showed that particle prop-

erties and outlet size influenced the formation and development of shear bands.

Flow corrective insert placed at an optimum height could reduce stagnant zones,

stabilize discharge rate and enhance uniform flow.

In 1999, Zhou et al. [89] studied sandpiles of glass beads using both

experiments and simulations. They used a modified DEM model in which the

effect of rolling resistance was considered. In their consequent study, both the

rolling and sliding friction were examined, together with the influence of density

and size of the particles. The result showed that the angle of repose increases

significantly with the rolling friction coefficient and decreases with particle size.

Cleary [9, 10, 12] and Cleary and Sawley [13, 14] presented a series of three

dimensional simulations of a number of industrial applications including ball mill,

Hicom nutating mill, discharge from single- and four- port cylindrical hoppers

and particle size separation by a vibration screen. Numerical simulation based

on DEM was carried out to investigate the effect of particle shape and inter-

particle cohesion on the granular flows. The results obtained indicate that DEM

modelling is now sufficiently advanced that it can make useful contributions to

process optimization and equipment design.

In 2000, Masson and Martinez [56] performed discrete element simula-
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tions of the filling and discharge of a plane rectangular silo with a set of different

values of particle mechanical parameters. They examined the influence of friction

and stiffness of contacts. The results showed that these parameters played a ma-

jor role in the flow kinematics and the stress field during filling and discharging

processes.

In 2001, Yang and Hsiau [86] investigated the flow pattern and wall

normal stress of the filling and discharging processes for two-dimensional plane

silos. They used both the simualtion method of DEM and experimental methods.

The effects of using differently shaped inserts on the flow pattern and wall stress

were analyzed. The results showed that the wall normal stress distribution was

significantly changed as the inserts were installed in silos. Hirshfeld and Rapaport

[30] proposed molecular dynamics methods to study the gravity-driven flow of

granular material through a horizontal aperture, a model for discharge from a

storage silo. The results showed that spatial kinetic distributions reveal where

the translational and rotational motion was strongest. The model with velocity-

dependent damping forces could describe the dynamics of granular behavior.

In 2002, Masson and Martinez [57] investigated the effect of particle

properties and silo geometry using discrete element simulations. They used a flat-

bottomed silo and a cylinder-hopper silo, containing 10,000 and 8,500 particles

in simulation. The results showed that both the mechanical properties of the

particles, namely contact stiffness and friction play a major role on the force

transmission patterns, and more specifically on arching effects.

In 2003, Markino et al. [54] developed a mathematical model using the

DEM coupled with airflow analysis. This model was applied to free fall, blow

and aeration filling on the behavior of sand particles during the sand molding

processes. The influences of the air pressure on blow and aeration filling were

investigated. Their result has provided new and valuable information on the

behavior of sand particles during the sand molding processes.

In 2004, Li et al. [51] studied three-dimensional flows of granular parti-

cles in a rectangular hopper using both experiment and DEM. In experiment, they

focused on the particle flow behavior, arching effects and the measurement of par-



Wariam Chuayjan Prior Modelling Studies / 16

ticle mass flow rate at different hopper opening using high-speed video recording

analysis. The flow behavior of particles and their arching and discharging in the

hopper were analyzed and compared with the DEM for three hopper openings.

The results indicated that DEM has the potential to analyse particle packing

structure and flow patterns more thoroughly than the experiment.

In 2005, Zhu and Yu [90] investigated the microscopic and macroscopic

behavior of the granular materials in a cylindrical hopper with flat bottom based

on DEM. The silo contained 24,000 multi-sized spherical particles. They analyzed

the dependence of flow behavior on the geometric and physical parameters of the

hopper and particles, such as the orifice size and wall roughness of hoppers, and

frictional and damping coefficients between particles. The results indicated that

there were four different zones in the hopper flow: a stagnant zone, a plug flow

zone, a converging flow zone, and a transition zone from plug flow to converging

flow. Goda and Ebert (2005) [19] modelled the initial fill and the subsequent

discharge of a hopper using three-dimensional discrete element simulations. The

different containers were filled using 40,000 mono-sized spherical particles. They

investigated both the flow patterns and the distributions of the normal wall forces.

They showed that the pressure distributions calculated during the discharge were

in accordance with both analytical and two-dimensional simulation results. In the

case of silo flow, a pressure peak has appeared at the transition from the vertical-

sided section to the hopper bottom. The peak value in the hopper section was

about two times greater than the one in the vertical-sided section. Since the

models were not sufficiently high in vertical direction, the static wall pressures

did not reach a constant, height-independent value. Instead, they showed a

linear tendency. Zhu et al. [91] analyzed three popular methods simulating

granular flow at different time and length scales: DEM, averaging method and

viscous, elastic-plastic continuum model. They considered mathematical models

of these methods and applied to hopper flows. Their results were found that

discrete element simulation was an effective method to study the micro-dynamic

behavior of the granular flow such as flow pattern, velocity, and force structures.

The macroscopic quantities such as velocity and stress can be obtained by FEM.
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In 2006, Markauskas [55] performed the DEM modelling using complex

axi-symmetrical particles for the hopper filling and discharge. The influence of

particle shape on discharge rate was analysed. The hopper filled with 2,000

spherical particles and 1,000 complex particles. The results showed that the

spherical particles ran out from the hopper in significantly shorter time period

comparing with the complex particle. Zuo et al. [92] simulated the dynamic

feature of bulk granular material during sudden braking of a truck by applying

DEM. The effects of inertia dynamic force with different braking speeds and

inter-particle interactions were investigated. The results obtained may provide

useful information for the examination of the strength of the truck frame and

also for a proper design of this type of trucks.

In 2008, Kim [43] proposed mathematical model for simulating gran-

ular motion by DEM. His model was based on Voigt model in which the elastic

and damping forces were involved. The results showed that the particle motions

in the processes were well described by the presented model. Fraige et al. [18]

developed a model for cube-shaped particles using the DEM. Their model based

on multi-contact principles. Laboratory experiments and simulations in terms of

static packing, flow pattern and flow rates for spherical and cubic particles were

compared. The results showed that the multiple-contact model was a better solu-

tion for surface-surface contact than the single-contact version and should be used

for polyhedral shapes. The simulation results were compared with experimental

measurements and the results were in good agreement.

In 2009, Li et al. [52] proposed DEM model to study cylindrical pebble

flow during discharge process under gravitational force with in a semi-cylindrical

silo. In their model, two cases were considered. One was for tracking the tra-

jectories of identified particles with 11,500 glass beads, and the other was for

double-zone flow for estimation the mixing evolution with 10,460 glass beads.

The numerical results were compared with experimental measurements and the

results were in good agreement. The DEM model can predict real pebble flow.

Wu et al. [81] performed a multi-scale study of the particle flow by means of

DEM. They investigated the flow behaviors on the particles diameter distribu-



Wariam Chuayjan Prior Modelling Studies / 18

tion and silo geometry to establish the spatial and statistical distributions of

microdynamic variables related to flow and silo structures. The results showed

that the distribution of particle diameter has great effects on particle flow. The

silos geometry has greater effects on granular flow than particle size distribu-

tion and inserts can improve the flow behavior of funnel flow type to mass flow.

Ketterhagen [42] studied the mode of power flow in a series of three-dimensional

conical hoppers and a quasi-three-dimensional wedge-shaped hoppers using the

discrete element method. The effects of friction, hopper shape, and hopper wall

angle on the nature of flow from a hopper were examined. The results demon-

strated that the DEM predictions were generally in very good agreement with

the Jenike design charts [35, 36]. Banton et al. [2] simulated well-controlled

unsteady channelized granular flows using the DEM. They performed a paramet-

rical analysis on a simple 2-D model to estimate the influence of particle shape,

friction parameters, and restitution coefficients on the dynamics of the flow and

on the deposit geometry. The results demonstrated the capability of the DEM

technique for modeling avalanche of granular material.

More detail of an international collaborative study into the predictive

capacity of current discrete element and finite element calculations for granular

solids in silos can be seen in a Rotter’s review paper [72], a Nielsen’s review

paper [61], a Campblell’s review paper [7], a Ketterhagen’s review paper [42],

and a Sitharam’s review paper [75].

2.4.3 Hybrid Method

A hybrid method is based on FEM and DEM. Very little attempts have

studied the flow of granular materials using the hybrid method. In 1977, Negi

et al. [38, 53, 60] proposed a hybrid numerical model based on FEM and DEM

to predict the stress and velocity fields for particulate materials during discharge

from silos. The FEM was used to model the granular materials as a continuum.

In regions where the granular material no longer behaves as a continuum and in

regions where there are large shear deformations, the DEM was used. The results

indicated that the model was capable of predicting flow velocities, stresses and
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wall pressure during discharging. In 1998, Rotter et al. [72] compared between

FEM and DEM analysis for predicting the behavior of granular solids in silos.

They focused on three problems: filling process, discharge of granular solid from

a silo with a flat-bottom and a tapered hopper.

2.5 Concluding Remarks

By over-viewing the development of the filling and discharging pro-

cesses and examining previous researches on the modelling of granular flows, the

formation of arching above the outlet of the silo in the process, the following

conclusions can be made.

(a) Although the filling and discharging processes have been used in many in-

dustrial applications for over 4 decades, many problems such as flow block-

age, dead zones, segregation and silo collapse still frequently occur in prac-

tice. These problems are expected to become more and more critical to

success of the process. Thus, further study of the filling and discharging

processes is essential in order to have proper silo design and control of the

process to minimize problems in the industrial practice.

(b) The filling and discharging processes are a many faceted big industrial prob-

lem which gives rise to many sub-problems. Although previous work has

resulted in a better understanding of the granular flows occurring in the

filling and discharging processes, many phenomena are still not fully un-

derstood and required further vigorous investigation. The most important

problem which requires further intensive investigation is stress analysis and

pressure on the wall of the silo. To date, proposed mechanisms for granular

flow behavior and formation of arching above the outlet of the silo have

been mainly conceptual in nature and relationships between silo param-

eters and the observed pressure are rationalized in a qualitative manner

only. Although previous mathematical work looks very promising, no com-

plete model and corresponding numerical technique has been developed and

shown to be able to simulate the granular flows in a long time period.
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(c) Mathematical models and numerical methods have been proposed to inves-

tigate complex phenomena in the filling and discharging processes. These

complex phenomena include the flow behavior, the formation of arching

and rathole. Although many mathematical models and numerical schemes

have been developed, further work is still required.
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CHAPTER III

MATHEMATICAL MODELS

3.1 General Overview

As reviewed in Chapter II, flow pattern of granular materials in silos

during the filling and discharging processes plays an important role in many in-

dustries. In order to optimize the process, a proper understanding of the complex

phenomena through silos is important, which can only be achieved with a simula-

tion. The formation of arching, and flow behavior such as zig-zag flow and tunnel

flow occurring during the filling and discharging of granular materials through

silos have been studied by both experimental model and mathematical model

over the last 4 decades. However, very little work has been done to describe

these phenomena within a proper mathematical framework. Hence, development

of efficient and comprehensive models to investigate the flow behavior of granular

materials in silos is a worthwhile undertaking.

In the following three sections, we present the 3-D discrete element

model and the continuum model of granular flows, respectively.

3.2 Dimensional Discrete Element Model

A model of particle-particle interaction in normal and tangential di-

rections as shown in Figure 3.1 has been proposed by Cundall and Strack [16]

to formulate a simple model using a spring, dash-pot and slider. In the model,

based on Newton’s second law, the forces acting on particles can be obtained [4].

Here, we consider an assembly of spherical particles. There are two

types of particle motion: translational and rotational motions. The translation

motion is caused by the contact force and gravitational force and the rotational

motion is caused by the moment acting on particle. The governing equations to
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describes translational and rotational motions of particle i are as follows:

mi
d2

dt2
ri(t) + λmi

d

dt
ri(t) = FC(t) + mig, (3.1)

Ii
d2

dt2
θi(t) + λI

d

dt
θi(t) = M(t), (3.2)

where ri(t) is the function of time presenting the position vector of the particle

at time t, FC is the total contact force acting on particle, mi is the mass, g is

the gravity acceleration, θ is the angle of rotation, M is the total moment acting

on particle, Ii is the inertia moment of the particle.

The contact force FC in equation (3.1) consisting of spring force and

damping force can be calculated by using the model of Cundall and Strack as

shown in Figure 3.1. Based on those models, the force is divided into two com-

ponents of the normal component and the tangential component.

Considering the normal component of the contact force fCnij acting on

particle i, we have

fCnij = (−knδnij − cn(vri − vrj) · nij)nij (3.3)

where kn is the stiffness of spring, δnij is the overlap distance between particle

i and particle j, cn is the damping coefficient in normal direction which can be

estimated by cn = 2
√

knmij, vr is the velocity of particles and nij is the unit

vector from the center of particle i to that of particle j.

The tangential components of the contact forces are fCsij and fCpij

which can be calculated by the equations (3.4) and (3.5),

fCsij = −ksusij − csvsij, (3.4)

fCpij = −kpupij − cpvpij (3.5)

where ks, kp are the tangential stiffness; cs, cp are the damping coefficients in

tangential direction which can be estimated as the damping coefficient in normal

direction; usij,upij are the relative displacements in the tangential direction and

vsij, vpij are the relative velocity vectors in the tangential direction at the contact

point and they are given by

vsij = (vri − vrj) · sij +

(
Ri

(
d

dt
θi × nij

)
+ Rj

(
d

dt
θi × nij

))
· sij, (3.6)
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(a) Normal force

(b) Tangential force

Figure 3.1: Models of contact forces in normal and tangential directions
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Figure 3.2: Relation between two coordinate systems (x, y, z) and (n, s, p)

vpij = (vri − vrj) · pij +

(
Ri

(
d

dt
θi × nij

)
+ Rj

(
d

dt
θi × nij

))
· pij, (3.7)

where Ri and Rj are respectively the radii of the particle i and j; sij and pij

are the unit vector in tangential direction as shown in Figure 3.2. In the above

calculations when a particle i contacts with the wall, the index j then is replaced

w which means | vj |=| d
dt

θj |= 0. The forces in the tangential directions must

satisfy the Coulomb’s friction law.

Based on the Coulomb’s friction law, if the condition

√
f2Csij + f2Cpij > μ|fCnij| (3.8)

is satisfied, then the particle i slides and the tangential forces become

fCsij = −μ | fCnij | vsij√
vsij + vpij

, (3.9)

fCpij = −μ | fCnij | vpij√
vsij + vpij

. (3.10)

Due to the contact forces in the tangential direction, the moment acting

on particle i, is given by

Mij = Rinij × (fCsij + fCpij). (3.11)

In general, some particles may contact with a particle i at the same time, the total

force and the moment acting on the particle i can be obtained by the equations



Fac. of Grad. Studies, Mahidol Univ. Ph.D. (Mathematics) / 25

(3.12) and (3.13),

fCi =
∑

j

(fCnij + fCsij + fCpij), (3.12)

Mi =
∑

j

(Rinij × (fCsij + fCpij). (3.13)

Substituting fCi and Mi in equations (3.12) and (3.13) into equations (3.1) and

(3.2) gives a equations (3.14) and (3.15),

mi
d2

dt2
ri(t) =

∑
j

(fCnij + fCsij + fCpij) + mig, (3.14)

Ii
d2

dt2
θi(t) =

∑
j

(Rinij × (fCsij + fCpij), (3.15)

Solving the equations (3.14) and (3.15), by integrating step by step then the

velocity and the position of a particle after each time step �t are given by

Translational motion:

d

dt
rt+ 1

2 =
d

dt
rt− 1

2 +
Ft

C

m
� t, (3.16)

d

dt
rt+1 = rt−1 +

d

dt
rt+ 1

2 � t, (3.17)

Rotational motion:

d

dt
θt+ 1

2 =
d

dt
θt− 1

2 + Mt�t

I
, (3.18)

d

dt
θt+1 = θt−1 +

d

dt
θt+ 1

2 � t. (3.19)

Choosing the time step

�t < 2

√
m

kn

, (3.20)

we can obtain the stable solution of the problem.

3.3 Continuum Model of Granular Flows

3.3.1 Viscous Elastic-Plastic Model

Based on a plastic potential gp which is a function of stress, if the stress

state satisfies the yield condition f = 0, plastic deformation occurs and the plastic
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strain rates dp
ij are proportional to the derivatives of the plastic potential with

respect to the corresponding stress, i.e,

dp
ij = λ

∂gp

∂σij

. (3.21)

If gp is identical to the yield function f , then the flow rule is called associated.

Otherwise it is non-associated. The most widely used yield condition is the so-

called Mohr-Coulomb failure criterion. It states that the material fails when the

shear stress τ acting on the surface of a material element attains the critical

value τ = c + σtanφ for the compressive normal stress σ, the cohesion c and the

angle φ of internal friction. Based on the Mohr-coulomb criterion, various types

of constitutive equations have been developed to predict the stress field. Due to

unrealistically large dilation rates of the result, two other types of models have

been proposed. One type abandons Coulomb’s failure and replaces it by a family

of yield curves depending on the current density [70]. Another type uses a plastic

potential different to the yield function [44, 74].

Wu and Schmidt [84] developed a no-tension elastic-plastic model as

a special case to describe the no-tension behavior of granular materials. Various

researches have combined the plastic flow rule theory with the elasticity theory

and the fluid mechanics theory to describe the viscous behavior of granular flow.

It is called as a viscous, elastic-plastic model. In the model, the stress tensor

consists of a rate dependent part
◦
σv and a rate independent part

◦
σs, namely

◦
σ =

◦
σv +

◦
σs, (3.22)

where σ◦ is the co-rotational rate of stress, namely

◦
σ =

∂σ

∂t
+ v · �σ + σw − wσ. (3.23)

Due to the viscous effect, the rate dependent part σv is determined

either by the linear viscous fluid model or a non-Newtonian fluid model. Due

to the elastic-plastic deformation, the rate independent part σs is determined by

the plastic flow rule model. Thus

◦
σ = Hd +

◦
Gd, (3.24)
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where d and w denote respectively deformation rate and spin tensors.

The governing equations of the stress and velocity fields are the stress

equations of motion, the viscous elastic-plastic constitutive equations and bound-

ary conditions. Thus, the boundary value problem is: find σ and v such that

σji,j + Xi − ρ
Dvi

Dt
= 0 in Ω, (3.25)

◦
σij = Hijrsdrs + Gijrs

◦
drs in Ω, (3.26)

vi|t=0 =
◦
vi, σij|t=0 =

◦
σij, in Ω, (3.27)

vi = 0 on ∂Ωa, σijnj = f i on ∂Ωt, (3.28)

vini = 0, ft = −sgn(vt)μfn on ∂Ωt, (3.29)

where the domain Ω ∈ R3 and the boundary ∂Ω = ∂Ωa = ∂Ωa ∪ ∂Ωt ∪ ∂Ωf of Ω,

n denotes the unit outward normal vector of ∂Ω. Due to the complexity of the

underlying equations, various numerical techniques based on the Galerkin finite

element method and the boundary element method have been proposed to solve

boundary value problems of practical interest [67, 83, 84].

3.3.2 Double-Shearing Models

Based on the Mohr-coulomb yield condition, the double-shearing flow

theory state that the stress reaches the yield condition, flow of granular occurs

by shearing along two families of planes, namely the α- and β-characteristics.

These two planes are inclined at angles ±θα(θα = π
4

+ θ
2
) to the direction of the

principal stress σ1 where φ is the angle of material internal friction, as shown in

Figure 3.3.

The most significant pioneering work on the development of the double-

shearing theory is due to Spencer [76]. Based on the assumption that the complete

deformation at any point of the material consists of two shearing motions on the

α- and β-lines and which are superposed one on another. Many studies have been

carried out to further examine the Spencer’s theory and to extend the theory to

axially symmetric cases and three-dimensional cases [29]. Spencer & Kingston

[77] proposed a dilatant model by expanding an amount which is equal in all

spatial directions based on the hypothesis that the volume of granular material
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Figure 3.3: Coordinate systems, α- and β-lines

increases during flow. The density is thus a state variable which is related to the

stress and deformation history. Another type of models has been proposed by

Harris [24] and Hill & Wu [27]. This model based on the kinematic proposal of

Butterfield & Harkness [5] states that any change in velocity relative to the slip-

line field is in a direction inclined at ν to the conjugate slip-line. The constitutive

equations for the dilatant double shearing model are

[(
∂vx

∂x
− ∂vy

∂y

)
cos2ψ +

(
∂vx

∂y
+

∂vy

∂x

)
sin2ψ

]
sinν (3.30)

−
(

∂vx

∂x
+

∂vy

∂y

)
cos(φ − ν) = 0,

[(
∂vx

∂x
− ∂vy

∂y

)
sin2ψ +

(
∂vx

∂y
+

∂vy

∂x

)
cos2ψ

]
cosν (3.31)

−
(

∂vx

∂y
− ∂vy

∂x
+ 2Ω

)
sin(φ − ν) = 0,

which become the double-shearing model when ν = 0 and the Coulomb associ-

ated flow rule model when v = φ. The double shearing model includes the stress

equations of motion, the double-shearing constitutive equations and a yield func-

tion. Many attempts have been made to solve the model analytically [26, 28].

However, for the solution of boundary value problems, sophisticated numerical

techniques are needed. Various numerical schemes based on the method of char-
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acteristic have been proposed to calculate the stress and velocity field [15, 82].

3.3.3 Newtonian and non-Newtonian Models

For Newtonian and non-Newtonian models, the governing equations

include the continuity equation and the equations of motion as follows:

∇ · v = 0, (3.32)

∂v

∂t
+ v · ∇v =

1

ρ
∇ · σ, (3.33)

where ρ is density, vi is the component of velocity vector in the ith direction, σ is

the stress tensor related to the pressure p and the velocity v and is determined

by

σji = −pδji + μn
dγ

dt
(vj,i + vi,j), (3.34)

where μn and dγ
dt

denote the viscosity of the material and the shear rate dγ
dt

=√
2tr

(
1
2
(vi,j + vj,i)

)2
respectively. For Newtonian model, the viscosity μn is a

constant. But for non-Newtonian models based on power law model, the viscosity

μn depends on the shear rate γ and is determined by

μn = m
dγn−1

dt
, (3.35)

where m and n are material constants. For Carreau’s shear-thinning model

μn = ηinitial + (μ0 − μ∞)

[
1 + (λ

dγ

dt
)2

]n−1
2

, (3.36)

where μ0 and μ∞ denote the zero shear viscosity and the infinite shear viscosity,

λ and γ are constants.

3.4 Concluding Remarks

By over-viewing the details of development of discrete element model,

the granular flows are described by the soft particle model and the hard particle

model base on Newton ’s second law and forces acting between any pair particles

and particle and wall are controlled by dash-pot-shearing and slider model. For

continuum model, there are three types of models including viscous elastic-plastic

models, double-shearing models and newtonian and non-newtonian models. The
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use of each model is based on properties of granular materials such as stress and

velocity.
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CHAPTER IV

DISCRETE ELEMENT MODEL FOR GRANULAR

FLOW

4.1 General Overview

The 2-D discrete element model and the continuum model are used to

study the effect of inlet flow rate and bottom angle on pressure distribution on

the hopper wall through out the static process of material filling into the silo, and

in the discharging process, the effect of bottom angle on discharge pattern and

normal pressure distribution on hopper wall in a varied mass-flow and constant

mass-flow silo.

In this chapter, we develop 2-D discrete element model to study the be-

havior of granular flow in silos. A numerical investigation has been conducted to

analyze the effect of silo configuration on the flow behavior of granular materials

in a vertical-sided silo with a conical hopper bottom during filling and discharg-

ing processes. The rest of this chapter is organized as follows. The mathematical

model and computational domain for the filling and discharge processes of two

dimensional (2-D) silo geometry are presented in section 4.2. In section 4.3, the

method developed is applied to study the effect of inlet flow rate and bottom

angle on pressure distribution on the hopper wall through out the static process

of material filling into the silo and also study in detail the dynamic process of

granular discharging from the silo. The influence of bottom angle on discharge

pattern and normal pressure distribution on discharge problem in a varied mass-

flow silo and a constant mass-flow silo is presented. Finally, some concluding

remarks are given in section 4.4.
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4.2 Mathematical Model and Computational Domain

4.2.1 Particle Interaction Model

In this section, we present an interaction of each individual particle

with other particle and the system boundary. For two-dimensional discrete ele-

ment model, the particles were considered as a set of circular discs.

(a) Particle-particle Contact

When a group of particles are moving, the contact of any two particles

occurs whenever they overlap. The search of contacts of a particle i can be

performed by detecting the distance between the centre of particle i and

the centre of its neighboring particles. Therefore, two particles i and j as

shown in Figure 4.1 are in contact if the following condition is satisfied:

δn = (Ri + Rj)− ‖ ri − rj ‖≥ 0, (4.1)

where δn represents the amount of the overlap between particle i and j,

Ri and Rj are the radii of particles i and j respectively, ri = (xi, yi) and

rj = (xj, yj) are the position vectors of the centres of particles i and j,

respectively.

Figure 4.1: Particle-particle contact

(b) Particle-wall Contact
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The contact between a particle i and boundary wall w is shown in

Figure 4.2. The wall is defines by its reference coordinate at the end points,

(x1, y1) and the length of wall w, L. Each boundary wall is assumed to be

smooth.

Figure 4.2: Particle-wall contact

4.2.2 Particle Flow Model

In order to construct a defining equation for moving particle, we assume

that

• particle behaves as soft body

• damping force can be ignored because of the soft particle.

Under the above assumptions, the granular flow in silos is governed by the prin-

ciple of linear momentum and the principle of angular momentum, namely

mi
d2

dt2
ri(t) = Fi(t) + mig, (4.2)

Ii
d2

dt2
θi(t) = Mi(t), (4.3)

where ri and θi are the position vector and the rotation vector of the center of

the particle; mi and Ii denote respectively the mass and the moment of inertia
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of the particle; Fi(t) and Mi(t) represent the total force and torque acting on

particle i at time t, respectively.

The total force, Fi(t) in equation (4.2) acting on particle i, is defined

by

Fi(t) =

qp(t)∑
j=1,j �=i

Fi,j +

qw(t)∑
w=1

Fi,w, (4.4)

in which the first and the second terms on the RHS of equation (4.4) are the

interaction force acting on particle i by all contact particles j = 1, ..., qp and

the wall contact force acting on particle i by all contact walls w = 1, ..., qw,

respectively.

Based on a dynamic process and a viscoelastic model as shown in Figure

4.3, the interaction force is the sum of the normal force and the tangential force:

Fi,j(t) = Fijn(t)n + Fijs(t)s, (4.5)

where n and s are unit vectors in the normal and tangential directions of the

contact plane as shown in Figure 4.4.

Figure 4.3: The viscoelastic contact model

Once the contact condition

δn = Ri + Rj− ‖ ri − rj ‖≥ 0, (4.6)

is met, two particles i and j with radii Ri and Rj are in contact and

Fijn(t) = −knδn + ηn(vij · n), (4.7)
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Figure 4.4: Particle pair in contact

where kn and ηn denote respectively the stiffness of the spring and the damping

coefficient in the normal directions, δn represents the amount of overlap as defined

in equation (5), and vij is the relative velocity determining the interaction force

via a contact force law and is defined by

vij =

(
d

dt
ri − d

dt
rj

)
+

(
Ri

d

dt
θi + Rj

d

dt
θj

)
s. (4.8)

The tangential force in equation (4.5) can be determined if the slip

condition

μ|Fijn| < ks|vij · s| (4.9)

is met and

Fijs(t) = [sign(δs)μ|Fijn|(vij · s)] s, (4.10)

where μ and ks denote respectively the friction coefficient and the stiffness of the

spring in the tangential direction, and δs is defined by

δs =

[
(vi − vj) · s − Rj

d

dt
θj − Ri

d

dt
θi

]
� t (4.11)

for the small time step �t.
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The wall contact force acting on particle i by the wall w can be ex-

pressed as

Fi,w(t) = Fiwn(t)n + Fiws(t)s, (4.12)

where n and s are unit vectors in the normal and tangential directions of the wall

contact plane as shown in Figure 4.2.

To determine the above forces, we firstly convert coordinates of the

particle into local wall coordinates. The new coordinates of the particle can be

expressed as ⎡
⎣ xn

yn

⎤
⎦ =

⎡
⎣ cosβ sinβ

−sinβ cosβ

⎤
⎦

⎡
⎣ xi − x1

yi − y1

⎤
⎦ , (4.13)

where β is an angle between the wall w and the y-axis, x1 and y1 are the minimum

values of relevant coordinates of the wall. The particle i and the wall with the

length L are in contact if the following conditions are satisfied:

(i) the contact with the top part of the wall occurs when yn > L and δmag =

x2
n + (yn − L)2 ≤ R2

i ;

(ii) the contact with the end part of the wall occurs when yn < 0 and δmag =

x2
n + y2

n ≤ R2
i ;

(iii) the contact with the middle part of the wall occurs when δmag =| xn |< R2
i .

Once one of the above wall contact conditions is met, the wall contact

force can be calculated by

Fiwn(t) = −knγn + ηn(vw − vi) · n, (4.14)

Fiws(t) = sign(γs)μ|Fiwn|, (4.15)

where the amount of overlap γn can be determined by

γn = Ri −
√

δmag (4.16)

for the conditions (i) and (ii) and

γn = Ri − δmag (4.17)
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for the condition (iii). The parameter γs in equation (4.15) is given by

γs =

[
(vw − vi) · s − Ri

d

dt
θi

]
�t, (4.18)

where vw and vi denote velocities of the wall and particle i, respectively.

The total force acting on the wall at time t is calculated by

Fw(t) = − 1

L

Q∑
i=1

Fi,w(t). (4.19)

where L is the length of the wall and Q is the number of particles in contact with

the wall at time t.

In this study, we consider only the tangential torque causing a particle

to rotate. The moment Mi(t) in equation (4.3) is then determined by

Mi(t) = RiFijs. (4.20)

To simulate the granular flow of N particles, we let

d

dt
ri(t) = v,

d

dt
θ(t) = ω, (4.21)

and from equations (4.2) and (4.3), we obtain

mi
d

dt
vi(t) = Fi(t) + mig, (4.22)

Ii
d

dt
ωi(t) = Mi(t). (4.23)

Assembling the equations of motions of all particles yields a system of 8N first

order differential equations in 3-D cases, namely

d

dt
z(t) = w(t), (4.24)

d

dt
w(t) = P(t), (4.25)

where

z(t) = [r1(t), θ1(t), ..., rN(t), θN(t)]T ,

w(t) = [v1(t), ω1(t), ...,vN(t), θω(t)]T ,

P =

[
F1

m1

+ g,
M1

I1

, ...,
FN

mN

+ g,
MN

IN

]T

.
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Using the centered difference formulation, we can calculate the unknown variables

as follows

wn+1 = wn−1 + 2�tPn, (4.26)

zn+1 = zn−1 + 2�twn+1. (4.27)

Using the 2-D DEM and numerical scheme, a numerical investigation

has been conducted to analyze the effect of silo configuration on the flow behavior

of granular materials in the static and dynamic processes of material filling and

discharging of a silo. The computational model in our simulation is shown in

Figure 4.5. The silo system under consideration include vertical-side silos with

various hopper bottoms of α angles of 15◦, 30◦, 45◦ and 60◦ and various outlet

widths of 0.04 m, 0.06 m, and 0.08 m and the silo is made of a steel-sheet. The

height and the width of the silo are 1.2 m and 0.4 m, respectively. To study

the pressure distribution on the bottom wall, we divide the hopper wall into ten

segments of each part of the wall. Granular materials are soybean having two

sizes of 0.006 m and 0.0075 m. In each of the simulations shown here, an assembly

of 7, 500 particles is considered. Figure 4.6 shows computational models for

the filling and discharging processes of the two dimensional silo geometry under

consideration. The investigation schemes, the model parameters listed in Table

4.1 are used.
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Figure 4.5: Silo geometry and hopper wall segments
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(a) Empty silo for filling process

(b) Silo with 7, 500 particles for discharging process

Figure 4.6: Computational domains
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Table 4.1: Values of the model parameters used in the simulation.

Parameters Value

Silo geometry

height, (m) 1.2

width, (m) 0.4

Granular material Soybean

Particle diameter, (mm) 6 and 7.5

Number of particles with size of 6 mm 3, 500

Number of particles with size of 7.5 mm 4, 000

Particle density, ρ (kg/m3) 1, 033

Simulation time step, �t (s) 5.2711 × 10−6

Properties Particle-particle Particle-wall

Normal contact stiffness, kn (N/m) 2.8322 × 104 5.6645 × 104

Tangential contact stiffness, ks (N/m) 2.5740 × 104 4.5314 × 104

Normal damping constant, ηn (N/m) 1.3048 × 102 1.3962 × 102

Frictional coefficient, μ 0.33 0.35

4.3 Numerical Studies

To simulate the static process of granular filling in the silo, we use the

silo with the outlet width of 0.08 m and choose two inlet flow rates of 32 ml/s and

172 ml/s and three bottom angles of 15◦, 45◦ and 60◦. During the filling process,

the outlet of the silo is closed.

At t = 0 s, particles start to flow with inlet flow rate into the empty

silo. All particles fall under gravity and finally the assembly particles come to rest

on the base of the silo due to the frictional and damping forces. To investigate

pressure distribution on the bottom walls of the hopper, we divide the hopper

wall into ten segments of each wall as shown in Figure 4.5.
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(a) t = 0 s (b) t = 30 s

(c) t = 70 s (d) t = 110 s

Figure 4.7: Filling pattern of particles in the silo with 45◦ bottom angle and
0.08 m outlet width at four different times of 0 s, 30 s, 70 s and 110 s for inlet
flow rate of 32 ml/s.
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(a) t = 0 s (b) t = 30 s

(c) t = 70 s (d) t = 110 s

Figure 4.8: Filling pattern of particles in the silo with 45◦ bottom angle and
0.08 m outlet width at four different times of 0 s, 30 s, 70 s and 110 s for inlet
flow rate of 172 ml/s.
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4.3.1 Effect of Inlet Flow Rate and Bottom Angle

Two different values of inlet flow rate have been used in the compu-

tations to investigate pressure distribution on the hopper wall during material

filling into the silo. The computations were conducted using the value of the

model parameters shown in Table 4.1. Figure 4.7 shows filling pattern of parti-

cles in the silo with 45◦ bottom angle and 0.08 m outlet width at four different

times of 0 s, 30 s 70 s and 110 s for inlet flow rate of 32 ml/s. Filling pattern of

particles in the silo with 45◦ bottom angle and 0.08 m outlet width for inlet flow

rate of 172 ml/s is shown in Figure 4.8.

To investigate the wall pressure distribution at the bottom wall, we

recorded pressure distribution at 10 sections of the wall at time t from t = 0 s to

t = 130 s. Effect of the inlet flow rate on the wall pressure in the process of the

filling the silo is shown in Figure 4.9. The comparison indicates that the model

with higher inlet flow rate gives higher pressure on the base of the hopper. Figure

4.10 shows the variation of normal pressure with time on segments 4, 5, 14, 25 and

27 of the hopper wall. The investigation shows that the pressure variation is large

at the early stage of the filling process and it then becomes smaller as the height

of the bulk material increases.
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Figure 4.9: Effect of inlet flow rate and bottom angle on the average normal
pressure (a solid line for 15◦, a dashed line for 45◦ and a dotted line for 60◦) in
the process of the filling the silo: (a) Q = 32 ml/s; (b) Q = 172 ml/s.
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Figure 4.10: The variations of normal wall pressure with time along some hopper
wall segments in the process of filling the silo with 45◦ bottom angle and 0.08 m
outlet width.

Three different values of bottom angle have been used in computations
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to investigate pressure distribution during filling process. We use the silo with

the outlet width of 0.08 m and three bottom angles of 15◦, 45◦ and 60◦. Figure 4.9

shows the effect of bottom angle on the average normal pressure. The comparison

indicates that the bottom angle has significant effect on the pressure distribution

only on the base of the hopper. The model with bigger bottom angle give higher

pressure on the base of the hopper.

4.3.2 Effect of a Varied Mass-Flow Silo and a Constant Mass-
Flow Silo

In this section, we study the dynamic process of granular discharge

from the silo. The silo system under consideration is shown in Figure 4.6(b). To

simulate the discharging process, we used two models of silo including a varied

mass-flow silo and a constant mass-flow silo. In the varied mass-flow silo, particles

are allowed to flow out from the silo under gravitational force. In the constant

mass-flow silo, particles that have discharged re-enter at the top of the silo and

fall on to the top surface of particles.

At the initial time t = 0 s, an assembly of 7, 500 particles rests on the

base of the silo with outlet width of 0.006 m, the discharge process starts when

the outlet of the silo is opened.

For a varied mass-flow model, particles are allowed to flow out from the

silo under gravitational force. To determine the relative rate of discharge from

movement of interfaces between shaded strata, particles are colored into many

layers using two different colors, gray and green.

Four bottom angles of 15◦, 30◦, 45◦ and 60◦ have been used in com-

putation to investigate their impact on the flow pattern, the deformation of the

interfaces and the wall pressure. Figures 4.11, 4.12, 4.13 and 4.14 show the

flow pattern of particle in silo with bottom angles of 15◦, 30◦, 45◦ and 60◦, re-

spectively. The particle velocities near the side wall are smaller than those in the

middle part of the silo. Figure 4.15 shows effect of bottom angle of the hopper on

discharge pattern for four different bottom angles of 15◦, 30◦, 45◦ and 60◦. The

comparison indicates that the movement of particles through a conical bottomed

silo with a higher bottom angle is faster and its interface is clearly v-shapes.
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A stable arch (bridge) may apparent over the hopper outlet of the silo.

Here, it is found that the flow of the bulk solid is stopped at time t = 19 s, once

the arch is formed over the hopper outlet of the silo having 15◦ bottom angle and

0.04 m outlet width as shown in Figure 4.16. It is recognized that using large

outlet can prevent arching. Thus in the following investigations, we only use the

silo having 0.06 m outlet width.

Figure 4.17 shows that particles flow out from the silo with a zig-zag

behavior at three executive times. There are three different flow zones: pipe

zone, pipe feed zone and plug flow zone as shown in Figure 4.18. The variation

of normal pressure with time on some segments of the hopper wall with 30◦ is

shown in Figure 4.19. It is indicated that in the varied mass-flow silo, the pressure

distribution reduces its fluctuation as the height of the bulk materials in the silo

decreases.

Influence of bottom angle on the bottom wall pressure is investigated

for the varied mass-flow silo. The computed average normal pressures for different

bottom angle are compared in Figure 4.20. The comparison indicates that bottom

angle of the hopper wall is one of the important factors dominating the pressure

on the hopper wall. With the increase of the wall angle from 30◦ to 60◦, the wall

pressure decreases from 3.3 N/m to 2.5 N/m.

For a constant mass-flow model, particles that have discharged out of

the silo re-enter at the top of the silo and fall on to the top surface of particles.

The discharging process starts when the outlet of the silo is opened. To see the

flow pattern, we set layers of particles by coloring those particles in different layer

with different color. Here, we use two colors, grey and green, to separate these

layers.

Three bottom angles of 30◦, 45◦ and 60◦ have been used in compu-

tation to investigate the pressure distribution along the silo wall and the flow

pattern during discharging process. The particles flow out from the silo under

gravity as shown in Figures 4.21, 4.22 and 4.23 for the bottom wall with angle of

30◦, 45◦ and 60◦, respectively. Figures 4.24 and 4.25 show the velocity field and

rotation of particle in the process of discharging the constant mass-flow silo with
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(a) t = 0 s (b) t = 20 s

(c) t = 60 s (d) t = 100 s

Figure 4.11: Flow pattern of particles in a silo with bottom angle of 15◦ during
discharging process at four different times.
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(a) t = 0 s (b) t = 20 s

(c) t = 60 s (d) t = 100 s

Figure 4.12: Flow pattern of particles in a silo with bottom angle of 30◦ during
discharging process at four different times.
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(a) t = 0 s (b) t = 20 s

(c) t = 60 s (d) t = 100 s

Figure 4.13: Flow pattern of particles in a silo with bottom angle of 45◦ during
discharging process at four different times.
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(a) t = 0 s (b) t = 20 s

(c) t = 60 s (d) t = 100 s

Figure 4.14: Flow pattern of particles in a silo with bottom angle of 60◦ during
discharging process at four different times.
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(a) α = 15◦ (b) α = 30◦

(c) α = 45◦ (d) α = 60◦

Figure 4.15: Discharge pattern of granular flow from a silo with four different
bottom angles at t = 100 s: (a) α = 15◦; (b) α = 30◦; (c) α = 45◦ and (d)
α = 60◦.
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(a) t = 0 s (b) t = 10 s

(c) t = 19 s (d) t = 22 s

Figure 4.16: Formulation of arching above the outlet of the silo with 15◦ bottom
angle and 0.04 m outlet width at four different times.
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(a) t = 42 s (b) t = 47 s (c) t = 52 s

Figure 4.17: Zig-Zag flow pattern during discharging soybean from the silo with
30◦ bottom angle at three different times: (a) t = 42 s; (b) t = 47 s and (c)
t = 52 s.

Figure 4.18: Flow zones.



Wariam Chuayjan Discrete Element Model for Granular Flow / 56

0

6

12

0

6

12

0

6

12

N
or

m
al

 w
al

l p
re

ss
ur

e,
P

n (
kN

/m
)

0

6

12

0 10 20 30 40 50 60 70 80 90 100
0

6

12

Time  (s)

P
n
 acting on segment 21

P
n
 acting on segment 23

P
n
 acting on segment 25

P
n
 acting on segment 27

P
n
 acting on segment 29

Figure 4.19: The variations of normal wall pressure with time along some hopper
wall segments of the varied mass-flow silo with 30◦ bottom wall in the discharging
process.



Fac. of Grad. Studies, Mahidol Univ. Ph.D. (Mathematics) / 57

1 1.5 2 2.5 3 3.5
0

0.2

0.4

0.6

0.8

1

Average normal wall pressure (kN/m)

N
or

m
al

iz
ed

 d
is

ta
nc

e 
fr

om
 p

oi
nt

 C
 to

 p
oi

nt
 D

 

α = 30°

α = 45°

α = 60°

Figure 4.20: Average normal wall pressure along the normalized distance from
point C to point D in the first 90 s of discharge process obtained from the varied
mass-flow silo with various bottom wall of angles of 30◦ (dotted line), 45◦ (dashed-
dotted line) and 60◦ (dashed line).

30◦ bottom angle, respectively. Figure 4.26 shows the variation of normal wall

pressure with time on some segments of the hopper wall with 30◦ angle during

discharging particles from the constant mass-flow silo. It indicates that the pres-

sure distribution always fluctuates with time. The computed average normal wall

pressure for different mass-flow silo is compared in Figure 4.27. It is indicated

that the average wall pressure of the constant mass-flow silo is higher than the

pressure of the varied mass-flow silo.

4.4 Concluding Remarks

An efficient discrete element method has been developed for solving

the two-dimensional granular flow problem arising from the filling and discharge

processes. A numerical investigation shows that the method developed is robust

in capturing the characteristics of the the flow of granular material in silos. The

results gained from the study indicates that the effect of bottom angle of the

hopper wall have important effect on the pressure distribution on the hopper
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(a) t = 0 s (b) t = 20 s

(c) t = 30 s (d) t = 40 s

Figure 4.21: Flow pattern of particles in a constant mass-flow silo with bottom
angle of 30◦ during discharging at four different times.
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(a) t = 0 s (b) t = 20 s

(c) t = 30 s (d) t = 40 s

Figure 4.22: Flow pattern of particles in a constant mass-flow silo with bottom
angle of 45◦ during discharging process at four different times.
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(a) t = 0 s (b) t = 20 s

(c) t = 30 s (d) t = 40 s

Figure 4.23: Flow pattern of particles in a a constant mass-flow silo with bottom
angle of 60◦ during discharging process at four different times.
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Figure 4.24: Velocity field of particles in a silo with 30◦ bottom angle.
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Figure 4.25: Rotation of particles in a silo with 30◦ bottom angle.
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Figure 4.26: The variations of normal pressure with time along some hopper wall
segments of the constant mass-flow silo with 30◦ bottom wall in the discharging
process.
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Figure 4.27: Average normal pressure acting on the hopper wall in the first 100 s
(from point C to point D in Figure 4.5) obtained from the varied mass-flow silo
(dashed line) and constant mass-flow silo (solid line) with bottom angles of 30◦.

wall. By increasing the wall angle from 30◦ to 60◦, the wall pressure decreases

from from 3.3 N/m to 2.5 N/m. Thus, it is important to choose proper bottom

angle in the design of silos.

The study shows that the dead zone of particles is found near the outlet.

It has been known that the outlet width of the silo has significant influence on

the pattern of the solid flow and the wall pressure. The study also clearly show

that using large outlet width can prevent arching.
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CHAPTER V

FINITE ELEMENT MODEL FOR AIR-PARTICLE

FLOW

5.1 General Overview

This chapter presents a finite element model based on the Arbitrary

Lagrangian Eulerian approach to study air-particle flow in a vertical-sided silo

with conical hopper bottom. Nine particles are used to analyze the flow pattern

in the silo and pressure distribution along the hopper wall. To fully understand

and control the local flow behavior of air and particles in the silo, it is essen-

tial to develop a sophisticated model and computational technique for the flow

analysis. Our model couples the interaction of air flow with the particle flow

using the Arbitrary Lagrangian Eulerian (ALE) formulation. The ALE method

is an intermediate between the Lagrangian and Eulerian methods. The governing

equations for air flow are the continuity equation and the Navier-Stokes equa-

tions. For particle movement, Newton’s law is applied. The complete model

includes the governing equations for the air flow, the governing equations for the

motion of fine particles, the interaction conditions between air and particle at

the interfaces, and boundary conditions.

In the following three sections, we present the governing equations for

air-particle flow, finite element formulations and numerical results and discussion,

respectively.

5.2 Mathematical Model and Computational Domain

To study the motion of solid particles immersed in an air, we as-

sume that the air-solid particle system occupies a bounded domain Ω̄ in R2.

At a typical instant of time t, Q particles occupy Q closed connected subsets∑Q
q=1 Ωq ⊂ R2 which is surrounded by a viscous homogeneous fluid filling the

domain Ω̄ − ∑Q
q=1 Ωq called the flow-channel area.
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In this study we use two coordinate systems: a reference system, Ω,

where the model is drawn and the particle movement is solved, and a moving mesh

system, Ωdef , corresponding to the deformed mesh of the flow channel, where we

simulate the air flow. The time evolution of the domain Ωdef is determined by

means of an Arbitrary Lagrangian-Eulerian (ALE) mapping x : Ω × R+ �→ Ωdef

which maps any point (X, t) to its image x(X, t).

5.2.1 Transformation

In the flow-channel area, the two coordinate systems, (X,Y ) ∈ Ω and

(x, y) ∈ Ωdef , are connected through a transformation T . At the initial state

at t = 0, the two mesh systems are assumed to coincide. The transformation T

maps the point initially located at (X,Y ) to the point (x, y) at time t:

T :
x = x(X,Y, t)

y = y(X,Y, t).

Suppose that the functions x and y are continuous differentiable with respect to

X and Y . Then the infinitesimals dX and dY transform into dx and dy according

to

dx = x,XdX + x,Y dY,

dy = y,XdX + y,Y dY,
(5.1)

where (·),X denotes differentiation with respect to X. System (5.1) can be written

in matrix form as ⎡
⎣ dx

dy

⎤
⎦ =

⎡
⎣ x,X x,Y

y,X y,Y

⎤
⎦

⎡
⎣ dX

dY

⎤
⎦ . (5.2)

The 2 × 2 matrix of partial derivatives in (5.2) is called the Jacobian matrix of

the transformation. Denote the matrix by J, then

|J| = x,Xy,Y − x,Y y,X . (5.3)

For |J| �= 0, the transformation is invertible and there exists an inverse transfor-

mation at time t, i.e.,

T−1 :
X = X(x, y)

Y = Y (x, y).
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As in (5.2), we have

⎡
⎣ dX

dY

⎤
⎦ =

⎡
⎣ X,x X,y

Y,x Y,y

⎤
⎦

⎡
⎣ dx

dy

⎤
⎦ . (5.4)

From (5.2), we also have

⎡
⎣ dX

dY

⎤
⎦ = J−1

⎡
⎣ dx

dy

⎤
⎦ , (5.5)

where

J−1 =

⎡
⎣ IXx IXy

IY x IY y

⎤
⎦ =

1

|J|M, (5.6)

M =

⎡
⎣ y,Y −x,Y

−y,Y x,X

⎤
⎦ ,

in which the I syntax is used to emphasize the computation of the Jacobian of

the inverse transformation from the inverse of the original Jacobian.

Equating terms in (5.4) and (5.5), we obtain

X,x = 1
|J|(y,Y ),

X,y = 1
|J|(−x,Y ),

(5.7)

Y,x = 1
|J|(−y,Y ),

Y,y = 1
|J|(x,X).

(5.8)

These relations are crucial in transforming the calculation results from

Ωdef to Ω.

5.2.2 Motion of Air-Particle Flow in the Deformed Mesh Sys-
tem

To study the motion of particles in the silo, the particle movement is

governed by Newton’s second law:

mq
∂Vq

∂t
= Fv + Fq + Fg , q = 1, 2, 3..., Q

Vq|t=0 = 0.

(5.9)
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The position Xq of the center of the qth particle can be determined by the

equation:
dXq

dt
= Vq , q = 1, 2, 3..., Q

Xq|t=0 = X0
q.

(5.10)

In equation (5.9)1, Vq and mq denote the velocity vector and the mass of the qth

particle. The three applied loads, drag force Fv, collision force Fq and Fg the

gravitational force are defined based on the following assumptions:

• All boundaries of particles experience drag force Fv from fluid,

Fv = −nf · (−p I + η(∇v + (∇v)T )) (5.11)

which consists of the pressure and the viscous drag of the fluid.

• To prevent the collisions among the particles, and the particles and the

boundary walls, the particle-particle interaction force Fq,p and the particle-

wall interaction force Fq,w are applied when the distance between two par-

ticles, or between a particle and a wall, is within the order of the element

size [21]

Fq =

Q∑
p=1,p �=q

Fq,p +
4∑

w=1

Fq,w, (5.12)

in which

Fq,p =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0, for dq,p > Rq + Rp + α

1
εq

(Xq − Xp)(Rq + Rp + α − dq,p)
2,

for dq,p ≤ Rq + Rp + α

(5.13)

and

Fq,w =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0, for dq,w > 2Rq + α

1
εw

(Xq − Xw)(2Rq + α − dq,w)2,

for dq,w ≤ 2Rq + α

(5.14)

where dq,p denotes the distance between the centers of the qth and pth

particles, dq,w denotes the distance between the centers of the qth particle

and the imaginary particle on the other side of the wall, Xq and Rq are
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center and radius of the qth particle, α is the force range, and εq and εw

are small positive stiffness parameters.

To determine the drag force Fv in (5.11), air is assumed to be an

isotropic, homogeneous incompressible fluid. The motion of the air is described

by the continuity equation and the Navier-Stokes equations

∇ · v = 0, (5.15)

ρf
∂v

∂t
+ ρf (v · ∇)v −∇ · σ = F, (5.16)

for x in Ωdef (t) where ρf denotes the blood density, v = [u, v]T represents the

2D velocity vector, and F is the volume force acting on the fluid. The quantity

σ in equation (5.16) is the stress tensor given by

σ = −pI + η(∇v + (∇v)T ), (5.17)

where η is the air viscosity and p is the air pressure.

On the wall, the no-slip condition is applied. On the inflow boundary

Γin, the velocity is assumed to be constant, while on the outflow boundary Γout,

the stress-free condition is used:

v = v0 on Γin

σ · n = 0 on Γout.
(5.18)

Due to the movement of the coordinate system, the mesh velocity Ψ =

(Ψx, Ψy) is introduced in the deformed domain Ωdef . To guarantee a smoothly

varying distribution of the nodes, we assume that the nodes on ∂Ωq move with

the particle (no slip) and that each component of the mesh velocity in the silo is

governed by a Laplace equation:

∇2Ψ = 0, ∀x ∈ Ωdef . (5.19)

The above equation is to smooth gradient of the mesh velocity over the domain so

as to reduce mesh distortion. Once the mesh velocity components are determined,

we can determine the smoothed deformed mesh for the flow channel at each
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time instant by updating the coordinates of the nodes according to the following

formulae

x = X +

∫ t

0

Ψx dt, (5.20)

y = Y +

∫ t

0

Ψy dt, (5.21)

Another condition that needs to be specified is that the air, particles

and mesh move with the same velocity on the particle boundaries, i.e.,

Ψ = v = Vq on ∂Ωq. (5.22)

We now have the strong coupled problem for the air-particle flow in

the silo. These equations are solved to yield Vq in Ω and v, p,Ψ, in Ωdef .

5.3 Finite Element Formulations

The weak formulation of the air flow problem is to find (v, p,Ψ) ∈
� ≡ [H1(Ωdef )]

2 × H1(Ωdef ) × [H1(Ωdef )]
2 in the deformed mesh system at each

time instant such that all the Dirichlet boundary conditions are satisfied and

∀(v̂, p̂, Ψ̂) ∈ �0 ≡ {(v̂, p̂, Ψ̂) ∈ �| v̂ = 0 on ∂Ωdefv , p̂ = 0 on ∂Ωdefp , and Ψ̂ = 0

on ∂ΩdefΨ } , ∫
Ωdef

p̂ (∇ · v) dΩ = 0, (5.23)

∫
Ωdef

(
ρf v̂ · ∂

∂t
v + η∇v̂ : ∇v + ρf v̂ · (v · ∇)v

− p∇ · v̂
)

dΩ =

∫
∂Ωdef

v̂ · (σ · n) ds (5.24)

and ∫
Ωdef

∇Ψ̂ : ∇Ψ dΩ = 0, (5.25)

where Ωdefv , Ωdefp , and ΩdefΨ are the parts of boundary where the velocity, the

pressure, the magnetic potential and the mesh velocity are specified. It should

also be addressed that various surface integral terms, arising in the formulation,

vanish as the test functions involved in the terms are zero on the boundary.

Since the computations are conducted in the reference coordinates, Ω,

we need to transform equations (5.23) - (5.25) in the deformed coordinates to



Fac. of Grad. Studies, Mahidol Univ. Ph.D. (Mathematics) / 71

those equations in the reference coordinates. Through this and using (5.18)2, we

obtain ∫
Ω

p̂ (∇ · v) |J| dΩ = 0, (5.26)

∫
Ω

(
ρf v̂ · ∂

∂t
v + η∇v̂ : ∇v + ρf v̂ · (v · ∇)v

− p∇ · v̂
)
|J| dΩ = 0, (5.27)

and ∫
Ω

∇Ψ̂ : ∇Ψ |J| dΩ = 0, (5.28)

where the derivatives of the unknown functions Ψi (i = x, y) are determined by

the following expressions:

Ψi,x = Ψi,XIX,x + Ψi,Y IY x,

Ψi,y = Ψi,XIX,y + Ψi,Y IY y,
(5.29)

and for the test functions:

Ψ̂i,x = Ψ̂i,XIX,x + Ψ̂i,Y IY,x,

Ψ̂i,y = Ψ̂i,XIX,y + Ψ̂i,Y IY,y,
(5.30)

The derivatives of other unknown functions u, v and w are defined in the same

way as those of the Ψi functions.

5.4 Numerical Results and Discussion

To understand the air-particle flow in a silo, a 2D domain with nine

particles are used. The computation domain is a silo with height of 1.2 m and

width of 0.4 m. The particles are circular with diameter of 0.01 m. In room

temperature, the density and viscosity of air are respectively 1.184 kg/m3 and

1.965× 10−5Pa · s, and air flow into the silo with speed 0.1092 m/s from the top

to the bottom. All particles are assumed to be solid with the density of 1033

kg · m−3.

The Arbitrary Lagrangian Eulerian approach is used to handle the

dynamics of deforming geometry and the moving boundaries. New mesh coordi-

nates on the channel area are calculated based on the movement of the particles.

The Navier-Stokes equations are formulated in the moving coordinate system.
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Particle interactions, particle collisions are neglected and the volume force acting

on the air is set to zero. Via the simulations of the model we can describe the

flow pattern and pressure distribution in the particle-air system.

Figure 5.1 shows the 2D geometry of the silo and the finite element

mesh. The computation domain consists of 2970 elements with 1509 notes. Fig-

ure 5.2 shows the velocity distributions for the models with nine particles.

Figure 5.1: The 2D geometry of the silo and its finite element mesh
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Figure 5.3: Pressure distribution along the hopper wall

(a) t = 0 s (b) t = 1 s (c) t = 2.24 s

Figure 5.2: Velocity profiles of air at various instants of time

Figures 5.3 and 5.4 show pressure distribution along the hopper wall

and pressure distribution along the flow path in the silo, respectively. The results

show that the model can capture the behavior of air-particle flow in the silo.
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Figure 5.4: Pressure distribution along the flow path in the silo

5.5 Concluding Remarks

The finite element method has been used by many researchers for sim-

ulating the granular flow in the silo. However, most existing models do not take

into account of the interaction between air flow and particles. In the present

study, the finite element method based on the Arbitrary Lagrangian Eulerian

approach has been developed for modelling the air-particle flow in a vertical-

sided silo with conical hopper bottom. A numerical study has been undertaken

to study the flow pattern and pressure distributions along the flow direction.
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CHAPTER VI

CONCLUSIONS AND DISCUSSION

6.1 A Brief Summary

The project focuses on the development of mathematical models based

on the discrete element method and the finite element method for the study of

granular flow during filling of granular materials into the silo and discharging of

granular materials from the silo. The results and conclusions gained from this

study are summarized as follows:

(1) A two-dimensional discrete element model for simulating granular flows in

silos has been constructed. A numerical investigation of the static and

dynamic processes of granular flow during filling and discharging processes

has been carried out to study the effect of inlet flow rate and bottom angles

on wall pressure and flow patterns. The investigation shows that

(i) For the static process of granular filling in the silo, it can be concluded

that the higher inlet flow rate and bigger bottom angle gave higher

pressure on the base of the hopper wall. The influence of bottom

angle on the bottom wall pressure throughout the static process of

material filling into the silo has also been investigated. The investi-

gation showed that the pressure variation is large at the early stage

of the filling process and it then becomes smaller as the height of the

bulk material increases. It is noted that the bottom angle has signifi-

cant effect on the pressure distribution only on the base of the hopper.

The model with higher inlet flow rate and bigger bottom angle gave

higher pressure on the base of the hopper wall.

(ii) For the dynamic process of granular discharging from the silo. From

the results obtained, it can be concluded that the movement of particle



Wariam Chuayjan Conclusions and Discussion / 76

through a conical bottomed silo with a higher bottom angle is faster

and its interface is clearly v-shape in the varied mass-flow model. In

our simulation, the blockage of particles are found at the outlet. The

arch is formed over the hopper outlet of the silo having 15◦ bottom an-

gle and 0.004 m outlet width. The computed average normal pressures

for different bottom angle are compared. The comparison indicates

that bottom angle of the hopper wall is one of the important factors

dominating the pressure on the hopper wall. With the increase of the

wall angle from 30◦ to 60◦, the wall pressure decreases from 3.3 kN/m2

to 2.5 kN/m2.

(iii) Both models of the mass-flow silo and the constant mass-flow silo are

used to study the granular flow in the silo. It is found that both

models are capable of investigating the influence of the bottom angle

of the hopper wall on the pressure distribution. Results obtained from

both models are compared and it has been found that the average wall

pressure of the constant mass-flow silo is higher than the wall pressure

of the varied mass-flow silo.

(2) A finite element model based on the Arbitrary Lagrangian Eulerian ap-

proach has been developed to study the air-particle flow. The model with

nine particles is used in the simulation to study the flow pattern in the silo

and the pressure distributions along the hopper wall. The results show that

the model can capture the flow pattern of the air-particle flow in the silo.

(3) The silo configuration and the properties of the stored granular solid are

important factors for the pressure acting inside a silo during filling and

discharging processes. Mathematical modelling and numerical simulation

enable one to obtain a better understanding of the complex phenomenon of

the flow behavior of materials in silos. From the simulation results obtained

form the discrete element method and the finite element method, we can

conclude that these methods have a number of advantages over the exper-

imental method. In this dissertation, we focus on effects of the inlet flow
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rate and the bottom angle of the hopper wall on the pressure distribution.

The results demonstrate that the bottom angle of the hopper wall is one of

the important factors dominating the pressure on the hopper wall. Thus,

it is necessary to consider the bottom angle when we design a silo.

(4) This research provides information for improving the design of the silo and

increasing the quality and productivity of products. The research outcomes

also provide useful information for potential development of computer soft-

ware.

6.2 Future Research

In the present research, we concentrated on the development of math-

ematical models to study granular flow and air-particle flows in the silo during

filling and discharging process. In this work, 2-D simulations of granular flow

in the silo with 7,500 particles and air-particle flow in the silo with 9 particles

are presented. Further research work could be carried out to use large number

of multi-scale particles ( > 7,500 particles ) and many types of silos including

asymmetric conical, pyramid and cylindrical flat-bottomed slot in 3-D simulation.
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Folder: Granular flow during filling and discharging of a silo

Folder of granular flow during filling and discharging of a silo contains

2 subfolders ”Initial Process ” and ”Main Process”

(1) Initial Process

Source file: test init.c

Input file: input init.in

Source codes are in directory C:\granular\init process

To run the program, we use the following commands:

– C:\granular\init process\test init init input.in a.out This com-

mand gives ”DEsim2D.IC” which is used for generate an input file for

main simulation.

– C:\granular\init process\copy\ DEsim2D.IC main input.in

In a file named ”main input.in”, data information is changed as fol-

lows:

∗ line 2: start time = 0.0

∗ line 3: end time = 50.0

∗ lime 8: number of walls = 8

(2) Main Process

Source file: test.c

Input file: main input.in

Source codes are in directory C:\granular\main process

Java application is in the directory C:\granular\javamovie

To run the program, we use the following commands:

– C:\granular\main process\test main input.in a.out f.out

To see the results using Java program. We use the following command:

∗ C:\granular\javamovie\java -mx1000m Movie2D

..\main process\a.out 0 1000 0
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Input file

number of environment data: 10

start time: 0.0, end time: 50.0

number of samples per unit time: 5.0, simulation time step: 5.2711e-6

gravity in x-direction: 0.0, gravity in y-direction: -1.0361

movie bounding box: 0.0, movie bounding box: 45.0

movie bounding box: 0.0, movie bounding box: 505.0

Number of particle species: 2, Particle species[i].N: 3,500, 4,000

Number of wall species: 1, Wall species[i].N: 9

kn[i][j] nun[i][j] ks[i][j] μ[i][j]

Particle Species[i].dbar .ddev .rho

wall[i].L .m .I .periodicbndry

.x0 .y0 .theta .xdot .ydot .thetadot

Example of Input data

10

0.0 50.0

5.0 5.2711e-6

0.0 -1.0361

0.0 45.0

0.0 505.0

2 3500 4000

1 9

2.8322e+4 1.3048e+2 2.2570e+4 3.3000e-1

2.8322e+4 1.3048e+2 2.2570e+4 3.3000e-1

5.6645e+4 1.3962e+2 4.5314e+4 3.5000e-1
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2.8322e+4 1.3048e+2 2.2570e+4 3.3000e-1

2.8322e+4 1.3048e+2 2.2570e+4 3.3000e-1

5.6645e+4 1.3962e+2 4.5314e+4 3.5000e-1

5.6645e+4 1.3962e+2 4.5314e+4 3.5000e-1

5.6645e+4 1.3962e+2 4.5314e+4 3.5000e-1

5.6645e+4 1.3962e+2 4.5314e+4 3.5000e-1

6.0000e-1 1.0000e-1 1.0330e+0

7.5000e-1 1.0000e-1 1.0330e+0

40.0 0.0 0.0 -1

0.0 0.0 4.71238898 0.0 0.0 0.0

40.0 0.0 0.0 -1

0.0 700.0 4.71238898 0.0 0.0 0.0

600.0 0.0 0.0 -1

0.0 100.0 0.0 0.0 0.0 0.0

600.0 0.0 0.0 -1

40.0 100.0 0.0 0.0 0.0 0.0

100.0 0.0 0.0 -1

0.0 0.0 0.0 0.0 0.0 0.0

100.0 0.0 0.0 -1

40.0 0.0 0.0 0.0 0.0 0.0

22.6274 0.0 0.0 -1

16.0 100.0 0.785398 0.0 0.0 0.0

22.6274 0.0 0.0 -1

24.0 100.0 5.497787 0.0 0.0 0.0

8.0 0.0 0.0 -1

16.0 100.0 4.71238898 0.0 0.0 0.0
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MATLAB programs

Some MATLAB programs used for calculation the normal wall pressure

along the bottom wall of the silo.

(a) Matlab program is used to calculate the normal wall pressure along some

hopper wall segments in the process of filling process.

clear;

B=load(’f7.out’);

A7=B(1:1601,:);

%at time = 80 sections

t=A7(:,1) [m n]=size(A7);

L7=16.5644/10;

endsec7=16.5644;

nsec7=L7:L7:endsec7;

sec1=A7(:,2);

sec2=A7(:,3);

sec3=A7(:,4);

sec4=A7(:,5);

sec5=A7(:,6);

sec6=A7(:,7);

sec7=A7(:,8);

sec8=A7(:,9);

sec9=A7(:,10);

sec10=A7(:,11);

aveps1=sum(sec1)/m;

aveps2=sum(sec2)/m;

aveps3=sum(sec3)/m;

aveps4=sum(sec4)/m;

aveps5=sum(sec5)/m;
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aveps6=sum(sec6)/m;

aveps7=sum(sec7)/m;

aveps8=sum(sec8)/m;

aveps9=sum(sec9)/m;

aveps10=sum(sec10)/m;

% converse length each section centimeter to meter

Lsec7=1.65644/100;

avef7=[aveps1 aveps2 aveps3 aveps4 aveps5 aveps6 aveps7 aveps8 aveps9

aveps10]/Lsec7 ;

C= load(’f9.out’);

A9 = C(1:1601,:);

t=A9(:,1) [p q]=size(A9) L9=8/10;

endsec9=8;

nsec9=L9:L9:endsec9;

sec1=A9(:,2);

sec2=A9(:,3);

sec3=A9(:,4);

sec4=A9(:,5);

sec5=A9(:,6);

sec6=A9(:,7);

sec7=A9(:,8);

sec8=A9(:,9);

sec9=A9(:,10);

sec10=A9(:,11);

aveps1=sum(sec1)/p;

aveps2=sum(sec2)/p;

aveps3=sum(sec3)/p;

aveps4=sum(sec4)/p;
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aveps5=sum(sec5)/p;

aveps6=sum(sec6)/p;

aveps7=sum(sec7)/p;

aveps8=sum(sec8)/p;

aveps9=sum(sec9)/p;

aveps10=sum(sec10)/p;

Lsec9= 0.8/100;

avef9=[aveps1 aveps2 aveps3 aveps4 aveps5 aveps6 aveps7 aveps8 aveps9

aveps10]/Lsec9;

D= load(’f8.out’);

A8 = D(1:1601,:);

t=A8(:,1) [s t]=size(A8) L8=16.5644/10;

endsec8=16.5644;

nsec8=L8:L8:endsec8;

sec1=A8(:,2); sec2=A8(:,3);

sec3=A8(:,4); sec4=A8(:,5);

sec5=A8(:,6); sec6=A8(:,7);

sec7=A8(:,8); sec8=A8(:,9);

sec9=A8(:,10); sec10=A8(:,11);

aveps1=sum(sec1)/s;

aveps2=sum(sec2)/s;

aveps3=sum(sec3)/s;

aveps4=sum(sec4)/s;

aveps5=sum(sec5)/s;

aveps6=sum(sec6)/s;

aveps7=sum(sec7)/s;

aveps8=sum(sec8)/s;

aveps9=sum(sec9)/s;
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aveps10=sum(sec10)/s;

Lsec8= 1.65644/100;

avef8=[aveps10 aveps9 aveps8 aveps7 aveps6 aveps5 aveps4 aveps3 aveps2

aveps1]/Lsec8;

newsec1=nsec7;

newsec2=(16.5644+0.8):0.8:(16.5644+8);

newsec3=(16.5644+8+1.65644):1.65644:16.5644+8+16.5644;

distance=[newsec1 newsec2 newsec3]/41.1288;

pressure=[avef7,avef9,avef8];

hold on

set(0,’DefaultAxesColorOrder’,[0 0 0],’DefaultAxesFontSize’,20);

plot(distance, pressure,’-’,’MarkerSize’,5,’LineWidth’,2.5);

xlabel(’Normalized distance from point A to point D (m)’); ylabel(’ Average

normal wall pressure (kN /m)’);

(b) Matlab program is used to calculate the normal wall pressure along some

hopper wall segments in the process of discharging process.

clear;

B=load(’f7.out’);

A7=B(1:8:2001,:);

t=B(1:8:2001,1) [m n]=size(A7);

Lsec7=1.96299/100;

sec1=A7(:,2)/Lsec7;

sec2=A7(:,3)/Lsec7;

sec3=A7(:,4)/Lsec7;

sec4=A7(:,5)/Lsec7;

sec5=A7(:,6)/Lsec7;
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sec6=A7(:,7)/Lsec7;

sec7=A7(:,8)/Lsec7;

sec8=A7(:,9)/Lsec7;

sec9=A7(:,10)/Lsec7;

sec10=A7(:,11)/Lsec7;

figure

set(0,’DefaultAxesColorOrder’,[0 0 0],’DefaultAxesFontSize’,18);

subplot(511);

plot(t,sec1,’-’,’MarkerSize’,5,’LineWidth’,2);

axis([0 100 0 12000]);

set(gca,’ytick’,0:1000:12000);

set(gca,’XTick’,0:10:100);

set(gca,’XTickLabel’,’ ’,’ ’,’ ’,’ ’,’ ’,’ ’,’ ’,’ ’,’ ’,’ ’);

set(gca,’YTickLabel’,’0’,’ ’,’ ’,’ ’,’4’,’ ’,’ ’,’ ’,’8’,’ ’,’ ’,’ ’, ’12’);

subplot(512);

plot(t,sec3,’-’,’MarkerSize’,5,’LineWidth’,2);

axis([0 100 0 12000]);

set(gca,’ytick’,0:1000:12000);

set(gca,’XTick’,0:10:100);

set(gca,’XTickLabel’,’ ’,’ ’,’ ’,’ ’,’ ’,’ ’,’ ’,’ ’,’ ’,’ ’);

set(gca,’YTickLabel’,’0’,’ ’,’ ’,’ ’,’4’,’ ’,’ ’,’ ’,’8’,’ ’,’ ’,’ ’, ’12’);

subplot(513);

plot(t,sec5,’-’,’MarkerSize’,5,’LineWidth’,2);

axis([0 100 0 12000]);

set(gca,’ytick’,0:1000:12000);

set(gca,’XTick’,0:10:100);
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set(gca,’XTickLabel’,’ ’,’ ’,’ ’,’ ’,’ ’,’ ’,’ ’,’ ’,’ ’,’ ’);

set(gca,’YTickLabel’,’0’,’ ’,’ ’,’ ’,’4’,’ ’,’ ’,’ ’,’8’,’ ’,’ ’,’ ’, ’12’);

ylabel(’Normal wall pressure, Pn(kN /m)’,’Fontsize’,20);

subplot(514);

plot(t,sec7,’-’,’MarkerSize’,5,’LineWidth’,2);

axis([0 100 0 12000]);

set(gca,’ytick’,0:1000:12000);

set(gca,’XTick’,0:10:100);

set(gca,’XTickLabel’,’ ’,’ ’,’ ’,’ ’,’ ’,’ ’,’ ’,’ ’,’ ’,’ ’);

set(gca,’YTickLabel’,’0’,’ ’,’ ’,’ ’,’4’,’ ’,’ ’,’ ’,’8’,’ ’,’ ’,’ ’, ’12’);

subplot(515);

plot(t,sec9,’-’,’MarkerSize’,5,’LineWidth’,2);

axis([0 100 0 12000]);

set(gca,’ytick’,0:1000:12000);

set(gca,’XTick’,0:10:100);

set(gca,’XTickLabel’,’0 ’,’10 ’,’20 ’,’30 ’,’40 ’,’50 ’,’60 ’,’70 ’,’80 ’,’90’,’100’);

set(gca,’YTickLabel’,’0’,’ ’,’ ’,’ ’,’4’,’ ’,’ ’,’ ’,’8’,’ ’,’ ’,’ ’, ’12’);

xlabel(’Time (s)’,’Fontsize’,20);

(c) Matlab program is used to calculate an average normal wall pressure along

the bottom wall in the first 100 s of discharging process to investigate effect

of two different mass-flow silos: varied mass-flow and constant mass-flow

silo.

clear;

B=load(’f7-30con.out’);

A30con=B(1:2001,:);

t=B(1:2001,1);

[m n]=size(A30con);
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L30con=19.6299/10;

endsec30con=19.6299;

nsec30con=L30con:L30con:endsec30con;

sec1=A30con(:,2);

sec2=A30con(:,3);

sec3=A30con(:,4);

sec4=A30con(:,5);

sec5=A30con(:,6);

sec6=A30con(:,7);

sec7=A30con(:,8);

sec8=A30con(:,9);

sec9=A30con(:,10);

sec10=A30con(:,11);

aveps1=sum(sec1)/m;

aveps2=sum(sec2)/m;

aveps3=sum(sec3)/m;

aveps4=sum(sec4)/m;

aveps5=sum(sec5)/m;

aveps6=sum(sec6)/m;

aveps7=sum(sec7)/m;

aveps8=sum(sec8)/m;

aveps9=sum(sec9)/m;

aveps10=sum(sec10)/m;

% converse length each section centimeter to meter

Lsec30con =1.96299/100;

averf30con=[aveps1 aveps2 aveps3 aveps4 aveps5 aveps6 aveps7 aveps8 aveps9

aveps10]/Lsec30con;
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normaldis30con=nsec30con/19.6299;

C=load(’f7-30varied.out’);

A30var=C(1:2001,:);

t=C(1:2001,1) [m n]=size(A30var);

L30var=19.6299/10;

endsec30var=19.6299;

nsec30var=L30var:L30var:endsec30var;

sec1=A30var(:,2);

sec2=A30var(:,3);

sec3=A30var(:,4);

sec4=A30var(:,5);

sec5=A30var(:,6);

sec6=A30var(:,7);

sec7=A30var(:,8);

sec8=A30var(:,9);

sec9=A30var(:,10);

sec10=A30var(:,11);

aveps1=sum(sec1)/m;

aveps2=sum(sec2)/m;

aveps3=sum(sec3)/m;

aveps4=sum(sec4)/m;

aveps5=sum(sec5)/m;

aveps6=sum(sec6)/m;

aveps7=sum(sec7)/m;

aveps8=sum(sec8)/m;

aveps9=sum(sec9)/m;

aveps10=sum(sec10)/m;

Lsec30var =1.96299/100;
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averf30var=[aveps1 aveps2 aveps3 aveps4 aveps5 aveps6 aveps7 aveps8 aveps9

aveps10]/Lsec30var ;

normaldis30var=nsec30var/19.6299;

[xs30con ys30con]=Poly Fit(averf30con,normaldis30con);

[xs30var ys30var]=Poly Fit(averf30var,normaldis30var);

set(0,’DefaultAxesColorOrder’,[0 0 0],’DefaultAxesFontSize’,20);

hold on

plot(xs30con,ys30con,’-’,’MarkerSize’,5,’LineWidth’,3);

plot(xs30var,ys30var,’–’,’MarkerSize’,5,’LineWidth’,2.5);

h = legend(’a constant mass-flow silo’,’a varied mass-flow silo’,2);

set(h,’Interpreter’,’none’) h = legend(’a constant mass-flow silo’,’a varied

mass-flow silo’,2);

xlabel(’Average normal wall pressure (kN /m) ’);

ylabel(’Normalized distance from point C to point D (m)’);

plot(averf30con,normaldis30con,’o’,’MarkerSize’,5,’LineWidth’,2)

plot(averf30var,normaldis30var,′
′
,’MarkerSize’,5,’LineWidth’,2)

% Poly Fit.m

function [xs ys]=Poly Fit(x,y) n=input(’Enter a degree of polynomial:’);

k=polyfit(x,y,n);

for j=1:n+1

fprintf(’The coefficient k( %1.0f)= %10.5f\n’,j,k(j)) end

x incr=(max(x)-min(x))/100; xs=min(x):x incr:max(x);

ys=polyval(k,xs);
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