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Abstract

We discuss holographic superconductors in an arbitrary dimension whose dual black
holes have a scalar hair of mass near the Breitenlohner-Freedman bound. We concentrate
on low temperatures in the probe limit. We show analytically that when the bound is

saturated, the condensate diverges at low temperatures as |InT|5, where ¢ depends on the

dimension. This mild divergence was missed in earlier numerical studies. We calculate the
conductivity analytically and show that at low temperatures, all poles move toward the real
axis. We obtain an increasingly large number of poles which approach the zeroes of the Airy
function in 2+1 dimensions and of the Gamma function in 3+1 dimensions. Our analytic

results are in good agreement with numerical results whenever the latter are available.

The quasinormal modes(gnm) of the scalar field interacting with the Maxwell field in
the 3+1 dimensional anti de Sitter(AdS) Reissener-Nordstrom(RN) space-time are analytically
calculated for the zero order perturbation. To simplify the problem we study for the case of
the sectional curvature k=0. Our result for zero and small perturbative charge case is

consistent with the numerical result.

We study the Kaluza-Klein black holes, with squashed horizons. The system is
perturbed by a massless scalar field. We analytically calculate the solution to the wave
equation, which are called the quasinormal modes. We use approximation technique for the
non-rotating case, where the frequencies to solution are a set of discrete complex number.
Our analytical result is very well in agreement with the numerical work. Both results imply

the existence of the stable ground state and the few lower excited states.



Acknowledgments (AnAn3suusznae)

This research work could not have been done without the kindness help and advice
from my advisor, Professor George Siopsis, at the department of Physics and Astronomy, the
University of Tennessee, Knoxville, Tennessee. I’'m deeply grateful for his kindness and
helpfulness. I’'m also appreciated all the help and suggestion from Profess Suthat Yoksan at

department of Physics in Srinakharinwirot University, in Bangkok.

| would like to thank Office of the Commission for Higher Education and Thailand
Research Fund (TRF) for the research fund granted to me. | also would like to thank the

department of Physics, Srinakharinwirot University for supporting my work with the time,

office space, etc.



GREMILY

]
|

NRIIWIFYAIALN el

1. Holographic Superconductors near the Bretenlohner-Freedman Boun,
George Siopsis, Jason Therrien and Suphot Musiri, , Classical and Quantum Gravity
29, 1, 2072 et e ettt ene e areeaea 1

2. Quasinormal Modes of Flat AdS Reissener—Norstrom Black Holes with the Maxwell
Field Background in 3+1 Dimensions, Ortira Chapkeaw and Suphot Musiri, Siam
Physics Congress 20111

3. Analytical Calculation of Quasinormal Modes for the Non-rotating Kaluza-Klein
Black Hole with Squashed Horizons, Supakchai Ponglertsakul and Suphot Musiri,

37" Congress on Science and Technology of Thailand 2011...........coeieennenn. 25



v @

NaITWIVY(Manuscript) S1AUN 1 LAaIRRUNNELNTANULENENTITURAIT
Holographic Superconductors near the Bretenlohner-Freedman Boun,

George Siopsis, Jason Therrien and Suphot Musiri, Classical and Quantum Gravity 29, 085007,

2012



[OP PUBLISHING CLASSICAL AND QUANTUM GRAVITY

Class. Quantum Grav. 29 (2012) 085007 (18pp) doi:10.1088/0264-9381/29/8/085007

Holographic superconductors near the
Breitenlohner-Freedman bound

George Siopssi:;I , Jason Therrien' and Suphot Musiri’

! Department of Physics and Astronomy, The University of Tennessee, Knoxville,
TN 37996 - 1200, USA
2 Department of Physics, Srinakharinwirot University, Bangkok 10110, Thailand

E-mail: siopsis@tennessee.edu, jtherrie@utk.edu and suphot@swu.ac.th

Received 23 November 2011, in final form 24 November 2011
Published 26 March 2012
Online at stacks.iop.org/CQG/29/085007

Abstract

We discuss holographic superconductors in an arbitrary dimension whose dual
black holes have a scalar hair of mass near the Breitenlohner—Freedman bound.
We concentrate on low temperatures in the probe limit. We show analytically
that when the bound is saturated, the condensate diverges at low temperatures as
|InT|%, where § depends on the dimension. This mild divergence was missed
in earlier numerical studies. We calculate the conductivity analytically and
show that at low temperatures, all poles move toward the real axis. We obtain
an increasingly large number of poles which approach the zeroes of the Airy
function in 2+1 dimensions and of the Gamma function in 3+1 dimensions.
Our analytic results are in good agreement with numerical results whenever the
latter are available.

PACS numbers: 11.15.Ex, 11.25.Tq, 74.20.—z

(Some figures may appear in colour only in the online journal)

1. Introduction

Using the AdS/CFT correspondence [1]. it has been shown that if an Abelian symmetry
has been broken outside of a black hole in AdS space, then a scalar hair can be formed
creating a holographic superconductor in the dual CFT [2-5]. In the last few years, it has
been observed that these systems exhibit several characteristics seen in real world’s strongly
coupled superconductors and seem very promising. The AdS/CFT correspondence has also
been applied to other areas of condensed matter physics [6-9]; some reviews are [10-12].
Studying the conductivity of holographic superconductors, Horowitz and Roberts [4, 13]
noted that at the Breitenlohner—Freedman (BF) bound of the scalar hair of the dual black hole,
quasinormal modes appeared to move toward the real axis at low temperatures. Once the back
reaction to the metric was included, they showed that the quasinormal modes never became

0264-9381/12/085007+18533.00 © 2012 TIOP Publishing Ltd  Printed in the UK & the USA 1
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normal. Their number was determined by the height of an effective potential associated with
the wave equation of an electromagnetic perturbation. The study was done numerically which
limited the ability to go to very low temperatures.

Using the analytic tools developed recently in [14], we explore the low temperature regime
of holographic superconductors near the BF bound. We find that in the probe limit, when the
BF bound is saturated, the condensate diverges at low temperatures as | In7'|®, where § is a
constant that we compute and depends on the dimension of spacetime. This is a very mild
divergence which explains why it was not detected in earlier numerical studies [4]. It signals
the breakdown of the probe limit at very low temperatures, and by including corrections to
the probe limit we determine when this occurs. When back reaction to the metric is included,
the effective potential associated with the electromagnetic perturbation that determines the
conductivity has a finite height. This results in a finite number of quasinormal modes. As one
approaches the probe limit, the height of the potential increases with an attendant increase
in the number of modes. The latter approaches the real axis as the temperature is lowered at

freaguencies that we comnute analvtic: l”\.’ In 2+1 (3+1) dimensions thp\f are ojven in terms

;;\. Nnceies hat we com pust anaryuan LiaaaaTaaSalaaSs Syl s U

the zeroes of the Airy (Gamma) ’[unctlon.

We emphasize that, even though we probe the low temperature regime, we do not have
access to the zero LEIHPEF&LU]C state. This is because for a Ui‘v&ﬁ Cu..‘li"‘e of the scalar field, there
is a lower bound on the temperature (for scaling dimensions A < 5 4) below which the probe
approximation breaks down. Thus, even though it is often possible to take a ‘zero temperature’
limit of our expressions, the limit itself is unphysical. It is, however, useful for computational
purposes, as physical low-temperature systems are close to it, as we shall show.

Our paper is organized as follows. In section 2, we review the field equations. In
section 3, we calculate the critical temperature. In section 4, we discuss the low temperature
regime in the probe limit. We also discuss the validity of the probe limit, and find where it
breaks down for a given value of the charge g. In section 5, we calculate the conductivity at
the BF bound at low temperatures. Finally, section 6 contains our concluding remarks.

2. The field equations

We are interested in the dynamics of a scalar field of mass m and electric charge ¢ coupled
to a U(1) vector potential in the background of a (d 4+ 1)-dimensional AdS black hole. The
R+dd-1/* 1

action is
d v . 2 22
S:/d“‘/—g[ G _ZF#"F# — (0 — 1gA,)Y|” — m~ || :| (1)
where F' = dA. We shall adopt units in which / = 1.
To find a solution of the field equations, consider the metric ansaiz

42 1 [ d~3] 2)
§ = —
z? 1@

where ¥ € R~ represents an AdS black hole of planar horizon. The AdS boundary is at
2 = 0. We shall choose units so that the horizon is at z = 1, therefore we require f(1) = 0.
This is possible because of scaling symmetries of the system and can be done without loss
of generality as long as one is careful to only consider physical quantities which are scale
invariant.

The Hawking temperature is

T — _f;;l) e x(D/2 (3)
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Assuming that the scalar field is a real function W(z) and the potential is an electrostatic scalar
potential, A = ®(z)dt, the field equations are [3]

Ty d—1 2PreX .

fooz oz f
"d-=3 247w
d“[)(?_ - ]q’" Lo =0 @
d—1 ke &
. ! o r& = X .
7 X o3 72 et =10
Iw,g n iq;’:ex d=1f N did—1)f—1 m*¥> Fuides _

2 4 2z 2 7 272 2f

where the prime denotes differentiation with respect to z, to be solved in the interval (0, 1),
where 7 = 1 is the horizon and z = 0 is the boundary.

We are interested in solving the system of nonlinear equations (4) in the limit of large ¢
(the probe limit). To this end, we shall expand the fields as a series in 1/q as follows:

] 1
‘P:[QJO-}-‘P],'f‘“']

q q-

| 1
¢'=|:(I)0+¢|,+“‘:|

q q-

.

f=lht+ths+-
7
I

X=Xo+x1—+-- )
q-

and consider the zeroth-order system (¢ — 00) first and then discuss the addition of first-order
(O(1/g”)) corrections in order to obtain a physically sensible system.
Near the boundary (7 — 0), we have f — [, x — 0 and so approximately

W pBAs by — pd? (6)

{ 12
/_\.izéﬂ:‘/(z—i-nﬂ. (7)

While a linear combination of asymptotics is allowed by the field equations, it turns out that
any such combination is unstable [17]. However, if the horizon has negative curvature, such
linear combinations lead to stable configurations in certain cases [18].

Thus, the system is labeled uniquely by the dimension A = A,. The mass of the scalar
field is bounded from below by the BF bound [16], m: > —dT', and there appears to be a
quantum phase transition at m® = 0. There is also a unitarity bound that requires A > 952,

Demanding at the horizon i

(1) =0, (8)

where

(gauge choice ensuring that A = ®dr is regular at the horizon [2]), p is interpreted as the
chemical potential of the dual theory on the boundary. p is the charge density on the boundary,
and the leading coefficient in the expansion of the scalar yields vacuum expectation values of
operators of dimension A+ is

(On,) = V20, (9)
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The field equations admit non-vanishing solutions for the scalar below a critical temperature
T, where these operators condense. In view of (6) and (9), it is convenient to define

V(z) = }—217‘“:’“1”(:), b= (qO)'/A (10)
q

with F(0) = 1.

Above the critical temperature, W = 0 and the field equations are solved by the AdS Reissner—
Nordstrom black hole with a flat horizon,

P \ (. (d—Z)pz\ d . (([_2):03 2d—1) o n . L d-2.
J(:):l_kl+T}: +T: oo X)) =0 @) =pl =0T 7)),
(1)
whose Hawking temperature (3) is
P g0 A2 29
d (d—2)"p-
T_EL]_—A.(! (12)

Right at the critical temperature, W obeys the scalar field equation (4) in the Reissner—
Nordstrom background (11) with p = p.. Thus F' (equation (10)) at T = T, obeys the field
equation

"O2A+1—d 1 — A1 — f 5 5 (1=27472)2
F”+|:J}++_ {:|F’+|:A(( )(_szHf +q'p§7( 7 ):|F=0.

(13)

For a given ¢, p. is an eigenvalue which is determined by solving this equation for F subject
to the boundary condition at the AdS boundary F(0) = 1. We also demand that at the horizon
F' (1) be finite, and that there be no contribution of the other solution (behaving as F (z) ~ 74-24
as 7 — 0). The latter condition implies that F" has a Taylor expansion around 7 = 0 with the
properties F(0) = 1, F'(0) = 0 (as can be easily deduced from (13)).

To solve equation (13) for large ¢ (the probe limit), use expansion (3) to write

1 1 1
q q q-

Then at zeroth order (the ¢ — oo limit), background (11) turns into an AdS Schwarzschild
black hole, so

fo)=1-2 x0=0; (15)
and we obtain the field equation at the critical temperature:
, 1 d 72 , (1= ’)’

. 2 . . .
The eigenvalue p;. minimizes the expression

[y dz2A (1 = 2)F )1 + A2 Ry (2) P b

0. 17
" Jo dz 28t USE28 By (o) 2 o

We can estimate the eigenvalue by substituting the trial function
Fo=F@)=1-a" (18)

which obeys the boundary conditions F, (0) = 1, F,(0) = 0 and F, (1) is finite.
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Figure 1. The critical temperature 7, versus the scaling dimension A for d = 3 (left panel) and
d = 4 (right panel). Data points represent exact values; the solid line is obtained by minimizing
(17) with the trial function (18).

For A = g and d = 3. 4, we obtain, respectively,
pa. ~6.3, 42, T, 0.15./gp, 0.2(gp)'" (19)

in very good agreement with the exact T, = 0.15,/gp. 0.25(gp)"/>. In figure 1, we extend
the comparison to the entire range of the scaling dimension A for d = 3, 4 demonstrating the
accuracy of estimate (17) with the trial function (18) for the critical temperature.

4. Low temperatures

Next, we consider the low temperature regime. Because we are working in units in which the
radius of the horizon is fixed (7 = 1), even at low temperatures, T is bounded. Therefore. p
becomes large. Also. the condensate diverges in these units for the same reason, and so does b
(equation (10)). We are interested in calculating scale-invariant quantities, such as the energy
gap

5 (qO)!/4 . 20)

o T pé/(d_“

We shall consider the probe limit (g — ©0), and then discuss how first-order corrections (in a
1 /g expansion) can be added to obtain a physically meaningful system.

In the probe limit, as we lower the temperature, Fy(z) (equation (14)) does not have a
smooth limit as b — oo for A = AL > <. In this case, care should be exercised in taking this
limit which corresponds to the zero temperature limit (the ground state) of the system.

We shall concentrate on the case A = A_ < % in which Fy(z) has a smooth limit as
b — 00; however, the limit system does not correspond to the zero temperature limit and is
not physical. This is because the probe approximation breaks down as b — 00. As we shall
show, the probe expansion is valid for b < ¢'/2 (equation (51)). So for a given charge ¢ > 1.
we define the low temperature regime by

I Sb< g™ (21)

We need to solve the system of zeroth-order equations,

1 d A2 1 5
—6’+7[1_7d_1_2A}F6+1_,-dF°_ ; ®ofo =0
d =73 bEAZZ(A—l) .

df — D)) — " Fidy =0. (22)

<
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Let us first discuss the b — oo limit. Although it is unphysical. it is well defined and will be
useful for our analytic calculations.

It is evident from the field equation for @y (and can be easily confirmed numerically for
arbitrary regular functions Fy(z)) that &y — 0 for z 2 1/b (with b >> 1). Then for 7 = 1/b,
we obtain
ar (22 101 — -d\ (23)
R d’ ) Y
which is regular at the horizon. As b — o¢, lhl% becomes valid in the entire interval becatuse
1/b — 0. We deduce the b — 00 function

PO()=7F(]__F/A A‘e}—vd\ (24)
ra—22)"\a a’ )
where we used Fy(0) = | and standard hyper0e01netric identities. However, this does not

e s P o - IR e e B PREGE L.y

lC})lC‘\Clll lllC Ll"l'llll;ll sta date Ul a Plly\ll.d.l ‘J_y'\lClll UCL-J.LI\C dd U — OO0, lllC CONnaition IUI a
physical system (21) is violated. Nevertheless, expression (24) is useful for computational
purposes.

Next, we wish to soive the equations in the iow temperature regime (21). To this end, we
shall use iteration as follows:

-2 2

A2z

1" | d L= A 2
A VN 1 (n+1)’ (n+1) f (n+1)72 (m)

Fy +-[l—., I QA]F "‘l_:dFo _(l_zd)'l[q)() IR
&Dé"ﬂw _d- - %CBMHV 41)_ 74? 1)[Fhr)] cb(n+1) 0, (25)
starting with | |

R =1 o’ =0 (26)
We defined
®o(z) = ndo(z), Po(0) =1, (27)

where ¢ is the chemical potential.

At the nth step, we obtain the electrostatic potential &%""H) from the second equation in
(25) and subsequently the scalar field FO("H) from the first equation in (25). To solve the latter,
note that there are three boundary conditions, two at z = 0 (F“("*“(O) = 1 and absence of
the unwanted alternate behavior FO("‘L” ~ z4=28) "and one at the horizon, z = 1 (finiteness of
FO("H)). They are needed to determine the solution as well as the eigenvalue ;. Using the two
boundary conditions at 7 = 0, we obtain the solution in terms of the chemical potential:

- -,,

Fo(n+l)(:)=fl(:) |:1 +Hz\[~ ( )MA+1 d}—( )[®(n+])( )] F(n)( ):|
0

l_(-,f)d
2 < d"l
~Fr(2)u* f =@ O RO PR @) (28)
) 1—
where
Fa=F(2 8,28 Bo= (1o h,
BI="\a a a ) T A 0A A4 4 )
(29)

The third boundary condition, regularity at z = 1, then fixes the chemical potential .
For n = 0, we obtain the electrostatic potential

bﬁ
- 2 d-2 bz)2 K (% hz)A —
0t [ (020) K ) ] _as

Fmza)yy A I, (%) A 2A
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where we imposed the boundary condition (8). Note that the second Bessel function has an
exponentially small coefficient, O(~ e 2%/2) ‘and can be neglected at low temperatures.
The charge density is found by using (6) and (14) to be

£0 &
=— . (3D
M2 QM)
For the scalar field we obtain equation (28) with n = 0:
FO@=FRG| 1+ [ @ m @l F]
o i R T A
2 [¢ 47 P2A+1—d rIr A a2
~ B | ——() Fir@[d @] (32)
Jo 1 —(2)°
satistying the correct boundary conditions at 7 = 0. At the horizon (z = 1), we have a
logarithmic singularity which is found using
24 2A
Ao~y moa— PO (33)
r:(%4) - (d—2MT2(1— %)
Near the horizon, we deduce
[ TCP) re-=7) ]
V@)~ — | A5+ ) — i [In(l = 2), (34)
0 r(4) (d—2M)r2(1-4)
where
| dz ) = ”
aj =f — M RE[e @] i=1.2 (35)
o 1—2
Demanding regularity at the horizon, we need
F(ETA) 2 F( — ETA) 2
o+ praz) = = w-a, =0, (36)
(%) (d—20)T%(1-5%)
which fixes the chemical potential g,
! rE2-3)r'(
- = A = R a) —Aadp, (37)
Iz (=285 {1 —+4]
as advertised.
Explicitly,
I (d=2)r(—v) I VAATTIT (D) () (L) N 38)
ay = e, ) = T : SRR &
LT R QAT (v) CTR @ 2arewr (L)
Evidently, for A < %. a, & a; for b < 1: therefore,
: | d —=2M)2A)>T(C(22)r2 (1 -2
H_ ~ CbzA{»_fd. — ( )( ) ( ) ( d ) ( d) (39)

(d -2 (1 —v)l(2—2)r2(4)

[tis easily seen (using standard hypergeometric identities) that the low temperature expression
(32) reduces to (24) as b — o0 in the entire interval [0, 1]. However, as we have already
pointed out, the latter is unphysical. By taking this limit, we do not gain access to a zero
temperature system (the ground state). Nevertheless, it is useful computationally.

Before we consider the next iterative order, we note that at finite temperature, the first-
order expression (32) is in excellent agreement with numerical results even at T /7. ~ 0.1,
which is the lowest temperature at which a numerical solution is available. This is shown in
figures 2 and 3 in which the corresponding curves are almost indistinguishable, implying that
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Figure 2. The field F (equation (10)) for A = 1.2 (left panel), 1.4 (middle panel), 1.5 (right panel)
and d = 3. Solid curves are the first-order analytic expression (32) and dashed curves are exact
numerical results (almost indistinguishable) at T/T,. = 0.1.
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Figure 3. The field F (equation (10)) for A = 1.6 (left panel), 1.8 (middle panel), 2 (right panel)
and d = 4. Solid curves are the first-order analytic expression (32) and dashed curves are exact
numerical results (almost indistinguishable) at T /T, = 0.2.

the next iterative order introduces negligible corrections to the first-order expression (32) for
temperatures 7/T. < 0.1.

We can repeat the above steps for the next iterative order to calculate Fo(z’ and Ci>f)2). The
resulting functions are very close to the their first-order counterparts, showing that the iteration
converges rather rapidly. In fact, the second-order quantities are subleading in 1/b. This is
the case for all values of the scaling dimension A < <. In figure 4. we show the difference
between first and second iterative order ford = 3. A = 1.4 (all other values of A are similar).

(2)

The error, 1 — % is less than 5% in the entire interval [0, 1]. As the temperature decreases

from T/T, ~ 0.1 to T/T. ~ 0.01, the error decreases to less than 0.01. To demonstrate that
the error is subleading in 1/b, in figure 5 we plot it at the mid-point (z = 1) as well as the
horizon (z = 1) (at 7 = 0 the error vanishes by design). Evidently, it is of order 1/b, showing
that the second iterative order introduces subleading corrections at low temperature.

For the charge density, we deduce from (31)

Po ~ prta-l, (40)
Using
(@om' - T -k
——— ~bp, ", =~ p, 41
T. 2Py T. Py (41)

we finally obtain for the energy gap

1/A ~ Tt
g, = 927" _ (T) ‘ (42)

g
I, I,
showing that the condensate diverges at low temperatures (to be precise, in the regime (21)).
The exponent depends on the dimensions of the operator and spacetime. The expression for
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Figure 4. The second-order correction to the scalar field F ford = 3, A = 14 at b = 20

(T/T. ~ 0.1) (solid line) and b = 200 (T /T, ~ 0.01) (dashed line).
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Figure 5. The second-order correction to the scalar field F for d = 3, A = 1.4 as a function
of temperature at the mid-point, z = % (left panel) and the horizon, z = 1, (right panel). The
horizontal axis corresponds to the temperature range 0.01 < % < 0.1 with T decreasing to the
right.

the exponent in (42) corrects an earlier analytic result [14]. The constant of proportionality y
can be found analytically. It is plotted in figure 6 versus A. As A approaches the BF bound.
y — 0, showing that the power law behavior changes, as we discuss next.

Indeed, at the end point (BF bound), A = %, we need to exercise care. Letting A = % —e€,
we obtain from (37) and (38), )

I (d—=2)r(3) I I
S = 2 da e 7+ ’ (43)
L d*-Dr(1 — ) 2eb-—=¢  2eb-
and taking the limit € — 0, we deduce at the BF bound
2 A2 -Dr(1 =2
& ( d) (44)

B (d =2 (2)Inb+ fa+ o)

where Sy is a constant that depends on the dimension and is easily computed (e.g., for d = 3.



Class. Quantum Grav. 29 (2012) 085007 G Siopsis et al

0.5

0.4

0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

Figure 6. The parameter y in the low temperature expression (42) for the condensate versus A.
Curve on left (right) is ford = 3 (d = 4).

Higher order corrections are computed as before by considering the next iterative order.
This introduces corrections that are subleading as b — 00. Already at T/T. ~ 0.1, our first-
order analytic results are almost indistinguishable from numerical results (see right panels
of figures 2 and 3), the discrepancy being ~ 1%. Below that temperature, numerical results
are not available. Nevertheless the error can be estimated by calculating the correction at the
second iterative order, as before. One finds that the error tends to zero as b — 00 in the entire
interval [0, 1].

For the charge density. we have

po ~ b an by, (45)

Therefore, the energy gap behaves as

O)/A T.\ 70
E, = % ~ (Inb)TaT ~ (]n T) : (46)

showing that the condensate diverges at the BF bound, albeit very mildly. This mild divergence
was missed in earlier numerical studies [4].

The BF bound can also be approached from above. However, the calculation becomes
considerably more involved, because for A > d/2, as T — 0, we have Fy &~ 1 near the
boundary (z = 0), but asymptotically (z > 1/b), Fy ~ z97**, which does not have a smooth
limit as T — 0. Therefore, we cannot apply perturbation theory and a different approach is
called for [14]. For example, one can approximate Fy by

1, 1<«
Fo(z) = /2\42A (47)
Y™ o
o
and find « by a variational method. We shall not dwell on this further here.

Having understood the probe limit, we now turn to the first-order corrections in a 1/¢°
expansion. For A < d/2, it is necessary to include these corrections in order to obtain a
physical system at low temperatures, because in the ¢ — oo limit the condensate diverges as
T — 0 (equations (42) and (46)).
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At first order, we obtain for the functions determining the metric

. (b-:)ZA b 9 :2 (2) 9 . ) 2 :.4 2

ofl —dfij = ————— S+ A° — Y VEr 4+ 2Az R F + 7 o+ —— )~

fi —dfi d—1 [(m + A7 fo+ (b:_)zﬁ) o +2Azfofoky + 2 foFy” + (bg)?a ©
bz 2A . qu)l S -

X = G~ (A“ + 70) Fy +2AzRFy+27F)7 . (48)
d—1 1o

They can be solved at low temperature using our zeroth-order results above. We obtain

n A 2, iy A

fi(z) = _ﬁ(bZ)_A[z — Zd — Zd —A] +.... 1) = —ﬁ(bﬂl& +.... (49)

4{d — 1) Zid — 1)

For the temperature, we deduce the first-order expression

A* P 1
dd—1) ¢ )
showing that the temperature receives a positive correction away from the probe limit.
Moreover, it is now clear when the probe limit fails. Indeed. for the expansion in 1/¢° to
be valid. we ought to have

b <qg'". (51

r="1i+ (50)
_4RL

justifying our earlier definition of the low energy regime (21).

For a given ¢, (51) places a lower bound on the temperature. While zero temperature is
unattainable for finite ¢. the temperature can be made arbitrarily low by choosing a sufficiently
large ¢. It follows that, even though the probe limit (¢ — 00) is not a physical system at zero
temperature, its properties are a good approximation to corresponding properties of physical
systems (of finite charge ¢ and (low) temperature). The approximation becomes better with
increasing ¢ as 1/¢° corrections become smaller.

5. Conductivity

Next, we calculate the low temperature conductivity at the BF bound. For explicit analytic
results, we concentrate on two cases d = 3 and d = 4. We shall obtain the conductivity o as
a function of the rescaled frequency
. @
w=—=—". (52)
b (qOp)V/A
The function o (@) has a well-defined limit, as ¢ — o0 (probe limit), down to low temperatures
(in the regime (21)) at which the condensate (O, ) is large. The conductivity of physical systems
can be obtained as a 1/¢° expansion with the conductivity in the probe limit serving as the
zeroth-order term in the expansion.

5.1. Three dimensions

The conductivity on the AdS boundary is found by applying a sinusoidal electromagnetic
perturbation in the bulk of frequency w obeying the wave equation

d’A N 24
+tVA=wA, V=—

-2
drs Z

fu, (53)

where A is any component of the perturbing electromagnetic potential along the boundary.
Equation (53) is to be solved subject to the ingoing boundary condition at the horizon

A ~ efiwr,,, ~ (l _:)7iw/3‘ (54)
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as 7z — 1 (ry, — —0o0), where r, 1s the tortoise coordinate

- —_ 3 3z
r, dz l [ln u — 2\/§tan7] ‘/:' ] s (35)

) fio 6 1 -2 +z
with the integration constant chosen so that the boundary is at r, = 0. We wish to solve this

equation at low temperatures.
Using (10) with d = 3, the wave equation reads

qr T T w2 7
Sla=-HZ| - - L a=o (56)
G L Gg L =37

To account for the boundary condition at the horizon, set
A= (-7 P A ), (57)

where we included a factor e '“*/3 for convenience. so that only .4(z) will contribute to the
conductivity. The wave equation becomes

A + |73!}2AZZA72F2 (z)

— 31 — A" 210 —2(1 4+ 7+ 22 ]
A & I IS Eit kot W& T 4 JAE | VR
s 3422423 +z+2+7
—(l+2:+3:‘)iw—( +2+)C+ ,+ + )wz A=0. (58)
31 4+z47%)
Regularity of the wavefunction .4 at the horizon (z = 1) implies the boundary condition
, 4a?
(3—21w)A’(1)+(bZAF“(l)—2iw—f)A(l):O. (59)

At low temperatures, b >3 1, it is convenient to rescale 7 — z/b. The wave equation can
be solved as a series expansion in 1/g°. The zeroth-order term is given by replacing F by
Fy (equation (14)). For A < % Fy(z) has a smooth limit (albeit unphysical) as b — 00
(equation (24)). After rescaling and letting b — 00, we obtain the wave equation

— A4 [P =] A=0, (60)

where we used F(z/h) — F(0) = 1,as b — oco0. For | < A < % there are two linearly
independent solutions, .4, distinguished by their asymptotic behavior:

Ay ~ et 75 0. (61)

The general solution can be written as a linear combination:

A=cT AL +cA_. (62)
Applying boundary condition (59), we deduce

C+ _ le

— ~e 37, (63)

p
so at very low temperatures,
¢t =0, (64)

ie. A — Oasz— oo.
For A = 2, we obtain the exact explicit limit solution

A() = A_(2) = Ai(bz — &°), (65)

whereas A, (z) = Bi(bz — &%), with arbitrary normalization, where we restored the scaling
parameter b.
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In this (unphysical) limit, the quasinormal frequencies have moved to the real axis yielding

an infinite set of normal frequencies which are solutions of
Ai(—&%) = 0. (66)

Thus we obtain an infinite tower of real frequencies given by the zeroes of the Airy function.

We deduce the limit conductivity (as g, b — 00),

i Ai'(—@?)

@ Al(—@?)
The real frequencies that solve (66) are the poles of the conductivity. Note that e = 0, except
at the poles of Jo where Ho diverges as a §-function.

This expression is unphysical, as we have already explained (the probe limit breaks down
in the limit b — 00), but it is useful for computational purposes. We shall use it as a starting
point to calculate the conductivity of a physical system at low temperatures.

Atlow temperatures, we can calculate the first-order correction analytically by considering
the b — 00 wave equation (60) as the zeroth-order equation. Then, for the first-order correction
3. A to the potential at low temperatures, we obtain from (58),

Hi A, (68)

(67)

o(w) =

where
od -
Hy = z[9z —2(1 +z+£nw]; +3b22F (2) + )

(1 =15z — 1222 = 10z 5 69)
w .
3(14+z+2%)
The first-order potential leads to quasinormal modes which are zeroes of A + §.A. Thus the
real frequencies (66) of the (unphysical) b — oc limit get shifted at low temperatures away
from the real axis. We obtain & — @& + &, where

— (14274 3)iw +

. 7Bi(—o?) ldz . ) c a2
S = oA (=60) Jy T=2 Ai(bz — &” YH 1 Al(bz — @7). (70)

This first-order expression is valid for low frequencies. As we heat up the system, most modes
disappear and we are left with a finite number of quasinormal modes. Their number decreases
as we increase the temperature. Conversely, as we cool down the system, (70) becomes
increasingly accurate for an increasing number of modes. These modes shift toward the real
axis (8@ — 0) as we lower the temperature. In the low temperature regime (21), the larger the
¢ is the more spikes one obtains for o (w).

This shifting of quasinormal modes can be seen in plots of the conductivity. As the
mode frequency approaches the real axis, the corresponding spike in the plot of the imaginary
part of the conductivity becomes more pronounced. To demonstrate this, we calculated the
conductivity using the first-order approximation (32) to the scalar field. In figure 7, we show
the imaginary part of the conductivity at temperature 7/7, ~ 0.1 and compare with the
exact numerical solution. The agreement is very good even at such high temperature at which
only one quasinormal mode is left. Unfortunately, this is the low temperature limit attained
by numerical analysis as numerical instabilities prohibit one from lowering the temperature
further. Using our analytic results, we see in figure 8 the emergence of an increasing number
of poles as we lower the temperature to T /T 22 0.06 and 0.04. Finally in figure 9, we compare
the lower temperature (7/7; = 0.01) result with the » — oc¢ limit analytic expression (67),
thus demonstrating convergence.

For A = 3/2, the potential is

V =p22A 21— 2YF (o), (71)
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Figure 7. The imaginary part of the conductivity in d = 3 using expression (32) for the scalar ficld
(dotted line) compared with the exact numerical solution (solid line) at % ~ (.1
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Figure 8. The imaginary part of the conductivity versus frequency in d = 3 using expression (32)

for I at % 22 0.05 (left), 0.04 (right). As the temperature decreases, poles move toward the real
axis.

with F given approximately by (47). It attains a maximum of order »#*?~2) for A < 2.
Therefore, at zero temperature it has infinite height. However, the width becomes infinitely
narrow leading to a finite tower of poles for the conductivity (quasinormal modes). In the
zero temperature limit, the number of modes increases as one approaches the BF bound
and decreases away from it. For A = 2. the height of the potential becomes finite at zero

temperature. It turns out that the potential is too narrow to possess bound states, so no poles
exist for A = 2.

5.2. Four dimensions

The d = 4 case is similar. Working as in the d = 3 case, in the (unphysical) b — o0 limit, the
wave equation for A = 2 (at the BF bound) in the probe limit reduces to

1 o) v
A" — A —[b'7 - w’A =0, (72)
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Figure 9. Comparison of the imaginary part of the conductivity in d = 3 using expression (32) for
F at %- 2 ().01 (dotted line) and the b — o0 limit (67) (solid line).
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Figure 10. The imaginary part of the conductivity in d = 4 using expression (32) for the scalar
field (dotted line) compared with the exact numerical solution (solid line) at {- ~0.17

whose acceptable solution can be written in terms of a Whittaker function,
A=Wa (V') (73)
42
(The other solution diverges as 7 — 00). At the boundary (z — 0), it has a logarithmic

divergence which we need to subtract before we can calculate QNMs and the conductivity [4].
The conductivity is then given by

2 A iw
D R — — 74
o(w) ic?)AD+ > (74)
where
A(z) = Ag + Arb*7? — Ao—w- P2 In(h*?) + ..., (75)

2

with an arbitrarily chosen cutoff.
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Figure 12. The imaginary part of the conductivity in the (unphysical) limit b — oo ind =4 (77).

Using the expansion for small arguments,

2.2 2 A2
, ) b*z?
+In(B) + (1= &7 AD] o b+, (76)

we deduce the limit conductivity as g, b — 00,

I 1 )
o(®w) = — +iw |:2)/——+1/I(] —fb‘/4):|. (77)
iw 2

We have a pole at @ = 0 as expected and an infinite tower of real poles determined by the
poles of the digamma function. The poles have real frequencies
~ Wn

w = (0172 =2J/n, n=0,1,2

(78)
These poles are unphysical, but are good approximations to the quasinormal modes at low
temperatures, in the physical regime (21). As we increase the temperature, these modes move
away from the real axis. At any given temperature we have a finite number of such modes.
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As we lower the temperature, their number increases and the quasinormal modes approach
poles (78) on the real axis. To demonstrate this, we have calculated the conductivity using the
first-order approximation (32) to the scalar field. In figure 10, we compare the imaginary part
of the conductivity in ¢ = 4 with numerical results at temperature 7' /7, ~ 0.17 and find good
agreement between them. As we go to lower temperatures, numerical instabilities arise and it
is no longer possible to compare our analytic results with their numerical counterparts. We find
convergence to the b — oo limit (77), but much slower than in d = 3. In figure 11, we show
the imaginary part of the conductivity at T/T,. 2 0.1 and 0.04. As we lower the temperature,
the number of poles increases and the poles shift to the right on the real axis approaching
the limit values (78), which correspond to the » — oo limit of the conductivity shown in
figure 12.

6. Conclusion

We discussed holographic superconductors in the probe limit when the scalar hair of the dual
black hole is near the BF bound. Using the analytic tools developed in [14], we analyzed the
low temperature regime trying to go beyond the range of applicability of numerical techniques
which fail at very low temperatures. Thus undeterred by numerical instabilities, we found that
at low temperatures the condensate diverges as | InT|®, where § depends on the dimension of
spacetime (equation (46)). This signals the breakdown of the probe limit at low temperatures
even at the BF bound. The divergence is very mild which explains why it was missed in earlier
numerical analyses. Although the probe limit at zero temperature cannot be a physical state for
scaling dimensions A < <, it is still useful to analyze it, because it is a good approximation to
physical states at low temi)eratures and thus a good starting point for computational purposes.

We calculated the low temperature conductivity at the BF found in the probe limit and
found exact limit analytic expressions in d = 3, 4. Thus, we showed that as we lower the
temperature, the conductivity has an increasing number of spikes (quasinormal modes) which
approach the infinite tower of real poles determined by the zeroes of the Airy functionind = 3
(equation (66)) and the Gamma function in d = 4 (equation (78)). As we heat up the system,
the number of spikes decreases and their positions move off of the real axis.

The probe limit we studied here can be used as a zeroth-order contribution to a perturbative
expansion in 1/g°. Our results can be extended in a systematic way to include back reaction to
the bulk metric in order to analyze physical states. This will greatly facilitate the probe of the
zero temperature limit and shed light on the ground state of the system, as numerical methods
fail due to numerical instabilities. Work in this direction is in progress.
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Abstract

The quasinormal modes(QNM) of the 3+1 dimensional anti de Sitter(AdS) Reissener-Nordstrom(RN)
black holes interacting with the scalar field are analytically calculated for the zero order perturbation.
To simplity the problem we study for the case of the sectional curvature k=0. For the zero and small
perturbative charge case our result is consistent with the numerical result.

Keywords: Quasinormal modes, Quasinormal frequencies, AdS black holes, Reissener-Nordrom black

holes, Black hole phase transition

Introduction

Quasinormal modes of black holes are the
solutions to the Einstein wave equation, where the
boundary conditions are only the ingoing wave at the
horizon of the black holes and only outgoing or
decayed wave at the mfinity [1]. These conditions
allow only certain number of the wave frequencies
and cause the frequencies becoming complex number.

Quasinormal modes are the wave that the black
holes respond to the perturbation. The frequencies are
inversely proportional to time that the system uses to
recoil back to the equilibrium. The wave carries
information of black hole property and space-time
geometry, i some cases also mcluding the
perturbative particles.

The correspondence between anti de Sitter
space-time and the conformal field theory (AdS/CFT)
[2] proposes that the general relativity in d+l
dimensional AdS space-time is equivalent to the
quantum field in d dimensions at the boundary of the
system. This allows us to study a microscopic system
with strong interactions through studying general
relativity of a corresponding AdS space-time.

The AdS black holes have recently become more
intense research topics, due to the arrival of the
AdS/CFT correspondence. In many cases, for
example, large-mass black holes in spherical-
symmetric space-times, the perturbation is stable.
However, in [3] the black hole solution in 3+1
dimensions with the sectional curvature k=-1,
hyperbolic symmetry, and perturbed by a scalar field
is found. When the scalar field is turned off, the black
hole changes to an AdS black hole, called this
phenomenon, black hole phase transition.

In this work, the quasinormal modes of charged
AdS black holes, Reissner-Norstrom(RN) [4]
perturbed by a small charge is analytically calculated
for the zero-order perturbation. We consider for the

case of the sectional curvature k=0 and in
3+1dimensions. Let O be the black hole charge which
m this

1s the source of electromagnetic field, F;n'

space-time and let ¥/ be the charge scalar filed that

perturbs the system.
The Lagrangian of the ficlds and the interaction
can be written as [5]

1
4
where A, the potentials of £

v

[ =— F_{i. -, - quﬂwr —ml;:lr,{/l2 (D

and m7 1s the mass of

the charge ¢.

We arrange this article as following, the first
section is the anti de Siitter Reissner-Nordstrom black
holes, which describes some properties of these black
holes. The second section is the quasinormal modes of
AdS RN black hole perturbed by a charge scalar field
with k=0 in 3+1 dimensions, which presents our
calculation. The third section 1s the result and
conclusion, which discusses the result, compares with
the numerical work. The forth section is conclusion,
where some further suggestion is given.

Anti de Sitter Reissner-Nordstrom Black
Holes

The wave equations

The metric of d-dimensional AdS RN space-
times 1s [6]

ds* = —fdtz + f_'dr: + r:ify.a’.x'fci\‘j

where

-

f=k _%+ Q"d—é +’_*

r 4p° I
M and O are the black hole mass and charge
respectively. L is the AdS radius. k is the sectional
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.
curvature number, 1 for sp
curvature munoer, 1 Ior sp

:"
g
=

b

hyperbolic symmetry. The Hzmkmg Iemper'irure can
be caleulated from the equation, ' = f'(r,)/4rx,

where 7 is the horizon of the black hole.

=2d-1

T=" [Ad -1y = (d =3)F (Q*
IGML"“ ! (d=3)[*(Q

. L1
ro=4k)|
The field potential, A ,,» n this system can be written

in the form of the potential, M(r) as

A=d(r)dt
By varying i and @ in eq(1), the wave equations of
w and D can be obtained from eq(l). The simple

solution of the notential, M _ for yr = =0 is

SO0 of g poteniiial, 2o, ot

_|d=2 (0 0
B 2d -\ 7 7

The wave equation of the scalar field v/

1
faﬁ(\i—gg""a )_7??{'” I',{'f_o (2)
—&

where mz, =m® +g"q’®* . The wave equation is

separable when its ansatz is

i 2-d)/2 .
w=e""r P RS(x) 3)
where S (J‘,.) 1s a harmonic function with eigenvalue
A =1l(l+d-3), 1=0,1.2,3... To understand the
boundary conditions at the horizon and the infinity,
the tortoise variable, dr. =dr/ f(r), is introduced
into the radial wave equation

IRO o viRI=0 @)

where the effective potential 1'(r) is

V()= (d - 2)(fi -4) 2
4r-

I ,r‘ +m f+
1
At the horizon, V(r — r,)=> 0, only the ingoing

—Ies oy (: _ l)r_.f, )

whereas in the far away region I (rr - =) = =,

wave 1s allowed in this region €

the wave must be decayed.

Quasinormal Modes of AdS RN Black Holes

In our calculation, we set k=0 and d=4. To solve

the wave equation 1n region, 1, <1 <@, let deline
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1
. +
a new variable =z =—
r

. The wave equation (4)

changes to

:3(:—1)(:—:13)(:—05)(:—04)x

% z-D(z -a:)(:—a_,,)(:—m)j—f (5
+K(z)R=0

where
pE i

K =(2r,r / Q]: (mr;):zl

-2 2r, 10 22 (z=)(z-a,)(z-a,)z~-a,)
12, 10 (z-D(z-a,Xz-a,)z-a,)
+4g Trff?r, / Q)lzz (z=1)"
-2(z=-1’(z-a,)’(z-a) (z-a,)’

+z2(z=-1)(z-a,)(z—-a,) (z-a,)’

—m

+z2(z=-D)(z-a,)Nz-a,) (z=a,)’
+2(z=1*(z=a,) (z=a,Nz-a,)’
+z(z—1):(z—a_,):(z—aj):(z—04)
and the new parameters in the equation are
a,=A+B-p/3

a, =—(A+B)/2+i3/2(4-B)
a,=—(A+B)/2-iJ3/2(4-B)

1 2p p! "
(

—+
3P
4 8= c =
1 2p° p
i\.: ?'T*'P) Y (p-—}
4r’

To simplity the equation, we let

R=z%(z-

where

) (=

%vﬁ)-l- Adm I’

_ or, (2r,/10)°
: (lI-a,)1l=a)1=a,)
(en ) (2r. /1 0)*
1 (a, - l):('ﬂ: _“.\):(a: - GJ)-‘
=i
4(gr,)(2r, 10)*
(a, —(?3):(0: _ad):

—a,) % (z—a,)"(z—a,)“ F(z)

a, =—=

Ml»—-




SIAM PHYSICS CONGRESS

L )

(or,)*(2r. /1 0)°

| (@, =1, —a,)(a, —a,)’

| a@nien o

Wy —d, ) Wy —dy)
(en,)* (2r, 1 O)*

| @ - a, —a,)(a, —a,)’

4(gr,)2r, /1 0)’

({"4 - H:):({i‘_, - as):
We take the factor

zaurl(z_l}a1rl(z_az)cr'.r?_(z_as)a’i?_(z_a-‘)a,r:
out of the wave equation (5) and change variable

toy=1-z. . We are goin
. g

g
=

reduced into the form of

-

d°F
v(l—y
ya-ng

+(c—(a+b+l)_v)(;—F—JF=0
}'.

which is a hypergeometric function where

14 2a, 1+2a, 1+2a,
ab=a,+a, + = -
l-a, l-a, l-a,
1+2a, 1+2a, 142, ,
+ [(a, +a, + 2 =+ ) —J
l-a, I-a, l-a,
(6)
:.4}; 2
J~lea,(1+2a,)—— MO
(-a,)(1-a,)1-a,)
Late ata, a+a,
I-a, l-a, I-a,

We keep only the linear terms of & . the small
frequency and small charge in J, as the zero-order
perturbation. At the horizon, y=0, the wave is only
ingoing into black hole. Then the solution is

R(yv)=y“F(a,b.c.y)

From the property of the hypergoemetric functions,

Flabic;y) =G -a)_
- l'{f—ajl'(cs_b]

c-a-b M
Fla)l'(b)

Fla,b;a+b—c+Lll-y)

+(1-»)
(7

In this far away zone the solution behavior is in the
form of

R(z) = (constant)z“> + (constant)z“= (%)

The solution must be finite in this arca. However

ey =1/2-1/249+4m*L* <0 for m*L* >-=2

Fle—a.c—be—a-b-c+l1-y)
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this causes z“° — o asz — 0. To eliminate the
divergent term we set the constant in the front of the
second term in eq(7) or eq(8) to be zero by letting the
arguments of gamma function dominators be negative
integer number. n =0,1.2.3... .ie.

a=-n, b=-n

ormtermof o, , &, ,a,,d, fromeq(6),

n:+n{'ac+afl+ - + =)

+J=0

Results and Discussion

The approximated quasinormal frequencies
could be solved from Eq(9).

A

4
Rele)
Figure 1 The frequency plot between the real part on
the x-axis and the imaginarv part on the y-axis where
q =0, L=1.1, r. =Q=1 and m’L*~4. The markers m
and A represent our result and numerical result [6]
respectively.

- e T T
-5l * 1
L " A q=1
- '
3 - ' -
E | ’
[ . A
e . i
15k -
: A
L L L 1 1 Ad
0 2 4 3 &
Re{m)

Figure 2 The frequency plot between the real part on
the x-axis and the imaginary part on the y-axis where
q =1, L=1.1, 1. =Q=1 and m’L*=4. The markers m
and A represent our result and numerical result [6]
respectively.

Our result 1s consistent with the numerical work.
The slops of the both graphs in figure 1 and 2 are
approximately -0.4. The space between the allowed
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frequencies 1s equally separated when the number n 1s
large. The quasinormal frequencies are a discrete set

of complex number with the equally spacing. This
result 1s similar to those in many literatures, e.g. [7].

Conclusions

Our work amms to have better understanding
analytically of the AdS black hole system, which 1s
perturbed by a simply gauge tield. We take k=0 and
d=4 to simplify the problem. The zero-order
perturbation gives the quasmmormal modes and
frequencies of the RN black holes interacting with the
scalar field, where the frequencies and the charge g
are taken to be small. Even thought our work is in
agreement with the numerical result, there are things
that can be enhanced to mmprove the result. For
example, we could find a better approximated zero
order solution for large number of q and other
parameters, or continue to calculate the first order
perturbation, etc.
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Abstract: We study the Kaluza-Klemn black holes, with squashed horizons. The system is
perturbed by a massless scalar field. We analytically calculate the solution to the wave
equation, which are called the quasinormal modes. We use approximation technique for the
non-rotating case, where the frequencies to solution are a set of discrete complex number.
Our analytical result is very well in agreement with the numerical work. Both results imply
the existence of the stable ground state and the few lower excited states.

Introduction: The extra dimensions have become mandatory to sustain or generalize the
principles or theories m many physics areas of research. The Kaluza-Klein theory has
combined the general relativity and electrodynamics into a S-dimensional theory. Black holes
contained in the general relativity can be viewed as singularities that dictate the spacetime
curvature and the behaviors of particle and fields in the systems. The fields in the black hole
systems must satisfy the boundary conditions that only ingoing wave at the horizons of the
black holes and only outgoing wave or the vanishing wave at the infinity are allowed. The
waves that obey these boundary conditions are called quasinormal modes and their associated
frequencies as quasinormal frequencies." The gravitational wave signals from supermassive
black holes are expected to be detected by Laser Interfermeter Space Antenna (LISA).” In
this work, the non-rotating Kaluza-Klein black holes with the squashed horizon are studied
and the quasinormal modes of these systems are analytically calculated, where we expect the
frequencies to be a set of discrete complex number.

In this introduction section we describe the Kaluza-Klein black hole system and the
squashed shape of the horizon. The wave equation m this curved spacetime is considered.
The five-dimensional rotating Kaluza-Klein black holes with the squashed horizons have the
metric in the form of *

2 r+a’

ds* =—df* +Zkdr* + [k(0? +02)+ 02 ]+ ——(dt -2 5 (1)
A - rta 2
where
o, =—sinydf+cosy sinfdg, o, =cosydf+siny sinOdg, o, =dy +cosfdg (2)
X(r)=r (" +a’), (3)
AP =0 +a) — 4)
k()= (., —7;;)(1'_;‘ :I‘:) 5)
-1

Parameters 4 and a correspond to black hole mass and angular momentum respectively.
The variables have the range0<r<r, 0<@< 7 0<¢ <27, 0<y <4z, where the radius

has the upper limit » . The sphere of the horizon is squashed by the termk(r). The

37™ Congress on Science and Technology of Thailand |



singularities of the metric are obtained by setting A(»,)=0. ., and r are outer and nner

+

horizons respectively, which are depend on # and a as
(u—2a") x> —4a*u
1= 5 (6)
Since the metric 1s apparently singular at » =»_, the radial coordinate r 1s restricted within the

range O<r<r . Note that, if we take » — cowhich causes k() — 1 therefore our metric
reduces to five-dimensional Kerr black hole. Moreover, the shape of the event horizon is also
characterized by the functionk(r, ), k(r ) =

The metric above describes the space-time geometry of the rotating squashed Kaluza-
Klein black hole which looks like a five-dimensional squashed black hole near the horizons,
and like the Kaluza-Klein geometry at» — 7, . To see the asymptotic behavior of this metric,

~ . . 4
let us define a new radial coordinate

P=p, 5 (7)

-7

where
k, (if + az)
4

In a new radial coordinate p varies from 0 to oo while r varies from 0 tor, . By transforming

2 242 2
rta’) -y
X : (8)

o0

Lo = , and k0=k(r=0)=(

(1) via a new coordinate (7) and take imit p — oo, the metric becomes

bl

5 5 5 5 r-+a
ds* =—di’ +d p* + p* (o] + 07 )+-= 7

ol +—H _(ar-Lo) (9)
T +4al 2 -

To remove the cross-term between df and o, let define new coordinates as

2ua

W=y 5
(r,+a”) +ua

fz\/(r;+a‘)'—ya‘{ (10)

(r,,_2 + az)2 + ua2

and define a new notation &, =dy +cosfd¢, and replace all these new coordinates and

notation into (9). Then, the asymptotic structure of the rotating squashed Kaluza-Klein black

hole 1s revealed

rPta’) + ua’
Al +a’)

The first three terms on the RHS of (11) represent a four dimensional Minkowski spacetime

while the rest is a twisted S' bundle. The size of the compacified dimension at infinity is also
obtained *

“ o

dgzz—dfz+dp3+p2(0'f+0'§)+( G (1D

n (P +a’) + pa’
]:‘:C = 2 2

rta

o

(12)

The size of the extra dimension depends on three parameters r, ,#and a. Note that, for
a—0or r >>a”, the radius of the compactified dimension (12) could be interpreted by r, .

Klein-Gordon equation in curved background

Our aim 1s to study a scalar field which evolves in the rotating squashed black hole
spacetime. Hence, we need to construct equation of motion for a scalar field in curved
background. An equation of motion for a real scalar field 1s so called Klein-Gordon equation.

37™ Congress on Science and Technology of Thailand 2



To derive a Klein-Gordon equation in a curved background, let consider an action for a single
scalar field in curved spacetime

Here m stands for mass of a scalar field, where gis determinant of the metric tensor. For a
scalar field case, it 1s possible to replace the covariant derivative with an ordinary partial
derivative. By varying this action with respect to the scalar field, we obtamn an equation of
motion for a scalar field in curved background.

l 2, (\/%g'“"é‘v(l)) -m'®=0

V=g
This equation will be used as an important part of our calculation in the next section. Its
solution describes the behavior of the scalar field in the curved spacetime. For simplicity in
our work, we consider only for a massless scalar field.

(13)

(15)

Methodology: In this section we study the wave equation of the perturbed scalar field. The
equation 1s separable. We analytically solve the radius wave equation. We obtain and present
the frequency-constrain equation which correspond to the each quasinormal mode.

Equation of motion for a real scalar field in a rotating squashed Kaluza-Klein black
hole
We are going to calculate an equation of motion for a scalar particle in our particular

-

. . . r+a’)
metric (1). First, we have defined the proper timedf = Bdr and B = (’2—) is a constant.”
Pl
The former metric (1) becomes
s D P 2 s { a
ds* =-B*dr* +=kdr + k(o] +035)+0; ]+ ,‘t ~(Bdr-—0,) (16)
A ’ “ta 2 -
Therefore, we can calculate components of metric tensor g, and its inverse g** as
_[1_ ‘;1 wJB: 0 0 - ”!110055? - fw ‘
rT+a” 20 +a’) 2(r-+a”)
0 I 0 0 0
A
o - 0 0 k(r-+a’) 0 0
uv 4
B aﬂ‘cos(? 0 reta (ksin? 6+ cos’ 0) + ;.m'jcos‘)ﬁ cosé| (1~ +c3')' + ua-
20 +a) 4(r-+a”) 4 T +a
B :.’w B 0 0 cos@ | (r +cz')‘ 4:;1(1' (r- +a:)' +‘a',u
2(r-+a’) 4 r+al 407 +ad)
37™ Congress on Science and Technology of Thailand 3
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_[ (r': +a':}‘; +r::',u ]L 0 0 0 d 25:{: : i
(r-+a)y—-ru)B (rr+a)y-rulB
0 i 0 0 0
zk-
l-Z'”V £ U U _ ‘4 . 0 U
= k*(r-+a’)
0 0 0 % —&
k(r”+a)sin” @ k(r~+a)sin” @
_{ 2apu ]i 0 0 _ 4cosf 4cos 6 I A0 +a* = p)
(r*+a’y -r'u)B kG +a)sin® @ k(" +a’)sin® @ (1 +a’ )Y =r'u

k*sméB : . ik
where \[—-g :T (r"+a’)X, In our calculation, we denote spacetime indices

by (r.r.0.¢.p) — (0.1.2,3,4). It 1s convenient to use a new radial coordinate p which
defined by (7). Then, take the ansatz for a scalar field®(z, p,0,4,y) = e R(p)"""*¥5(0),
where §(#) 1s the spheroidal harmonics. After change to a new radial coordinate and put the

ansatz mto (15), we can separate the angular variable part from the radial and the time parts.
For the angular part, it reads ”

L @ linod |s@i- M—h}m. S(0)=0 (17)
siné do da sin” & -

Here the eigenvalue of the angular equation is E,

mi

=I(I+1)—4*. The parameters / is the
angular number of the variable # and 2 is integer number for the 5™ dimension represented
by the angle variable, . However, the time variable can be removed in the final step of the
calculation. So, the only remaining part is the radial component which takes the form

@M+d—®m+ E+1’&—;’(!+l)+).1 R(p)=0 (18)
dp~ dp dp :
and
O(p) = %[(pr +a*(p+p))) - up(p+p,)r |,
7 0

N wl(p+p) {(O_ /aN? (113‘4—01)] 1

- Nl +a*y Pols
) y 2 )2 2 19
Az dpri(p+p) e 42 (p+p) ‘ (19)
N’ (rf +a’)! r +a’
NZ — p+p0
a’ '
Pt o3P
r+a
rf
p+ :po 2 2
v
o _(u=2a))Eyp —da’p
*0 2 °
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In order to obtain the quasinormal frequencies®, we have to solve (18) under certain
boundary conditions as mentioned before. In this work, we limit ourselves to the case of non-
rotation a = 0 and the equation of motion (18) becomes

2 d’R(p dR(p) M’ p(p+p :
plp-p.) 7f)+lﬂfm(2pfp+) 2 (2 )
dp dp .

1p2(p+p,)pe* A3 (p+p,)
R(ﬂ)*(ﬂp_){ al 7 oo 2 ; ) —E,; |[R(p)=0

(20)

To simplify the solution let us separate the singularity at horizon by writing the R(p) as,
R(p)=(p-p.)" F(p)

@®

where P — (21)

2 1/2
2{’1—1]
U

The minus sign of & represents the incoming wave at the horizon. After substituted R(p) in
equation (20) the wave equation changes to

d'F(f))+2ade(p)+(2p_p+)dF(p)
dp” dp

p(p=p.) Ha(a-t)+2a)Fr+
luia:h [(p_p+)2+2(p_p+)(p++p0)+p+(p_p+)+2p+(p++p0)+(P++P0)2}F(p)+

o0

dpi(p.+p,)pe’ 427 (p+p :
0 ( f: 0) _ ( "2 O) _E[m,; F(p)=0
(22)
Let’s define a new variable x = i, where x =1 at the horizon. The radius wave equation 1s
p.
reduced to
e . le(.\”) . dF(Y) ' 4 1.2 N\
x(l-x)— +[1-(2a+2)x] — o'+ fa+yxt [Fx)=0 (23)
12 .2
a’ = 4A ‘*po +EFJM -a
Y.
.’ . 8ip.p,
i =-r—3p+(p++po)-pop+w T (24)
V== p + 4/1-2;0;

0

To further simplify the solution let us define F'=¢“"H(x), where we choose C* =—y'. Then
the above equation, (23) change to

”

x(x —1)62—{1r +2Cx(x - -1+201+ a)x]”;—H+ (a=C)H +[-C* +2C+2Ca+ BH =0
X" X

(25)
Change the variable from x to v=x -1, where at the horizon v = 0. Next divide the equation
with —2Cx and the wave equation becomes

(—2Cv)d'—H,+[1+2a—(—2Cv)+1—1} dH —[l+a+ Pty }H— “C g
d(20v)? x| d(=20v) 20 20x

(26)
The wave equation, near the horizon, x =1, can be approximated as

37™ Congress on Science and Technology of Thailand 5



(=2Cv) d—ff + [1 +2a —(—2(_"1;)](]—{)]r —F +a+ M}H =0 (27)
d(=2Cv)” d(=2Cv) |2 2C
The solutions to the above wave equation, (27) are the confluent hypergeometric function.
However we need only the mgoing solution to the horizon in order to satisfy the boundary
condition
R=e¢"(p-p)* F(\(?:Z;:—2Cv) (28)
a'+f+y

| ~ . .
where a =5+a+ and »=1+2«. In the region, x — = the solution must be

vanished 1n order to satisfy the other boundary condition where the potential in this region
diverged. We can approximate the solution at the infinity by using the property of the
confluent hypergeometric function
R@v = 06) ~ &% 20y i pei — L e peyibyeris L (29)
I['(b-a) I'(a)
As v— o, the first term decays, while the second term diverges. To get rid of the
divergence, set the argument of the Gamma function to be negative integer.

| "+
Getig &P n=0123.. (30)

2 2C
The above equation, (30), is a constrain equation for the frequencies, where it can be written
down 1n term of a dimensionless wp , parameter as

(2n+l——2fmp‘r" ]\}—((z}m)z - ):# _12P T +((op+)3[l+r‘ ]— ; ad —I(l+1)=0
r;

Ju (r_,_' —,u) Ju wlori-u
31)

The quasinormal frequencies can be solved from this equation. There are four roots to
equation (31), but there is only one that gives positive real number and negative imaginary
number, corresponding to the ingoing wave at the horizon and decaying wave at the far away
region respectively. We will compare our result with numerical work in the next section

?

Results, Discussion and Conclusion: The quasinormal frequencies are obtained from
equation (31). We put some specific parameters in order to compare with the numerical result
as the following °

Table 1 The quasinormal frequencies from WKB method and our analytical result, where
=10, p,/p,=3orr, /r,=2and n=2

A WKB*® Analytical work

0 3.5149 - 0.159561 3.4921 - 0.166671
0.5 3.5336 - 0.15821i 3.4940 - 0.166431
1 3.5898 - 0.154131 3.4999 - 0.165721
1.5 3.6842 - 0.1472% 3.5098 - 0.164551
2 3.8178 - 0.13759i 3.5236 - 0.162911
2.5 3.9924 - 0.124931 3.5413 - 0.160831
3 42103 -0.109121 3.5629 - 0.158321
3.5 4.4747 - 0.089881 3.5883-0.155391

From both results the imaginary part 1s negative, causing the wave vanishing in the far away
region. As A 1increases, the real part increases while the imaginary part decreases.

37™ Congress on Science and Technology of Thailand 6



Our frequencies change more slowly than WKB result when A increases. To improve
our frequency result, we can take our approximated solution as the zero order perturbation.
We can continue to perform the first order. Also we can add the rotation a # 0 to black hole
to the problem in our future work.
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