CHAPTER IV

Extremal Problems for Graph Parameters

An “extremal problem” asks for the minimum or maximum value of a function
over a class of objects. In graph theory, we use extremal problem for finding an

extreme value of some graph parameter over some class of graphs.

Let f be a graph parameter and J C G(m,n). Proving that a is the minimum
of f(G) of graph in a class J requires showing two things:

1. f(G)>a forallGeJ.
2. f(G)=a  forsomeG € J.

The proof of the bound must apply to every G € J. For equality, it suffices to

obtain an example in J with the desired value of f.
Changing “> 7 to “<” yields the criteria for a maximum.

We divide the interpolation theorems for the six graph parameters of graphs
of order n and size m into two parts. The first part is obtained from the fact
that w, o, Bo, X, c1, and f; are interpolation graph parameters over G(m, n) and
CG(m, n). From Theorems 3.12 and 3.13, we can conclude that w, ag, S, X, Q1,
and f; are interpolation graph parameters over G(m, n) and CG(m, n), respec-
tively. In the second part that concerns extremal problems, we will show that for

f € {w, a0, B0, x, a1, (1} there exist integers a, b, A, and B where
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a(f) = min{f(G) : G € G(m,n)},

b(f) = max{f(G) : G € G(m,n)},

A(f) = min{f(G) : G € CG(m,n)}, and

B(f) = max{f(G) : G € CG(m,n)}, respectively.

To achieve the minimum value of a graph parameter f of G € G(m,n), we
will use the technique of finding a lower bound that is the best possible. If we can
construct a graph G such that f(G) is equal to this lower bound then the minimum
value is equal to this bound. Otherwise, we will prove that it cannot construct
a graph G with f(G) equal to this bound then construct a graph G whose f(G)
is almost equal to this bound. This means that we obtain the minimum value.
To achieve the maximum value, we will determine in the same way of finding the

minimum value.

The following notation we often use in our results. For the real number r, |r|
denotes the greatest integer less than or equal to r and [r] denotes the smallest

integer greater than or equal to 7.

4.1 The Clique Number

4.1.1 The Clique Number in G(m,n)

We consider the clique number of graphs with prescribed order and size. That
is to determine max{w(G) : G € G(m,n)} and min{w(G) : G € G(m,n)}, sim-
ply written max(w;m, n) and min(w;m,n), respectively. Note that max(w;0,n) =
min(w; 0,n) = 1, max(w;1,2) = min(w;1,2) = 2, and for the complete graph
Kn,w(Ky) = n. Therefore, we shall determine max(w;m,n) and min(w;m,n)
when n > 3. To achieve the max(w;m,n), we use the technique of finding a com-

plete subgraph of G' € G(m,n) whose vertex set is as large as possible.



Observe that for any graph ¢ which has a largest chique of order & must have

(5) < |E(G)

(ke » . -
< l). In the following theorem, we consider max(w: m, n).

D

Theorem 4.1. Let . and k& be positive integers where 2 < kb < — 1 and

(Iz) << (AZ Y. Then max(wim.n) = k.

Proof. By above observation. if (/_)) << (/2 l). then max{(w:m.n) < k. We now
construct a graph G- € Gm. n) such that w(G') = k. Let G be a graph obtained
from the complete graph Ky with V(IC,) = {0, eo. oo} by adding n—k vertices
and joining cach o for 1 <@ <n — (é) to one of the added vertices. We can see
that the order of the largest cligue in Gis k. 1t is clear that ¢ has order nand
size o with w(G) = k. Thus max(w: nm. n) = k.

Cl

To determine min(w: r.n). we shall apply Turdu’s Theorew. Turan [36] pro-
vided the complete r-partite graph of order 1, the cardinalitics of whose partite
sets differ by at most 1, usually called the Twrdn graph and denoted by T, .. I

Figure 4.1, we illustrate Ty Ty, and state the Turdn’s Theorem as follows:

Q%T""k ~ - fT\

Figure 4.1: The Turdn graphs

Theorem 4.2. (Tuwrdu’'s Theorem) Among the graphs of order n with no cliques

of order r— 1.7, has the maxinnn number of edges.
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Let ¢, and t,, denote the edge number of T,.» and T, , respectively. In order

to use the Turan graph in our work, we would like to state the following facts.

1. Ifn=rq+1t0<t<r, then T, , consists of ¢ partite sets of cardinality [2]
and r — ¢ partite sets of cardinality [2].

2. Let G € G(m,n). f w(G) <r, then m <t,,.

3. tnr = (") + (r = 1)(*F), where a = | 2.

Theorem 4.3. Let n,m, and k > 2 be positive integers where

tnk-1 <m < tng. Then min(w;m,n) = k.

Proof. By Turdn’s Theorem, every graph of order n with no cliques of order k+ 1,
Ty has the maximum number of edges. It follows that for a graph G € G(m,n)
if m > 1,51, then w(G) > k. Observe that if | < t,x — ¢, edges are removed
from T, then the result graph contains a maximum clique of order k. We can
obtain a graph H € G(m,n) where w(H) = k by deleting ¢, x — m edges from T k-

Thus min(w; m,n) = k.
O

The following example illustrates the clique number of some graphs in G(m, 4).

Example 4.4. According to Theorems 4.1 and 4.3, let n = 4. Then

2 if 1<m<3,

max(w;m,4) =

o

if 3<m<6,

4 if m=6.

2 if 0<m<4,
min(w;m,4) = {3 if 4<m <5,

4 if 5<m<e6.
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Firstly, consider m = 2. We have max(w;2,4) = min{w;2,4) = 2. In Figure
4.2, we construct the graph Gy € G(2,4) with w(G,) = 2 from the complete graph
Ky by adding 2 vertices and joining one vertex of Ky to one of the added vertices.

The clique of & is indicated by their complete subgraph with red edge as shown

/.

G
(G =2

in the figure.

Figure 4.2: The clique number of a graph in G(2,4)

Secondly, consider . = 3. We have max(w;3,4) = 3 and min(w;3,4) = 2. In
Figure 4.3, we construct the graphs Go € G(3,4) with w(Gy) = 2 by deleting one
edge from Ty and Gy € G(3,4) with w(G3) = 3 by adding one vertex to K3. The

clique of Gy and G5 are indicated by their complete subgraphs with red edges as

shown in the figure.

. *—»
L /’
,‘/
°
(> G}
w(Gy) =2 @ (G3)=73

Figure 4.3: The clique number of graphs in G(3,4)

Finally, consider m = 6. We have max(w;6,4) = min(w;6,4) = 4. In Figurc

4.4, we construct the graph G4 € G(6,4) with w(G4) = 4 as the cornplete graph
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K,. The clique of (G4 is indicated by their complete subgraph with red edges as

shown in the figure.

Figure 4.4: The clique number of a graph in G(6,4)

4.1.2 The Clique Number in CG(m,n)

In this section we determine the clique number of connected graphs with pre-
scribed order and size. That is to determine max{w(G) : G & CG(m,n)} and
min{w(G) : G € CG(m,n)}, simply written Max(w;m,n) and Min(w;m, n), re-
spectively. Observe that for any connected graph & of order n and size m which
has a largest clique of order k&, there must be a path from each vertex of its largest
clique to every other n — k vertices. That is m > (é) +n — k. Bvery graph
in CG(m,n) has size at least n — 1. It is clear that for any positive integer n,
Min(w;m,n) = 2 if and only if n — 1 < m < ¢, and for the complete graph
K,,w(I,) = n. We obtain Max(w;m,n) and Min(w;m,n) in the {ollowing theo-

TeIS.

Theorem 4.5. Let n,m, and & be positive integers where 2 < k£ < n — 1 and

B rn—k<m< (") +n~(k+1). Then Max(w;m,n) = k.

Proof. Let (g) +n—k <m< (1”';1) +n — (k+ 1). By above observation,

-

Max(w;m,n) < k. We now construct a graph H € CG(m,n) such that w(H) = k.
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Since m < (*1') + n — (k + 1), we have m — (;) —(n—k—1) < k. The graph
H can be obtained from K} and P, by adding m — (§) — (n — k — 1) edges to
join some vertices of K} to some vertices of P,_;. We can see that the order of a
largest clique in H is k. It is clear that H is a connected graph of order n and size
m with w(H) = k. Thus Max(w;m,n) = k.

O

Theorem 4.6. Let n,m, and k > 3 be positive integers where

tnk-1 <m < tnk. Then Min(w;m,n) = k.

Proof. Since CG(m,n) is a subset of G(m,n), thus Min(w;m,n) > min(w;m,n).
By Theorem 4.3, if t, 51 < m < t,x, we have Min(w;m,n) > k. By deleting
tnx —m edges from T, s, we can find a graph H in CG(m,n) with w(H) = k. Thus
Min(w; m,n) = k.

O

The following example illustrates the clique number of some connected graphs
in CG(m, 5).
Example 4.7. According to Theorems 4.5 and 4.6, let n = 5. Then

s

2 if 4<m <5,

3 if 5<m<7,
Max(w; m,5) = ¢
4 if 7T<m <10,

& if m=10.

3 if 6 <m <8,
Min(w;m,5) = {4 if 8<m <9,

5 if 9<m <10.

Firstly, consider m = 7. We have Max(w;7,5) = 4 and Min(w;7,5) = 3. In
Figure 4.5, we construct the graphs G € CG(7,5) with w(G;) = 3 by deleting one
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edge from Ts 3 and Gy € CG(7,5) with w((y) = 4 by adding one edge to J{, U Ky,
The clique of (¢} and (5 are indicated by their complete subgraphs with red edges

as shown in the figure.

,/\\'
G G>
w(G)=3 W (Ga) =4

Figure 4.5: The clique number of connected graphs in CG(7,5)

Secondly, consider m = 9. We have Max(w;9,5) = Min(w;9,5) = 4. In Figure
4.6, we construct the graph Gy € CG(9,5) with w(G3) = 4 as the graph T54. The
clique of (3 is indicated by their complete subgraph with red edges as shown in

the figure.

G
w(G3)=4

Figure 4.6: The clique number of a connected graph in CG(9,5)

Finally, consider m = 10. We have Max(w;10,5) = Min(w;10,5) = 5. In
Figure 4.7, we construct the graph Gy € CG(10,5) with w((G,) = 5 as the complete
graph K. The clique of G is indicated by their complete subgraph with red edges

as shown in the figure.



Figure 4.7: The clique number of a connected graph in CG(10,5)

4.2 The Independence Number

4.2.1 The Independence Number in G(m, n)

We consider the independence number of graphs with prescribed order and size.
That is to determine max{ay(G) : G € G(m,n)} and min{ay(G) : G € G(m,n)},
simply written max(cg; m,n) and min(ag; m,n), respectively. Note that max(cg;0,n) =
min{ag; 0,n) = n, max(wg; 1,2) = min{ag; 1,2) = 1, and for the complete graph

K, a(K,) = 1.

We now introduce a graph concerning the bound of max(ag; m,n). Let &, be
a graph obtained from the complete graph K,,_, by adding p vertices and joining

each added vertex to every vertex of Ky, It is clear that G, € G((5) = (5),n)

2 2
and og(G,,) = p. Moreover, the graph G, , is connected, and for cvery 1 =
1,2,...,p—1, there is a set X; of ¢ edges of (7, , such that G, , — X is connected

and og(G,, — X;) = p. For example, let X, = {ej, ey} be the subset of edges in

(/s3. The graph I = G54 — X, can be shown in the following figure,
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€]

€

Gs.3 H
,(Gs.3) =3 a,(H)=3

Figure 4.8: A graph H = G55 — X,

Let G € G(m,n). By the fact that if ag(G) = p where 2 < p < n — 1, then
m < (3) — (5). Then we have the formula for max(ag; m, n) as shown in following

theorem.

Theorem 4.8. Let n,m, and k be positive integers where 2 < k < n — 1 and
(3) = (37) <m < (5) = (5)- Then max(ag;m,n) = k.

Proof. Let (3) — (*1") <m < (3) = (§) for 2 < k < n— 1. By above observation,

(*31), we have B =CE) -m <k We

max(ag;m,n) < k. Since m > (7) — 5

2

can construct a graph H of order n and size m with ao(H) = k by deleting some
appropriate () — (5) —m edges from G- Thus max(ag;m,n) = k.

O

Some basic results concerning a lower bound of ao(G) is ap(G) > N
was proved by Caro [4] that the lower bound of a(G) can be improved by replac-
ing A(G) by 2—:—", the average degree of vertices of G. Thus if G € G(m,n), then

ao(G) > 'Jz%% = % Moreover, if ag(G) = p, then 22 > 2—L

Lemma 4.9. Let G be a graph of order n and ay(G) = p > 2. Then there exists
a graph H of order n, H is a union of p cliques and |E(H)| < |E(G)|.

Proof. Let G be a graph of order n. Whenn =2, G = H = K,. Suppose n > 2.

We consider two cases.
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Case 1. If there exists v € V(@) such that ag(G—v) = p—1, then, by induction
on n, there exists a graph H’ of order n — 1, H’ is a union of p — 1 cliques and
|E(H")| < |E(G —v)|. Thus we can obtain a graph H of order n satisfying the
desired property by adding a vertex to the graph H'.

Case 2. For every vertex v € V(G),a0(G —v) = p. Let v € V(G) with
dg(v) = A(G) > %2, Thus, by induction on 7, there exists a graph H’ of order
n—1, H' is a union of p cliques and |E(H')| < |E(G — v)|. Since H' is a graph of
order n — 1 and it is a union of p cliques, there must be at least one component
¢ of ' having order at most |*>1|. Hence 2 > [2 —1]. Let C be a clique
obtained from C’ by adding a vertex v and edges joining v to every vertex of C'.
Thus we can construct a graph H from H' by replacing C’ by C.

U

Let H(n, p) be the set of graphs of order n each of which is a union of p cliques.
We now investigate a graph H € H(n,p) of which |E(H))| is minimum.

Recall the Turdn graph 7,,, which all partite sets have size [2] or [2]. Let
G € G(m,n). If w(G) <, then m < t,, and for a fixed n, by using elementary
arithmetic, we get tn,y < t,, for all 2 < r < n. In fact t,, — tn,_q > (“t),
where a = [%]. Thus we have the following results.

Lemma 4.10. Let H € H(n, p). Then |E(H)] is minimum if and only if H =T, .
a

Corollary 4.11. Let n,m, and 2 < k < n — 1 be positive integers where

tnk < m <1,4_y. Then min(ag;m,n) = k.
(]

The following example illustrates the independence number of some graphs in

G(m,6).

Example 4.12. According to Thoerem 4.8 and Corollary 4.11, let n = 6. Then



o7

if 0<m<5,

3

4 if 5<m<9,
max(ap; m, 6) = <

3

if 9<m <12,

2 if 12<m < 14.

(5 it 1<m<2,

4 if 2<m <3,
min(ag; m, 6) = <
3 if 3<m <6,

2 if 6<m<15.

Firstly, consider m = 5. We have max(a;5,6) = 5 and min(ayg;5,6) = 3.
In Figure 4.9, we construct the graphs G; € G(5,6) with ag(G;) = 3 by adding
2 edges to the graph T3 and G3 € G(5,6) with ao(Gs) = 5 as the graph Ge 5-
Since oy is an interpolation graph parameter over G(m,n), there exists a graph
G2 € G(5,6) with ag(G2) = 4. The independent set of G,, Gy, and Gy are indicated

by their black vertices as shown in the figure.

=

@, (G) =3 a,(Gy) =4 @, (G3)=5

Figure 4.9: The independence number of graphs in G(5, 6)

Secondly, consider 7 = 9. We have max(ay;9,6) = 4 and min(a; 9,6) = 2.
In Figure 4.10, we construct the graphs G4 € G(9,6) with ao(G4) = 2 by adding
3 edges to the graph T, and Gs € G(9,6) with ao(Gs) = 4 as the graph Gg .
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Since ayp is an interpolation graph parameter over G(m,n), there exists a graph
Gs € G(9,6) with ag(Gs) = 3. The independent set of G4, G5, and G are indicated

by their black vertices as shown in the figure.

G4 Gj Gé
a,(Gg) =2 a,(Gs)=3 a,(Ge) =4

Figure 4.10: The independence number of graphs in G(9, 6)

Thirdly, consider m = 10. We have max(ay; 10,6) = 3 and min(ayg; 10, 6) = 2.
In Figure 4.11, we construct the graphs G7 € G(10,6) with ap(G7) = 2 by adding
4 edges to the graph T, and Gy € G(10, 6) with ag(Gg) = 3 by deleting 2 edges
from the graph Ggj. The independent set of G, and Gg are indicated by their

black vertices as shown in the figure.

Gr Gy
@, (Gr) =2 @y (Gsg) =3

Figure 4.11: The independence number of graphs in G(10, 6)

Finally, consider m = 13. We have max(ao; 13,6) = min(ayp; 13,6) = 2. In
Figure 4.12, we construct the graph Gy € G(13,6) with ao(Gg) = 2 as the graph
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Gg2- The independent set of Gy is indicated by their black vertices as shown in

the figure.

Go
&, (Gg) =2

Figure 4.12: The independence number of a graph in G(13, 6)

4.2.2 The Independence Number in CG(m,n)

In this section we determine the independence number of connected graphs with
prescribed order and size. That is to determine max{ay(G) : G € CG(m,n)} and
min{ay(G) : G € CG(m,n)}, simply written Max(c; m,n) and Min(ag; m, n), re-
spectively. Note that ao(Cy) = [§],a0(P.) = [%], and for the complete graph
Ky, ag(K,) = 1. Since the independence number of the star of order n is n — 1,
Max(ag;n — 1,n) = n — 1. The analogous result of Theorem 4.8 to the case of

connected graphs can be obtained in the following corollary.

Corollary 4.13. Let n,m, and k be positive integers where 2 < k < n — 2 and
G- <m< () - (¥). Then Max(ag; m,n) = k.

O

In order to determine the value of Min(ag;m, n), we first observe the following

facts.

1. Min(ag;n —1,n) = [%].
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2. Min(ag;n,n) = | 3].

3. Since for a positive integer k < m, Min(ag; k + 1,n) < Min(ag; k, n), it fol-

lows that for m > n + 1, Min(ag;m,n) < 2.

For integers n and p where p < % and H € H(n,p), we call a component of H
a basic cliqgue of H. Thus, in this case, H must contains a basic clique of order
at least 2. Further, if H contains an isolated vertex as its basic clique, then H
must contains a basic clique of order at least 3. Thus for any H € H(n,p), we
can construct a connected graph H* from H by adding p — 1 edges to the p basic
cliques of H in such a way that ag(H*) = ag(H) = p. Note that H* may not be
unique, and |E(H*)| = |E(H)|+p—1. Let H*(n,p) be the set of graphs H* which

is obtained from H € H(n,p) in this manner. Thus we have the following theorem.

Theorem 4.14. Let G be a connected graph of order n and a(G) = p < 5. Then
there exists a graph H € H*(n,p) such that |E(H)| < |E(G)|.

Proof. We will proceed by induction on n. The result holds for n = 1. Suppose that
for n > 2, there is a vertex v of G such that ag(G'—v) = p—1 and G —v contains k
components, Gy, Gy, ..., Gy, of order ny,ny, ..., n, respectively. Thus the vertex
v must be contained in every maximum independent set of G and dg(v) > k. If
ao(Gi) = pi, for i = 1,2,...,k, then %, p; = p — 1 and ao(G[V(G;) U {v}]) =
pi+1. Thus n; > 2, for all i = 1,2,...,k. By induction, there exists a graph
H} € H*(ni,p;) and |E(H])| < |E(G;)|. We can easily construct a graph H with
the desired property.

Suppose that for every vertex v of G, ap(G — v) = p. Let v be a vertex of G
such that dg(v) = A(G). We consider two cases.

Case 1. If G — v is connected, then there exists a graph H' € H*(n—1,p) such
that |E(H')| < |E(G —v)|. Let X be the set of p — 1 edges of H’ such that
H'— X € H(n —1,p). Thus H' — X contains p disjoint cliques. There exists a

component C" of H' — X such that C’ is a clique of order at most [i;-lj Since
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dg(v) = % — 1, we can construct a clique C' where V(C) = V(C' U {v}) and
E(C) = E(C")U{vz : z € V(C")}. It is clear that a graph H which is obtained
from H' by replacing C’ by C has the desired property.

Case 2. Suppose that G—v is disconnected and G —v consists of k components,
G1,Ga, ..., G, with |V(G;)| = n; and ap(G;) = pifori =1,2,... , kandny < ny <
... < mg. Thus B, p; = p. Put G = G[V(Gi) U {v}]. Since ap(G?) € {ao(Gy),
ag(Gs) + 1} and ao(Gi) + ao(Gy) < ao(G)) + ao(G)) < a(Gi) + ap(G;) + 1 for
all 4,7 with 1 < i < j < k, it follows that there is at most one i such that
ao(GE) = ap(G;) + 1 and in this case n; > 2.

Case 2.1. Suppose that there exists ¢ such that op(G}) = ao(G;) + 1 and
ao(G}) = ao(G;) for all i # j. Put G' = G —V(G;). Thus G is a connected graph
of order n — n; with ag(G") = p — ap(G;). By induction, there is a graph H' €
H*(n —ni,p — ao(Gi)) where |E(H')| < |E(G")| and a graph H” € H*(n;, ao(Gy))
where |E(H")| < |E(G;)|. We can construct a graph H from H' and H” with the
desired property by adding an appropriate edge.

Case 2.2. Suppose that ag(G%) = ag(G;) for all i = 1,2,... k. Let G; be a
nontrivial component of G — v with ay(G;) < %. If G; is complete, by ap(G’) =
ag(G;) = 1, then G is also complete. In this case ag(G} — vu) = ag(G;) + 1 for
some vu € E(G]). Thus G — vu satisfies the condition in the Case 2.1. Suppose
that (; is not complete. Then we may assume that v is adjacent to only one vertex
of Gj, otherwise we can remove some edges which join v to V(G;). Thus G; has
order at least 4. Furthermore, G; can not be a path. By induction, there exists
a graph H; € H*(n;, p;) such that |E(H;)| < |E(G;)|. Let C be a nontrivial basic
clique of H; and uw € V(C). Let H] be a graph of which V(H}) = V(H;) U {v}
and E(H;) = E(H;)U{vu}. The graph G’ obtained from G by replacing G’ by H!
satisfies the condition in the Case 2.1. Thus the proof is complete.

O

Corollary 4.15. Let n,m, and 2 < k < [2] be positive integers where
tak +k—1<m <%, +k—2. Then Min(ag;m, n) =k.
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The following example illustrates the independence number of some connected

graphs in CG(m, 6).

Example 4.16. According to Corollaries 4.13 and 4.15, let n = 6. Then

4 if 5<m<09,
Max(ao;m,6) = {3 if 9<m <12,

2 if 12<m< 14.

3 if 5<m<7,
Min(ag; m, 6) =

2 if 7<m<15.

Firstly, consider m = 6. We have Max(ao;6,6) = 4 and Min(ag;6,6) = 3. In
Figure 4.13, we construct the graphs Gy € CG(6,6) with ag(G;) = 3 by adding 3
edges to the graph T3 and Gy € CG(6,6) with ag(G2) = 4 by deleting 3 edges
from G 4. The independent set of Gy and G, are indicated by their black vertices

as shown in the figure.

Gl GZ
(243 (G]): 3 o, (Gg):4

Figure 4.13: The independence number of connected graphs in CG(6, 6)

Secondly, consider m = 9. We have Max(ay;9,6) = 4 and Min(ayp; 9,6) = 2.
In Figure 4.14, we construct the graphs G3 € CG(9, 6) with ag(G3) = 2 by adding
3 edges to the graph T, and G5 € CG(9,6) with ay(Gs) = 4 as the graph Gﬁ,q..
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Since oy is an interpolation graph parameter over CG(m,n), there exists a graph
G4 € CG(9,6) with ap(G4) = 3. The independent set of Gs, Gy, and Gy are

indicated by their black vertices as shown in the figure.

G3 G4 GS
%(G3) =2 ) (Ga) =3 ) (Gs)=4

Figure 4.14: The independence number of connected graphs in CG(9, 6)

Thirdly, consider m = 11. We have Max(ay; 11,6) = 3 and Min(ayp; 11,6) = 2.
In Figure 4.15, we construct the graphs Gg € CG(11,6) with ag(Gg) = 2 by adding
5 edges to the graph T and G7 € CG(11,6) with ag(G;) = 3 by deleting one edge
from G 3. The independent set of Gg and G are indicated by their black vertices

as shown in the figure.

G Gy
0.’0(66) =2 (2 (G}): 3

Figure 4.15: The independence number of connected graphs in CG(11, 6)

Finally, consider m = 14. We have Max(ayp; 14,6) = Min(a;14,6) = 2. In
Figure 4.16, we construct the graph Gs € CG(14,6) with ag(Gs) = 2 as the graph



64

Ge,2. The independent set of Gy is indicated by their black vertices as shown in

the figure.

a, (Gg) =2

Figure 4.16: The independence number of a connected graph in CG(14, 6)

4.3 The Vertex Covering Number

4.3.1 The Vertex Covering Number in G(m,n)

We consider the vertex covering number of graphs with prescribed order and size.
That is to determine max{f(G) : G € G(m,n)} and min{G(G) : G € G(m,n)},
simply written max(fo; m,n) and min(fBy; m, n), respectively. It is easy to see that
max(fo; 1,2) = min(fy; 1,2) = 1 and for the complete graph K,, Bo(K,) = n — 1.
Theorem 3.6 gives the fact that for any graph of order n, ag(G) + Bo(G) = n.

Therefore, we shall determine max(8y; m,n) and min(By; m,n) when n > 3.

Corollary 4.17. Let n,m, and k be positive integers where n > 3,

2<k<n-1,and thy <m < ,,_1. Then max(By;m,n) =n — k.

Proof. By Theorem 3.6, we have max(f; m,n) = n — min(ag;m,n). Since
min(ag;m,n) = k for t,, < m < #,4_1, (Corollary 4.11), hence max(fo; m,n) =
n—k.

O

By Theorem 3.6 and Corollary 4.8, we shall determine min(8; m, n).
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Corollary 4.18. Let n,m, and k be positive integers where n > 3,
2<k<n-—1land (}) - (kgl) <m < (3) — (¥). Then min(By;m,n) =n — k.

Proof. By Theorem 3.6, we have min(f,; m,n) = n — max(ag;m,n). Since

- (szrl) <m < (3) - (;), (Theorem 4.8), hence

max(ag;m,n) = k for (2)
min(fGy; m,n) =n — k.

O

The following example illustrates the vertex covering number of some graphs

in G(m, 6).
Example 4.19. According to Corollaries 4.17 and 4.18, let n = 6. Then

4

1 if 1<m<2,

2 if 2<m <3,
max(fy; m, 6) = {
3 if 3<m <6,

4 if 6 <m <15.

I if 0<m<5,

J? if 5<m <9,
min(fy; m, 6) =
3 if 9<m <12,

4 if 12<m <14

Firstly, consider m = 5. We have max(f;5,6) = 3 and min(8;5,6) = 1.
As shown in Figure 4.9, the graphs G, G,, and G has 5y(G;) = 3, Bo(Ga) = 2,
and fy(G3) = 1. Since f is an interpolation graph parameter over G(m,n), there
exists a graph Gy € G(5,6) with §5(G2) = 2. The vertex cover of Gy, Go, and G

are indicated by their white vertices.

Secondly, consider m = 9. We have max(f3;9,6) = 4 and min(8y;9,6) = 2.
As shown in Figure 4.10, the graphs G4, Gs, and Gg has Bo(Gs) =4, Bo(Gs) = 3,
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and fy(Gs) = 2. Since f is an interpolation graph parameter over G(m,n), there
exists a graph G5 € G(9,6) with 8y(Gs) = 3. The vertex cover of G4, Gs, and Gg

are indicated by their white vertices.

Thirdly, consider m = 10. We have max(fp; 10,6) = 4 and min(f; 10,6) = 3.
As shown in Figure 4.11, the graphs G7 and Gs has 5,(G7) = 4 and £y(Gs) = 3.

The vertex cover of Gz and Gy are indicated by their white vertices.

Finally, consider m = 13. We have max(0;13,6) = min(fp; 13,6) = 4. As
shown in Figure 4.12, the graph Gy has By(Gy) = 4. The vertex cover of Gy is

indicated by their white vertices.

4.3.2 The Vertex Covering Number in CG(m,n)

In this section we determine the vertex covering number of connected graphs with
prescribed order and size. That is to determine max{f,(G) : G € CG(m,n)} and
min{f(G) : G € CG(m,n)}, simply written Max(SB; m,n) and Min(B,; m,n), re-
spectively. We can see that Min(f8y;n—1,n) = 1. Since the vertex covering number
of the star of order n is 1 and for the complete graph K, fo(K,) = n — 1. Next,

we determine formula for Max(8y; m,n) and Min(8y;m,n) as follows.

Corollary 4.20. Let n,m, and k > 2 be positive integers where 2 < k <
and tnx +k —1 < m <itnp_1+k— 2. Then Max(By;m,n) =n — k.

n
2

Proof. By Theorem 3.6, we have Max(fGy; m,n) = n — Min(cg;m,n). Since
Min(ag;m,n) = k for tpp +k —1 < m < {,4-1 + k — 2, (Corollary 4.15), hence
Max(Bp; m,n) = n — k.

O

By Theorem 3.6 and Corollary 4.13, we shall determine Min(8y; m,n).
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Corollary 4.21. Let n,m, and k be positive integers where 2 < k < n — 2 and
() = (47) <7 < ()~ (5. Then Min(Bism,m) = n— k.

2 2

Proof. By Theorem 3.6, we have Min(fy; m,n) = n — Max(ag;m,n). Since
Max(ag;m,n) = k for (}) — (k;”]) <m < (3) - (g), (Corollary 4.13), hence
Min(fBo;m,n) =n — k.

O

The following example illustrates the vertex covering number of some connected

graphs in CG(m, 6).

Example 4.22. According to Corollaries 4.20 and 4.21, let n = 6. Then

3 if 5<m<7,

Ma&‘((ﬁo,mzﬁ) =
4 if 7T<m<15.
2 if 5<m<9,
Min(Bo;m,6) =<3 if 9<m <12,

4 if 12<m <14

Firstly, consider m = 6. We have Max((,; 6,6) = 3 and Min(8;6,6) = 2. As
shown in Figure 4.13, the graphs Gy and G» has 3,(G;) = 3 and £y(G3) = 2. The

vertex cover of Gy and G are indicated by their white vertices.

Secondly, consider m = 9. We have Max(fp;9,6) = 4 and Min(8;9,6) = 2.
As shown in Figure 4.14, the graphs G3, G4 and G5 has 5y(G3) = 4, fo(G4) = 3,
and fy(Gs) = 2. Since [ is an interpolation graph parameter over CG(m, n), there
exists a graph G4 € CG(9,6) with (y(G4) = 3. The vertex cover of G5, G4, and G5

are indicated by their white vertices.
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Thirdly, consider m = 11. We have Max(f; 11,6) = 4 and Min(f; 11,6) = 3.
As shown in Figure 4.15, the graphs Gg and G7 has §,(Gg) = 4 and By(G7) = 3.

The vertex cover of Gg and Gy are indicated by their white vertices.

Finally, consider m = 14. We have Max(f; 14,6) = Min(8y; 14,6) = 4. As
shown in Figure 4.16, the graph Gy has §y(Gg) = 4. The vertex cover of Gg is

indicated by their white vertices.

4.4 The Chromatic Number

4.4.1 The Chromatic Number in G(m,n)

We consider the chromatic number of graphs with prescribed order and size. That
is to determine max{x(G) : G € G(m,n)} and min{x(G) : G € G(m,n)}, simply
written max(x;m,n) and min(x;m,n), respectively. An obvious bound of x(G)
is x(G) > w(G); equality holds for K,,. Since each color class is an independent
set, X(G) = (g~ Brooks [2] observed that every graph G which is not an odd
cycle may be colored by A(G) + 1 colors. Erdds and Gallai [9] showed that any
regular graph on n vertices has the chromatic number £ < 3?"' unless the graph is
complete. It is easy to see that max(x;0,n) = min(x;0,n) = 1, max(x;1,2) =
min(x; 1,2) = 2, and for the complete graph K, x(K,) = n. We now determine
max(x; m,n) and min(x;m,n). To achieve the value of max(x;m,n), we will use
the technique of finding a complete subgraph of G' € G(m,n) whose vertex set is

as large as possible.

Theorem 4.23. Let n,m, and k be positive integers where 2 < k < n — 1 and

(5) <m < (¥}"). Then max(x;m,n) = k.
Proof. Observe that every k-chromatic graph has at least (£) edges. Thus for

n,m, and k satisfying conditions of the Theorem, max(x;m,n) < k. Let (;‘) <

m < (kzl). We now construct a graph H € G(m,n) such that x(H) = k. Since
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m < (k"zH), we have m — (’2“) < (k;rl) - (’;) = k. So H can be obtained from the
graph K with V(K}) = {v1,v,..., v} by adding n — k vertices and joining each
vy forl<i<m-— (g) to one of the added vertices. It is clear that H has order n
and size m with x(H) = k. Thus max(x;m,n) = k.

O

Theorem 4.24. Let n,m, and k£ > 2 be positive integers where

tnk-1 <M < tnpx. Then min(yx;m,n) = k.

Proof. The proof follows from Theorem 4.3 and the fact that x(G) > w(G). We
have min(x;m,n) > k for t,x—1 < m < t,5. We can obtain a graph H € G(m,n)
where x(H) = k by deleting some appropriate ¢, —m edges from T},  which each
partite set is a color class. Thus min(y;m,n) = k.

U

The following example illustrates the chromatic number of some graphs in

G(m,4).

Example 4.25. According to Theorems 4.23 and 4.24, let n = 4. Then

2 if 1<m<3,

max(x;m,4) =

o

if 3<m <8,

4 if m=6.

2 if 0<m <4,
min(x;m,4) =<3 if 4d<m<5,

4 if 5<m<e6.

Firstly, consider m = 2. We have max(x;2,4) = min(x;2,4) = 2. In Figure
4.17, we construct the graph G € G(2,4) with x(G;) = 2 from the complete graph

K3 by adding 2 vertices and joining one vertex of K5 to one of the added vertices.
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The color classes of G; are indicated by black and white vertices as shown in the

figure.

Gy
2 (G =2

Figure 4.17: The chromatic number of a graph in G(2,4)

Secondly, consider m = 3. We have max(y;3,4) = 3 and min(x;3,4) = 2. In
Figure 4.18, we construct the graphs Gy € G(3,4) with x(G2) = 2 by deleting one
edge from Ty 0 and Gy € G(3,4) with x(G3) = 3 by adding one vertex to Kj. The
color classes of (Go are indicated by black and white vertices. The color classcs of

(74 are indicated by black, white, and red vertices as shown in the figure.

Gz G 3

y(Gy) =2 2 (G3y) =3

Figure 4.18: The chromatic number of graphs in G(3,4)

Finally, consider m = 6. We have max(x;6,4) = min(y;6,4) = 4. In Figurc
4.19, we construct the graph G4 € G(6,4) with x(G4) = 4 as the complete graph
K4. The color class of Gy is indicated by black, white, green, and red vertices as

shown in the figure.
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G
7 (G =4

Figure 4.19: The chromatic number of a graph in G(6,4)

4.4.2 The Chromatic Number in CG(m,n)

In this section we determine the chromatic number of connected graphs with pre-
seribed order and size. That is to determine max{x(G) : G € CG(mn,n)} and
min{x(G) : G € CG(m,n)}, simply written Max(x;m,n) and Min(y;m,n), re-
spectively. Caccetta and Pullman [3], showed that if k& > 1, then for every n > ’—f
there exists a connected, regular, k-chromatic graph on n vertices. Note that some
trecs have the chromatic number equal 2, it follows that Min(y;m,n) = 2 if and
only if n —1 <m < ¢, and for the complete graph I{,,, x(K,) = n.

[f the connectivity is concerned, one can ask for the minimum size among con-
nected k-chromatic graph with n vertices. This question was answered in [38] that
the minimum size of such a graph is at least (g) +n — k. Further, Max(x;m,n)

can be obtained in the similar way of finding Max(w; m,n).

Theorem 4.26. Let n,m, and k be positive integers where 2 < k < n — 1 and

N +n—k<m< (k';l) +n — (k+1). Then Max(x;m,n) = k.

Proof. By above observation, if m < (k;l) +n—(k+1), then Max(x;m,n) < k. We
now construct a graph H € CG(m,n) such that x(H) = k. Let (ﬁ) +n—k <m <
(1‘;1) +n—(k+1). Sincem < (kgl) +n—(k+1), we have m — (g) —ntk < k—1
That is m — (12”) —n+k+1 <k Then we can obtain the graph H by adding
m — (g) —n+k+1 edges to join some vertices of K} to some vertices of F,_;,. We

can see that the order of a largest clique in H is k. It is clear that H is a connected
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graph of order n and size (§) +n —k <m < (/") +n — (k+1) with x(H) = k.
Thus Max(x;m,n) = k.
O

Theorem 4.27. Let n,m, and k > 3 be positive integers where

tnk—1 < m < t,x Then Min(x;m,n) = k.

Proof. The proof follows from Theorem 4.6 and the fact that x(G) > w(G). We
have Min(x;m,n) > k for t, -1 < m < t,. We can obtain a connected graph H
€ G(m,n) where x(H) = k by deleting some appropriate ¢, — m edges from T}, x
which each partite set is a color class. Thus Min(x;m,n) = k.

O

The following example illustrates the chromatic number of some connected

graphs in CG(m, 5).

Example 4.28. According to Theorems 4.26 and 4.27, let n = 5. Then

s

2 if 4<m <5,
3 if 5<m<7,
Max(x;m,5) = {
4 if 7<m <10,

5 if m=10.

3 if 6<m<8,
Min(x;m,5) =<4 if 8<m <9,

5 if 9<m < 10.

Firstly, consider m = 7. We have Max(x;7,5) = 4 and Min(x;7,5) = 3. In
Figure 4.20, we construct the graphs G € CG(7,5) with x(G;) = 3 by deleting one
edge from T5 3 and Go € CG(7,5) with x(G4) = 4 by adding one edge to K, U K.

The color classes of G, is indicated by black, white, and red vertices. The color
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classes of (5 is indicated by black, white, red, and blue vertices as shown in the

x> X

G[ G,

2 (G)=3 2 (G =4

figure.

Figure 4.20: The chromatic number of connected graphs in CG(7,5)

T
7

Secondly, consider m = 9. We have Max(x;9,5) = Min(x;9,5) = 4. In Figure
4.21, we construct the graph Gz € CG(9,5) with x(G3) = 4 as the graph T54. The

color classes of (75 1s indicated by black, white, red, and blue vertices as shown in

X

Gs
2 (G =4

the figure.

Figure 4.21: The chromatic number of a connected graph in CG(9,5)

Finally, consider m = 10. We have Max(x; 10, 5) = Min(yx; 10,5) = 5. In Figure
4.22, we construct the graph G4 € CG(10,5) with x(G4) = 5 as the complete graph
K5. The color classes of (G5 is indicated by black, white, red, green and blue vertices

as shown iu the figure.



Gy
2 (Gy) =35

Figure 4.22: The chromatic number of a connected graph in CG(10,5)

4.5 The Matching Number

4.5.1 The Matching Number in G(m,n)

We consider the matching number of graphs with prescribed order and size. That
is to determine max{a,(G) : G € G(m,n)} and min{c; (G) : G € G(m,n)}, simply
written max(aq;m,n) and min(ayg;m, n), respectively. Konig-Egervéry’s Theorem
states that o (G) = Go(G) for every bipartite graphs GG with 6(G) > 1. Note that
max(ay;0,n) = min(a;0,n) = 0 and for n = 2,3 and m > 1, max(a;m,n) =
min(ay;m,n) = 1. Therefore, we shall determine max(ay;m, n) and min(aq;m, n)

when n > 4 and m > 1.

Theorem 4.29. For n > 4, then
L. max(ay;m,n) =m it1<m< |2,

2. max(a;m,n) = (2] if [2] <m < (}).

Proof. 1. It is clear that max(a;;m,n) < m. We can construct a graph (' ¢

G(m,n) with o (G) = m by adding n — 2m vertices to mK,.

2. It is clear that max(a;;m,n) < |5, We can construct a graph H € G(m,n)
with a;(H) = |5] by adding m — |5 edges to [§] Kz if n is even. It n is

odd, a graph H can be obtained by adding m — | 5] edges to | 5|y U K.
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O

We now introduce some notation concerning the bound of a;. For a graph F
of order k and integer n which n > k, the extremal number ex(n; F) of F is a
maximum number of edges in a graph of order n that does not contains Fas a
subgraph. Notice that if G is a graph of order n > k and size ex(n; F') + 1, then
G contains F' as a subgraph. We define EX (n; F) analogous to ez(n; F') if that

graph G is connected. To determine min(ay;m,n), we need the following theorem.

Theorem 4.30. [21] For positive integers n and k with n > 2k,

ex(n: kKy) = max {(k —n— (g) (2’“ , 1) } .

An equivalent statement of Theorem 4.30 is that for a positive integer k, every

d

graph of order n > 2k and size at least

ex(n; kK3) + 1 = max {lﬂk_l)n" (g),1+ (%2_ 1)}

contains a matching of size k. We determine min(ay;m,n) in the following corol-

lary.
Corollary 4.31. For n > 4, then
1. min(aq;m,n) =1 ifl<m<n-1,
2. min(ay;m,n) =k if ex(n; kKy) <m < ex(n;(k+1)Ks) for 4 < 2k <n.

Proof. 1. It is clear that min(a;;m,n) > 1 for m > 1. We can construct a

graph G € G(m,n) with a;(G) = 1 by adding n — 1 — m vertices to Kj .

2. Let G € G(m,n) where 4 < 2k < n. By Theorem 4.30, observe that
ex(n;kK;) < m < ex(n;(k + 1)K,) if and only if oy(G) = k. Therefore,
min(oy;m,n) = k.

O
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Next, we consider the matching number of the graph G, ,—x in order to show
in our example as follows:

Let n and k be positive integers, notice that kn — (kzl) > (2’“;1
k <222 Let G € G(m,n) such that a;(G) = k and n > 2k. By Theorem 4.30,
we have m < kn— (*}') if 2 <k < [222], and m < (%), if [ 2% ) <k < (2.
Recall the graph G, such that p = n —k for 2 < k < LZ—”‘,;_-QJ Observe that
|E(Gan-i)l = (3) = ("3%) = kn— (*}7). Let S be a maximum independent set of

G-t with |S| =n —k and M be a maximum matching of Gy, ,—. Since n > 2k,

) if and only if

k <mn —k. Thus M consists of edges which join k vertices of K}, to k vertices of
S. That is a1 (Gpnk) = k for 2 < k < [2258].

The following example illustrates the matching number of some graphs in

G(m,7).

Example 4.32. According to Theorem 4.29 and Corollary 4.31, let n = 7. Then

m if m <3,
max(ay;m,7) =

3 if m>3.

1 if 1<m<e6,
min(a;m,7) =2 if 6 <m <11,

3 if 11 <m <21

Firstly, consider m = 3. Then max(as;3,7) = 3 and min(ay;3,7) = 1. In
Figure 4.23, we construct the graphs G; € G(3,7) with a;(G;) = 1 as the graph
K1 3UKj3 and G3 € G(6, 7) with a;(G3) = 3 as the graph 3K, U K. Since a; is an
interpolation graph parameter over G(m,n), there exists the graph G, € G(3,7)
with a1 (Gy) = 2. The independent edges of Gy, Gy, and G5 are indicated by their

red edges as shown in the figure.
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° ' - ) e ° ®
[} [}

G] GZ GS
o, (G =1 &, (Ga) =2 o, (G3) =3

Figure 4.23: The matching number of graphs in G(3,7)

Secondly, consider m = 8. Then max(a;8,7) = 3 and min(ay;8,7) = 2. In
Figure 4.24, we construct the graphs G4 € G(8,7) with o, (G4) = 2 by deleting 3
edges from one vertex of degree 6 in G5 and G5 € G(8,7) with oy (G5) = 3 by
adding 5 edges to the graph 3K, U Ky. The independent edges of (74 and Gy are

indicated by their red edges as shown in the figure.

- . _
P A
/ ‘ i
|
°

G4 Gs
a, (Gy) =2 o, (Gs)=3

Figure 4.24: The matching number of graphs in G(8,7)

Finally, consider m = 12. Then max(ay;12,7) = min(a;; 12,7) = 3. In Figure
4.25, we construct the graph G € G(12,7) with ay((Gg) = 3 by adding 9 edges o0
the graph 3K U K. The independent edges of Gy is indicated by its red edges as

shown in the figure.



Figure 4.25: The matching number of a graph in G(12,7)

4.5.2 The Matching Number in CG(m, n)

In this section we determine the matching number of connected graphs with pre-
scribed order and size. That is to determine max{a(G) : ¢ € CG(m,n)} and
min{a (G) : G € CG(m,n)}, simply written Max(a;;m,n) and Min{ay; m,n), re-
spectively. Note that the matching number of a graph of order n cannot exceed | 7 |
and o (F,) = | 5], Max(aq;n—1,n) = | ]. Since the matching number of the star
of order n is 1, Min(ay;n — 1,n) = 1. For the complete graph K, (K,) = |51,
Note that for n = 3 and m > 2, Max(ay;m,3) = Min(ay;m, 3) = 1. Therefore, we

shall determine Max(ay;m,n) and Min(aq; m,n) when n > 4 and m > n.

Theorem 4.33. For positive integers n > 4 and n < m <

A
N
)
~

Max(a;m,n) = [ 5]
Proof. 1t is clear that for m = n, we have a1(C,,) = [ 2] and for m = (), .y (K,) =
|2 1. By the fact that for any connected graph G, a1 (G) < [ 2] and Max(ay; k,n) <

T

Max(ay; &k + 1,n) for a fixed integer n and n < k < (2

). We can conclude that
Max(a;m,n) = [ 5]

tJ

Next, we introduce an odd component of a graph as a component whose number

of vertices is odd. We denote by O((G) the number of odd components of a graph G\
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To determine the maximum number of edges of a connected graph with prescribed
the matching number, we need the Tutte-Berge’s formula as stated in the following

theorem.

Theorem 4.34. [1] Let G be a graph of order n and S C V(G). Then
o1 (G) = 3(n — d), where d = max{O(G — S) — |S|}.

O

By the above theorem, we have some observations as follows. Let oy (G) = k.

Obviously, n > 2k. Then there exists a subset S of V(G) such that

k=01(G) = =(n— OG- 5S) +|9)).

SR

L If [S| > k, then 2k = n—O(G - S)+|S| > n—O(G — S) + k. Thus
O(G — S) > n — k. Since each odd component of G — S contains at least one
element, n > O(G — S) + |S| > n — k+ k > n. This is a contradiction. Thus
1< |9 < k.

2. Let O(G — S) = q and ny,na, ..., n, be the order of the ¢ odd components
of G —S. Thus ny +ny + ...+ ny+ |S| < n. In order to obtain a graph with

maximum size, we may assume that n; +ns + ...+ n, + |S| = n. Thus

201 (5) + 22 () + - 0

where G:) = 0 for n < k and s is the cardinality of S.

We can investigate a simple bound for [E(G)| as shown in the following lemma.

Lemma 4.35. Let G € CG(m,n) and a;(G) = k. Then

e (2 (572 ) e

Proof. Consider the ¢ odd components of G each of which has the odd number

of vertices na, g, ..., ny such that ny +ns+ ... +n,+ s = n. With out loss of
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generality, let ny > ny > ... > ny, > 1. Then we perform the following procedure.
Step 1. For 1 <2 < g, if there exist some i’s where n; > 3, then let ¢ be a
largest integer such that n; > 3. Thatisn; >ny > ...>2ny >1=... = 1.
Step 2. If ¢ > 2, then we define the cardinality of the ¢ odd components as

follows;

ny :=ny + 2,
ng =N, for 2<j<t—1,

‘J’Lt::m—?..

We see that (“12"'2) - (“‘2_2) > (M) + ("2‘) for2 <t<gq.

Step 3. Repeat Step 1, 2 whenever ny > 1, otherwise stop.

The procedure terminates when ny = 1 and yields ¢ components where exactly
one component has order n — s — ¢+ 1 and each of the rest ¢ — 1 components has
one vertex.

We have the maximum number of edges of a graph with the matching number
kis (5)+ ("°;%) +(n—s)s. Since ¢ =n—2k+s, m < (5)+ (* 2 + (n—s)s.

g

To determine the bound for size of a graph with matching number k&, we also

need to consider some characteristic of the graph G, n—x

Theorem 4.36. For positive integers n and k with n > 2k. Every connected
graph of order n whose matching number k has size at most
k+1 2k

EX(n;(k+ 1)K3) = max {kn— ( ;— ),(2) +n—2k}.
Proof. By the result of Lemma 4.35,
if s = 1, we have that the size of graph is m < (gkz_l) +n—1= @k) +n —2k.
Ifs=k>1,thenm < (§) + (n— k)k = kn — (*}1).
Now observe that if (2;) +n—2k— [kn - (kgl)] >0, thenn < g—’k This means
that if n > 3k, then EX(n; (k + 1)K;) = kn — (*}'). We claim that if n < 2k,
then EX (n; (k +1)K2) = (¥) +n— 2k.

Suppose that s =i where 1 < i < k. We have m < (}) 4+ (**2*") + (n — )i
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Consider the difference of size when s = k and s = 1,

kn — (k; 1) - K;) + (%—221'-5- 1) +(n—?l)z] - —;—(kui)(Qn-—Sk).

This means that if 3(k —4)(2n — 5k) > 0, then n > 2k. In addition, if n =

then, of course, kn — ('”2"1) = @k) +n — 2k. Thus

EX(n; (k + 1)K;) < max {kn— (k N 1), (Qk) +n— Qk} A

k,

8
2

2 2

We have that the graph G, ¢ has order n, size kn— (*}1), and 01(Gp k) = k-
The graph obtained from Ky U K,_g; by adding n — 2k edges which join one
vertex of Ky, to each vertex of K,_o; has order n, size (22’“) + n — 2k, and the
matching number k. Moreover, clearly both graphs are connected. Therefore,
EX(n; (k + 1)K3) > max {kn— (*}), (%) 4+ n — 2k}, which yields the desired
result.

]

Corollary 4.37. Let n,m, and k be positive integers where 2 < k < 5 and
EX(n;kKy) <m < EX(n; (k+ 1)K,). Then Min(ay;m,n) = k.

Proof. Let G € CG(m,n) where 4 < 2k < n. By Theorem 4.36, observe that
EX(n;kKz) < m < EX(n;(k + 1)K,) if and only if a;(G) = k. Therefore,
Min(ay; m,n) = k.

O

The following example illustrates the matching number of some connected
graphs in CG(m, 8).

Example 4.38. According to Theorem 4.33 and Corollary 4.37, let n = 8. Then

Max(oy;m,8) = 4 if 8 <m < 28.
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2 if T<m <13,
Min{ay;m, 8) = ¢ 3 if 13 <m < 18,

4 it 18 <m < 28.

Firstly, consider m = 8. Then Max(«,;8,8) = 4 and Min(a;;8,8) = 2. In
Figure 4.26, we construct the connected graph ; € CG(8,8) with a(G|) = 2
by deleting 5 edges from one vertex of degree 7 in Gg¢. The connected graph
Gy € CG(8,8) with a(G3) = 4, can be obtained from the graph 4K, by adding
4 edges in order to have a path connecting every two vertices. Since g is an
interpolation graph parameter over CG(m,n), there exists the graph G, € CG(8,8)
with a(Gy) = 3. The independent edges of G, G, and G are indicated by their

red edges as shown in the figure.

Figure 4.26: The matching number of graphs in CG(8, 8)

Secondly, consider m = 18. Then Max(aq;18,8) = 4 and Min(ay; 18,8) = 3.
In Figure 4.27, we obtain the connected graph Gy € CG(18,8) with a(Gy) = 3
as the graph Gys. The connected graph Gs € CG(18,8) with a(G5) = 4, can be
obtained from the graph 4K, by adding 14 edges in order to have a path connecting
every two vertices. The independent edges of Gy and G5 are indicated by their red

edges as shown in the figure.
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o, (Gy) =3 &, (Gs) =4

Figure 4.27: The matching number of graphs in CG(18, 8)

Finally, consider m = 19. Then Max(ay;19,8) = Min(a;;19,8) = 4. The
connected graph Gg € CG(19,8) with a;(Gg) = 4, can be obtained from the graph
4 K5 by adding 15 edges in order to have a path connecting every two vertices. The

independent edges of G is indicated by its red edges as shown in the figure.

Figure 4.28: The matching number of a graph in CG(19, 8)

4.6 The Edge Covering Number

4.6.1 The Edge Covering Number in G(m,n)

We consider the edge covering number of graphs with prescribed order and size.
That is to determine max{f(G) : G € G(m,n)} and min{f(G) : G € G(m,n)}

simply written max(f;m,n) and min(g; m,n), respectively. Note that for m > 2,
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max(3;m,3) = min(f;;m,3) = 2 and for the complete graph K, £ (_Kn)

= [%]. The edge covering number of graphs is well defined when §(G) > 1, that
is m > [7] and each component of G contains at least 2 vertices. Theorem 3.10
gives the fact that for any graph of order n and §(G) > 1,1 (G) + 1 (G) = n. So
we can apply Theorem 4.34 to determine the edge covering number. Therefore, we

shall determine max(f8;; m,n) and min(f;;m,n) when n > 4 and 6(G) > 1.

Corollary 4.39. For 4 < 2k <n, then
1. max(fy;m,n)=m  if [F]<m<n-1,
2. max(fy;m,n) =n—k if EX(n;kK;) <m < EX(n; (k+ 1)Ky).

Proof. 1. It is clear that for m = n — 1, we have $(K}.,) = m. Consider

m = [%]. If n is even, then we have f;(mK,) = m. If n is odd, let H be the

n—1

2
wv where u is a vertex of 252 K,. We can see that H € G(m,n) and f,(H) =

2=l 41 =2 = [2] = m. Since max(6; k,n) < max(B; k+1,n) for a fixed

graph obtained from =K, by adding a new vertex v and adding the edge

integer n and [§] <k <n —1, max(f;m,n) =m for [2] <m <n-1.

2. Since the edge covering number is well defined when §(G) > 1, there exists a
graph G of order n such that oy (G)+0:(G) = n whose edge set has cardinality
at most EX(n;kK>). It is clear that max(8;;m,n) = n — Min(a;;m,n).
That is if EX (n; kKy) <m < EX(n; (k+1)K3), then max(fy;m,n) = n—k.

O
Corollary 4.40. For n >4 and 6(G) > 1, then min(f8y;m,n) = [§].
Proof. By Theorem 3.10, we have min(f;;m,n) = n — max(ay;m,n).
For m > [§], max(a;;m,n) = |3]. Hence min(fy;m,n) = [%].

O

The following example illustrates the edge covering number of some graphs in

G(m, 7).



Example 4.41. According to Corollaries 4.39 and 4.40, let n = 7. Then

m if 4 <m <6,
max(f;m,7) =45 if 6<m<1l,

4 1f 11 <m <21,

min(fy;m, 7) = 4.

Firstly, consider m = 6. Then max(f;6,7) = 6 and min(f;6,7) = 4. In

Figure 4.29, we construct the graphs G € G(6,7) with 0,(G,) = 4 by Theorem
4.29 in order to have §(G;) > 1 and G3 € G(6,7) with 8,(G3) = 6 by Corollary
4.39. Since i is an interpolation graph parameter over G(m,n), there exists the

graph Gy € G(6,7) with 3;(Ge) = 5. The red edges of Gy, Gy, and Gy are covered

all vertices of (&1, (G9, and (s, respectively.

e — 9o e— ®

v ® w// o
G Gy

ﬂl (G =4 Bi(Gr) =5

-——70/ 3
'/// -4
(3
B (G3) =6

Figure 4.29: The edge covering number of graphs in G(6,7)

Secondly, consider m = 8. Then max(f;8,7) = 5 and min(/J,;8,7) = 4. In

Figure 4.30, we construct the graphs Gy € G(8,7) with 1((4) = 4 by Theorem
4.29 in order to have 0(Gy) > 1 and G5 € G(8,7) with 51(Gs) = 5 by deleting 3

edges from one vertex of degree 6 in GG7 5. The red edges of (G4 and G5 are covered

all vertices of (G4 and (s, respectively.
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o e
G4 (15,
B (Gy) =4 B, (Gs) =5

Figure 4.30: The edge covering number of graphs in G(8,7)

Finally, consider m = 12. Then max(f,;12,7) = min(f;12,7) = 4. In Figure
4.31, we obtain the graph G € G(12,7) with 0,(Gs) = 4 by Theorem 4.29 in order
to have 6(G) > 1. The red edges of Gg are covered all vertices of (Gig.

G(w
B (Ge) =4

Figure 4.31: The edge covering of a graph in G(12,7)

4.6.2 The Edge Covering Number in CG(m,n)

In this section we determine the edge covering number of connected graphs with
prescribed order and size. That is to determine max{8,(G) : G € CG(m,n)}
aud min{g,(G) : G € CG(m,n)}, simply written Max(fy;m,n) and Min(f3;m, n},
respectively.  Since the edge covering number of the star of order n is n — 1,
Max(f1;n —1,n) =n — 1. Note that Min(fy;n —1,n) = [§], as the edge covering
number of P, is [§]. We shall give formulas for Max(f;m, n) and Min(f;; m, n)

whenn > 4 andn < m < (g) We can sec that for n > 2, n —1 = [F], so ()
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is well defined for all G € CG(m,n).

Corollary 4.42. Let n,m, and k be positive integers where 2 < k£ < % and
EX(n;kK3) <m < EX(n; (k+1)K,). Then Max(8y;m,n) =n — k.

Proof. By Theorem 3.10, we have Max(8;;m,n) =n — Min(a;;m,n).
For EX(n; kK3) < m < EX(n; (k+1)K>2), Min(ay;m,n) = k. Hence Max(f;m, n)

=n—k.

O
Corollary 4.43. For n > 4, then Min(By;m, n) = [2].
Proof. By Theorem 3.10, we have Min(8, ;'m,n) =n — Max(aq;m,n).
For m >n — 1, Max(a1;m,n) = | 5]. Hence Min(fy;m,n) = [2].

O

The following example illustrates the edge covering number of some connected
graphs in CG(m, 8).

Example 4.44. According to Corollaries 4.42 and 4.43, let n = 8. Then

6 if 7<m <13,
Max(f1;m,8) = ¢ 5 if 13 <m < 18,

4 if 18 <m < 28.

Min(fy;m, 8) = 4.

Firstly, consider m = 8. Then Max(f;;8,8) = 6 and Min(f;;8,8) = 4. In
Figure 4.32, we construct the connected graphs G; € CG(8,8) with 8,(G;) = 4 by
adding 4 edges in order to have a path connecting every two vertices to the graph
4K, and G3 € CG(8,8) with f;(G3) = 6 by deleting 5 edges from one vertex of

degree 7 in Gig¢. Since f; is an interpolation graph parameter over CG(m,n), there



88

exists the graph Go € CG(8,8) with 3;(G2) = 5. The red edges of Gy, G5, and G

are covered all vertices of (¢, Go, and (3, respectively.

~ N—
K ° \.\.
G| Gz GS
pi(Gy) =4 B, (Gy) =5 B (G3) =6

Figure 4.32: The edge covering number of graphs in CG(8,8)

Secondly, consider m = 18. Then Max(f;18,8) = 5 and Min(3;;18,8) = 4. In
Figure 4.33, we construct the connected graph Gy € CG(18,8) with 7,(Gy) = 4 by
adding 14 edges in order to have a path connecting every two vertices to the graph
4K,. The connected graph Gy € CG(18,8) with fJ1(Gs) = 5, can be obtained
from Ggs. The red edges of Gy and Gy are covered all vertices of Gy and G,

respectively.

Figure 4.33: The edge covering number of graphs in CG(18,8)
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Finally, consider m = 19. Then Max(f;; 19, 8) = Min(f;;19,8) = 4. In Figure
4.34, we obtain the graph Gg € CG(19,8) with 0,(Gs) = 4 by adding 15 edges
in order to have a path connecting every two vertices to the graph 4/;. The red

edges of GG1g are covered all vertices of Gs.

G

/B] ((16) =4

Figure 4.34: The edge covering of a graph in G(19,8)





