CHAPTER II
LITERATURE REVIEW

This chapter presents some studies of interpolation theorems and extremal prob-
lems. Numerous researches have studied in interpolation theorems on various kinds

of graph parameters and classes of graphs.

Harary and others answered the interpolation on various kinds of graph pa-
rameters over the set of all spanning trees of a given graph [14,15,16,17]. Harary
introduced a graph transformation and called it a fundamental exchange or an edge

exchange as follows:

Let G be a graph of order n > 3. The tree graph, T(G), of G is defined
by specifying V(T(G)) to be the set of all spanning trees of G, two vertices
T, T, € V(T(G)) are adjacent in T(G) if and only if 77 and T, have exactly

n — 2 edges on common. It was proved that T(G) is connected in [16].

Harary used fundamental exchanges to transform a spanning tree to another
spanning tree of the same graph. In other words, let f be a graph parameter. If
S and T are adjacent in T(G) and |f(S) — f(T)| < 1, then f is an interpolation
graph parameter over T(G).

This chapter consists of two sections. Section 2.1 introduces bounds for the
six graph parameters namely w, ag, By, X, @1, and B;. Section 2.2 reviews the

interpolation theorems on various kinds of graph parameters and classes of graphs.
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2.1 Some Bounds for Graph Parameters

Following results establish the bounds and some related bounds of some graph

parameters.

Corollary 2.1. [27] Let G be a graph with degree sequence d = (dy, dy, . .., d,),
dy>dy>...>d, >0. Then

N1
G) >
where w(G) is the clique number of G.
O

Theorem 2.2. [33] Let G be a graph of order n with maximum degree A(G).
Then
n
G)> ——.
N ()
O
Corollary 2.3. [4] Let G be a graph with degree sequence d = (dy, ds, . . ., dy),
dp>dy>...>d, > 0. Then

~ 1
G)z> ) ——
050( ) fantl ; di + 11
where ag(G) is the independence number of G.
a

Theorem 2.4. [35] Let G be a graph of order n with maximum degree A(G).
Then

ap(G) > m
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Theorem 2.5. [35] Let G be a Kj-free graph of order n, A(G) = 3. Then

ao(G) >

w3

O

Theorem 2.6. [35] Let G' be a Kx(g)41-free graph of order n with A(G) > 4.
Then ag(G) > A(gy OF there exists an independent set S of G and G — S is a
Ka(c)+1-free graph.

O

Theorem 2.7. [10] Let G be a graph of order n with maximum degree A. Then

2n

(G)+AG)+1

Q >
O(G) =
O

In 1963, Erdés and Gallai [9] proved that any regular graph on n vertices has

55'—‘ unless the graph is complete. Commenting on their

chromatic number k& <
result in a personal communication, Erdos wrote, “probably such a graph exists
for every k < 3—?, except possibly for trivial exceptional cases”.

Caccetta and Pullman [3] confirmed and strengthened their conjecture by show-

5k

ing that if k¥ > 1, then for every n > %,

there exists a connected regular k-

chromatic graph on n vertices.

In 1956, Nordhaus and Gaddum [23] defined graph parameters x + X and x¥
as: (x +X)(G) := x(G) + x(G) and (xx%)(G) := x(G)x(G), for any graph G.

The authors proved the following theorem.
Theorem 2.8. [23] Let G be a graph of order n. Then
L. 2y/n < x(G) +x(G) <n—1,

2. n < x(G)x(G) < (3(n+1))%
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Landon Rabern [20] provided their results which is a generalization of the

Nordhaus-Gaddum upper bound as follows:

Theorem 2.9. [20] Let G be a graph of order n. Then for any induced subgraph
H of G,
1
X(G) < x(H) + 3 ((G) +n ~ [V(H)] - 1)

O
Corollary 2.10. [20] Let G be a graph of order n. Then
x(G) < {i@)—;gf@w :
U

The following result due to Finck [11] establishes the existence of a graph with

prescribed the chromatic number.

Theorem 2.11. [11] Every pair of positive integers p and ¢ with p4+ ¢ < n + 1
and pg > n there exists a graph G of order n such that x(G) = p and x(G) = ¢.

0

The following theorems and corollaries concern the improvement of the bound

for x(G).
Theorem 2.12. [6] For every graph G of order n,

X(G) Zw(G) and x(G)> m

Theorem 2.13. [6] For every graph G, x(G) < 1+ A(G).
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Theorem 2.14. (Brooks’s Theorem) [6] For every connected graph G that is not
an odd cycle or a complete graph, x(G) < A(G).

O
Theorem 2.15. [6] For every graph G,
X(G) < 1+max{6(H)},
where the maximum is taken over all induced subgraphs H of G.
O
Corollary 2.16. [5] Let G be a graph with V(G) = {v1,vs,...,v,}. Then
x(G) < max{min{s, d(v;) + 1}}.
O
Corollary 2.17. [5] For every graph G,
x(G) < 1+4(G),
where £(G) denotes the length of a longest path in G.
O
Corollary 2.18. [5] If G is a chordal graph, then x(G) = w(G).
O

Next we turn our attention to the matching and edge covering numbers. Not
as much is knoﬁ about lower bound for the cardinality of matching of graphs.
Every 4-connected triangulated planar graphs has a matching of size |7 |, because
it has a Hamiltonian cycle [37]. Nishizeki and Baybars [22] gave bounds for planar
graphs as a function of the minimum degree and the connectivity. In particular,

the authors proved the following theorem.
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Theorem 2.19. [22]| For any 3-connected planar graphs of order n > 22, then
1
a1(G) > g(n—l— 4).
O

Koénig and Egervary [19] provided that in a bipartite graph we can certify

optimality of a matching by a vertex cover.

Theorem 2.20. (Konig-Egervéary’s Theorem) [19] If G is a bipartite graph, then

a1(G) = Bo(G).

The improvement of bounds for the matching number is shown as follows.

Theorem 2.21. [5] If G is a connected cubic graph of order n containing fewer
than 3(k + 1) bridges, then oy (G) > 22

O

Theorem 2.22. [5] If G is a connected cubic graph of order n all of whose bridges
lie on r edge-disjoint paths of G, then ay(G) > 2 — | Z].

O
Theorem 2.23. [5] Let G be a graph of order n without isolated vertices. Then
n n
— < <|=1.
[1 +A(G)-I sa(@)s [QJ
Furthermore, these bounds are sharp.
O

David Sitton [7] provided some result about the possible number of edges in
a maximum matching of a complete multipartite graph as stated in the following

theorems.

Theorem 2.24. (7] If K}, , is a nontrivial complete 3-partite graph with

[ <m <n (and n <1+ m), then the size of a maximum matching is [i—-“’z"*"J.

O
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Theorem 2.25. [7] Let Ky ma,..m. be a complete multipartite graph with m;

th

vertices in the ' part, labelled so that m; < my < --- < m,,. If m,, = my + my -

++ 4+ 1mny,_y, then the size of a maximum matching is my; +mg + -+ - + M.
Ll

Theorem 2.26. [7] Give any complete multipartite graph of order =, Koy ooy
where m; <my < --- < m, and m, < m; +mg + -+ + m,_y, then the sizc of a

avl : oy | T
maximum matching is | %|.
O

Theorem 2.27. {7] Give any complete multipartite graph of order n, K,y 1
with i, vertices in the maximum part, the size of a maximum matching is

n—1

min{Zmi, %iﬂy 1
i=1 i=1
1

Corollary 2.28. [5] Let G be a graph of order n without isolated vertices. Then

rn ) nA(G)
|§-! < B(G) < {WJ ;

FFurthermore, these bounds are sharp.
]

Acyclic graph is a graph containing no cycle as its subgraph. An acyclic graph
is called a forest. Therefore, each component of an acyclic graph is a tree. Since a
tree is connected, every two vertices in a tree are connected by a unique path. Let
G be a graph and F' C V(G), F is called an induced forest of i, if the induced

subgraph G[F] of G' contains no cycle. For a graph G, we define, () as:

H{G) := max{|F| : F is an induced forest in }.
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Corollary 2.29. [27] If G is a graph of order n with maximum degree
A=A(G) > 1, then I(G) > 2.

O
Theorem 2.30. [27] Let G be a graph with degree sequence d = (dy, da, . .., dy),
dy>dy>...>d,>1 Then

"1
1(G) > 2 .

2.2 Interpolation Theorems of Some Graph Parameters

Punnim has studied interpolation theorems on various kinds of graph parameters
over R(d). The author has used the switching transformation(o) to transform a
realization of a given graphic degree sequence d to another realization of d. Let f
be a graph parameter and d be a graphic degree sequence. In [8], it has been shown
that the X(d)-graph is connected. It follows that for a graph G of degree sequence
d and a switching o if | f(G) — f(G”)| < 1, then f is an interpolation graph param-
eter over R(d). Punnim proved in [26, 33, 34] that the chromatic number(y), the
clique number(w), and the matching number(a;), respectively, are interpolation

graph parameters over R(d).

Punnim has considered interpolation of graph parameters into two parts. The
first part is to consider whether or not a given graph parameter f interpolates over
J € G. If it is, we will consider the second part that is finding minimum and

maximum value of the graph parameter f on 7.

In [33], Punnim obtained the clique number is an interpolation graph parameter

over R(d) and also found its minimum and maximum value.
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Theorem 2.31. [33] Let G be a graph and o be a switching on G. Then

w(@) —w(@) <1

Theorem 2.32. [33] Let d = 7™ be a graphic degree sequence with
r+2<n<2r+1 Then max(w,r") = [Z].

O

Theorem 2.33. [33] For any r > 6 and odd integer s such that 5 < s < r, let ¢
and t be integers satisfying r +s =sg+¢, 0 <t < s. Then

q if ¢t=0,

min(w, 7" %) = g+1 if 1<t<s5—-2,

qg+2 if t=s—-1
O

Theorem 2.34. [33] For any even integer r > 6 and any even number s such that
4 < s <, let g and t be integers satisfying r + s =sq+t, 0 <t < s. Then
q if t=0,

min(w, r"*%) =

g+1 if t>2
O

It is clear that ag(G) is a graph parameter and ay(G) = w(G), for any graph
G. Observe that for a graph G and a switching o on G, G° = G°. Thus the

interpolation result for a in R(d) follows directly from the graph parameter w.

Punnim showed in [32] the following results that the independence number is

an interpolation graph parameter over R(d).
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Theorem 2.35. [32] Let G be a graph and ¢ be a switching on G. Then
lao(G) — a(G7)| < 1
O

In [35], Samanmoo found the minimum and maximum value of the indepen-

dence number of regular graphs established in the following list of theorems.

Theorem 2.36. [35] Let d = (dy,ds,...,d,),dy > dy > ... > d, > 1 be a graphic
degree sequence where d; + 1 < n < 2d; + 1. Then min(ay,d) = 1 if and only if
R(d) = {Kn}'

Theorem 2.37. 35| Forany r >3, n=7+jand 1 <j <r+ 1. Then
1. min(ap,7") =1 if and only if n = r + 1,
2. min(ap,7") =2 for all even integers n and 2 < j < r,
3. min(ag,7™) =2  for all odd integers n,3 < j <r+1and n > f(j),
4. min(ao,7") =3 for all odd integers n,3 < j <r+ 1 and n < f(4),
where f(j) = 3(j — 1) if j = 3 (mod4) and f(j) =14 3(j — 1) if j = 1 (mod4).
O

Theorem 2.38. [35] For n > 2r+ 2 and even integer r > 4, with n = (r+ 1)+,
for some ¢ > 2, and 0 <t < r. Then

1. min(ap,r™) = ¢ ift =0,
2. min(ag, ™) =q+1 f1<t<r—1,

3. min(ag, ™) =qg+2 ift=r.
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Theorem 2.39. [35] For any even integer n > 2r + 2 and any odd integer r > 3,
with n = (r + 1)¢ + ¢, for some ¢ > 2, and 0 < t < r. Then
1. min(a,7") = ¢ if t =0,
2. min(ap, ™) =q+1 if0<t<r.
O

Theorem 2.40. [35] For any integer r > 3 and any integer s such that 3 < s < r,
let ¢ and ¢ be integers satisfying n =r+s=sq+t ¢>2and 0 <t < s. Then

max (g, ™) = s.
0

Theorem 2.41. [35] Let d = r™ be a graphic degree sequence with n > 2r. Then

max(ayp, ") = [%].
]

In [35], Samanmoo also found the minimum and maximum value of the inde-

pendence number of connected regular graphs as follows: -

Theorem 2.42. [35] For 7 > 3, n > 2r + 2 and a graphic degree sequence 7.

max(ag, ™) = |5 if n>2r.
O

Theorem 2.43. [35] For n > 2r + 2 and even integer r > 4, write n = rq + ¢
where 0 < t < r. Then

1. min(ag, ™) = q ift =0,
2. min(ap, ™) =qg+1 ifl<t<r.
O

Theorem 2.44. [35] For even integer n > 2r + 2 and odd integer r > 3, write
n=1rq+t where 0 <t < r. Then
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1. min(ag, ™) =¢q ift=0,

2. min(a, ™) =q+1 ifl1<t<r.

Theorem 2.45. [35] min(ag, ™) = 2, for all integer r > 3.
0

Punnim showed in [26] the following results that the chromatic number is an in-
terpolation graph parameter over R(d) and also found its minimum and maximum

value.

Theorem 2.46. [26] Let G be a graph and ¢ be a switching on G. Then

X(G) = x(G7)| <1

O
Theorem 2.47. [26] If » > 2 and n > 2r, then
2 if n is even,
min(y, ") =
3 ifnis odd.
O

Theorem 2.48. [26] If r > 2, then

min(y, 7 ') = max(x,r"*') =7 +1, and
2
min(x, r"*%) = max(x, r"*?) = %
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Theorem 2.49. [26] For any r > 4 and odd integer s such that 3 < s < r, let g
and ¢ be integers satisfying r + s =sqg+¢, 0 <t < s. Then
q if t=0,
min(x, 7)) =< g+1 if 1<t<s—2,
qg+2 if t=s-1.

O

Theorem 2.50. [26] For any even integer r > 6 and any even number s such that

4 < s <r,let g and ¢ be integers satisfying r +s =sq+1t, 0 <t < s. Then

q it t=0,
min(y, r"*) =
g+1 if t>2.
O
Theorem 2.51. [26] Let » > 2. Then
L. max(x,r%) =r,
3 if r=2
2. ma“X(Xa T‘ZH—]) —
r if r >4,
3. max(x, ") =r+1forn>2r+2.
O
Theorem 2.52. [26] For any r and s such that 3 < s <r — 1, we have
1. max(x,r"**) > &£ if r + s is even, and
2. max(x, ") > =L if r + s is odd.
O

Punnim showed in [29] the following results that the matching number is an

interpolation graph parameter over R(d).
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Theorem 2.53. [29] Let G be a graph and o be a switching on G. Then
a1 (G) — ea(G7)| £ 1
O

In [34], Punnim investigated the values of min(a;,r") and max(cy,7™) for all
r and n. It is easy to see that min(cy,0") = max(ay,0") = 0 and min(a,, 1??) =

max (a1, 1°") = n. Because of this fact, we will consider r > 2 and n > r + 1.

Theorem 2.54. [34] For r > 2,n > r + 1 and nr = 0 (mod 2), there exists

an r-regular hamiltonian graph of order n. In particular, max(a;, ") = 3]

O
Let F(r,d) be the minimum order of an r-regular graph G with (a;(G) =
3(IV(G)] = d). 1t is clear that |V(G)| = d (mod 2).
Theorem 2.55. [34] Let r be an even integer, r > 2. Then F(r,d) = d(r + 1).
O

Theorem 2.56. [34] Let r be an even integer, r > 2. If n = (r+1)d+e,0 < e < r,

then min(ay, ") = & + L.

Theorem 2.57. [34] For an odd integer » > 3. Then

1. F(r,2q) = (r+2)(1 +2q)+1, for ¢ = 1,2,...,55,

2.if ¢ = s 4+ 1,0 < t < 5L, then F(r,29) = sF(r,r — 1) + F(r,2t), where
F(r,0) =0.
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Corollary 2.58. [34] Let r be an odd integer, r > 3.
If F(r,2q) <n < F(r,2(g + 1)), then min(ay, ") = 3(n — 2¢).

O

Punnim showed in [30] the following results that I(G) is an interpolation graph

parameter over R(d) and and also found its maximum values.

Theorem 2.59. [30] Let G be a graph and o be a switching on G. Then

1(G) - 1(G")[ <1

O
Theorem 2.60. [30]
n—r+1 if r+1<n<2r-1,
max(/,r") =
=) if n>2n
O
Theorem 2.61. [27] Let d = (dy,ds,...,d,),d; > dy > ... > d, > 1 be a graphic

degree sequence and d; +1 < n < 2d; + 1. Then
L. min(I,d) =2ifand only if dy =dy =ds = ... = d, and n = d; + 1 and

2. if d does not have a complete graph as its realization, then min(/,d) = 3 if

and only if d has a union of stars as its realization.
O

The values of min(f,r"), for all r and n, were obtained by Punnim in [25] in
terms of the graph parameter ¢ as stated in the following theorems. Note that

min(/,r") = max(¢, ™).
Theorem 2.62. [25] Forr >3, andn=r+51<j<r+1

1. min(I,7") =2, if and only if n = r + 1,



38

2. min(/,7™) = 3, if and only if n = r + 2,
3. min(Z,r™) = 4, for all even integers n,r + 3 < n,
4. min(Z,7") = 4, for all odd integers n,7 +3 < n and n > f(4),
5. min(Z,7") = 5, for all odd integers n,7 +3 < n and n < f(4),
where f(j) = 3(j — 1) if j = 3 (mod 4), and f(j) =1+ 2(j — 1) if j = 1 (mod 4).
O

Theorem 2.63. [25] For n > 2r + 2 and r > 3, write n = (r + 1)g +¢,¢ > 2 and
0<t<r.

1. min(Z,7") = 2q ift=0,
2. min(I,r") =2¢+1 ift =1,
3. min(Z,r") =2¢+2 if2<t<r—1,

4. min(I,r") =2¢+3 ift=r.
O

Let A be a nonnegative integer and n be a positive integer such that n > A+1.
Let G(A,n) be the class of all graphs of order n and of maximum degree A.
The (A,n)-graph is a graph having G(A, n) as its vertex set and two such graphs
being adjacent if one can be obtained from the other by either adding or deleting

an edge.

Punnim showed in [27] the following results that I(G) is an interpolation graph

parameter over G(A, n) and also found its minimum values.

Theorem 2.64. [27] The (A, n)-graph is connected.
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Theorem 2.65. [27] If G; and G, are adjacent in G(A, n), then

[1(G1) = I(Gy)] <1

O
Theorem 2.66. [27) Let n = (A +1)g+1¢,0 <t < A. Then
1. min(I,G(A,n)) = 2q ift=0,
2. min(/,G(A,n)) =2¢+1 ift =1, and
3. min(I,G(A,n)) =2¢+2 if2<t<A.
O

For a graph G, the minimum number of vertices whose removal eliminates all
cycles in a graph G is the decycling number of G, and is denoted by ¢(G). It is
easy to see that for a graph G of order n, ¢(G)+ I(G) = n. Thus the interpolation
result for ¢ over R(d) is easily obtained.

Theorem 2.67. [25] Let G be a graph and ¢ be a switching on G. Then

16(G) - ¢(G7)| <1
0

In [25], Punnim showed the minimum and maximum value of the decycling

number of regular graphs.

Theorem 2.68. [25]

r—1 if r+1<n<2r-1,
min(¢, r") =

[5e25521 if n>2r
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Theorem 2.69. [25] For r > 3, and r+1<n < 2r+1,
1. min(¢, ™) =n — 2, if and only if n = r + 1,
2. min(¢, ") =n — 3, if and only if n = r + 2,
3. min(¢,r") = n — 4, for all even integers n,r + 3 < n,
4. min(¢,7™) = n — 4, for all odd integers n,r +3 < n and n > f(4),
5. min(¢, ") = n — 5, for all odd integers n,7 + 3 < n and n < f(j),
where f(j) = 2(j — 1) if = 3 (mod 4), and f(j) = 1+ 2(j—1)if j =1 (mod 4).
O

Theorem 2.70. [25] For n > 2r + 2 and r > 3, write n = (r + 1)g +¢,¢ > 2 and
0<t<r.

1. max(¢,m™) =n —2q ift =0,
2. max(¢, ") =n—-2¢—1 ift=1,
3. max(¢,r") =n—2¢—2 if2<t<r—1,
4. max(¢,r™) =n—2¢—3 ift=r.
O

Theorem 2.71. [25] Let d = (dy,dy, ...,d,),dy > dy > ... > d, > 1 be a graphic
degree sequence and d; + 1 < n < 2d; + 1. Then

1. max(¢,d) =n — 2 if and only if R(d) = {K,} and

2. if K, ¢ R(d) then max(¢,d) = n — 3 if and only if there exists a union of

stars as a realization of d, where d = (n—dp,n—dyy,...,n—d).
O

Punnim also showed in [25] the following results that the decycling number is

an interpolation graph parameter over G(A,n) and also found its maximum values.
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Theorem 2.72. [25] If G, and G, are adjacent in G(A, n), then

6(G1) — ¢(G2)| < 1

O
Theorem 2.73. [25] Letn=(A+1)g+t,0<t<A. Then
1. max(¢, G(A,n)) =n — 2q, if t =0,
2. max(¢,G(A,n)) =n—2¢q—1, ift=1, and
3. max(¢,G(A,n)) =n—2¢—2, if2<t<A.
O

Moreover, in [25] Punnim showed the minimum and maximum value of the

decycling number of cubic graphs.

Theorem 2.74. [25] For any integer n > 2, we have

n+1

min(¢, 3*") = ( 5

-l,and

) n if n is even,
max(¢, 3*") =

n—1 if nis odd.





