CHAPTER 1 INTRODUCTION

1.1 Rational

Influenza is caused by Influenza virus. It is inflection in respiratory the virus may
spread in to the lungs. The patient from this virus will be high flu head age and very
muscle pain. Normally it is found in childhood but death rate is found in elderly or
congenital disease for example heart disease, lung disease, liver disease, kidney disease
etc. The vaccination is the best way to protect. It can reduce the in a rate of hospital bed
pause working and suspending in teenager. This disease easily infect by respiratory
contact. The way to spread is cough. The virus transmission on eye and mouse. The
incubation period is a bout 1-4 day. The patient will be tired, anorexia, nausea, severe
pain, limb pain around eye, high temperature. The fever and queasy will gone in two
day. The contact period is 1 day before indicate symptom or the five days after
performed symptom. In child may be spread disease in 6 day be form and spread along
10 days [1]. Current approach for the prevention and control of influenza epidemics is
annual vaccination with a trivalent inactivated influenza vaccine [2]. And numerical
methods developed for the solution of the model equations.

1.2 Literature Review

Moghadas.et.al[3] described quantitative analysis of a mathematical model for the
transmission dynamics of a childhood disease in the presence of a preventive vaccine.
The global stability analysis is proved by a Lyapunov function. It is shown that the
disease can be eradicated from the population it the vaccination coverage level exceed a
certain threshold value.

The implicit finite difference schemes are developed. The numerical schemes showed
that that they have the identical stability properties to the continuous model. Numerical
results with different initial condition, parameters and time step sizes converge to the
disease free and endemic equilibrium points [4].

The non-standard numerical scheme for a SIRSmodel for RSV transmission is
developed and numerical results is compared to the well-known explicit methods [5].

Samsuzzoha.et.al [6] formulate a HIN1 influenza model. The numerical result of three
initial population are shown. The effect of disease transmission coefficient is a constant.
The reproduction number is illustrated. Numerical experimental shows that system
supports the existence and damped oscillation depend on initial population, the disease
transmission rate and diffusion.

Samsuzzoha [7] developed the vaccinated diffusive compartmental epidemic model to
explore the impact of vaccination as well as diffusion on the transmission dynamics of
influenza by using the operator splitting method.

The impact of vaccination as well as diffusion on a vaccinated diffusive epidemic model
Is investigated. Sensitivity analysis of the reproduction number is described. The model
is analyzed to develop the criteria for control influenza epidemic [8].



1.3 Objective
To simulate the dynamics of influenza epidemic model with vaccination and diffusion
by standard finite difference method and non- standard finite difference method.

1.4 Scope

Construct the numerical method using standard and non-standard finite-difference
method for influenza epidemic model. And analyze the stability of standard finite-
difference method.



CHAPTER 2 THEORIES

In this chapter, the background in mathematical are described in the following sections.

2.1 Finite Difference Scheme

Given a function f(x) shown in Figure. 1, we can approximate its derivative, slope or
tangent at P by the slope of the arcs PB, PA, or AB, for obtaining the forward
difference, backward-difference, and central-difference formulas respectively [9].

f(x) A B

o
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Figure 2.1 Estimates for the derivative of f(x)at P by using forward, backward, and
central differences.

The approach used for obtaining above finite difference equations is Taylor’s series:

f (X, +AX) = f(%,) +AxF'(X,) WL%(AX)2 f"(%,) +%(AX)3 f"(x,) + O(AX)*, (2.1)
and . .
f (%, —AX) = f(x,) —Axf'(X,) +%(AX)2 f"(%,) —%(Ax)3 f"(x,) +O(AX)*, (2.2)

where O(Ax)* is the error introduced by truncating the series.
To subtract (2.1.1) by (2.1.2), we can obtain

f (X, +AX) — f (X, — AX) = 2Axf '(X,) + O(AX)°,

Which could be — written as

f (X, +Ax) — f (X, —AX)
2AX
that the O(Ax)*> means the truncation error is the order of O(Ax)?for the central -

difference. The forward-difference and backward-difference formulas could be obtained
by re-arranging (2.1) and (2.2) respectively, and we have

f'(%,) = +0(AX)?, i.e. the central-difference formula. Note



f (X, +Ax)— f(X,)

f'(%,) = A +O(Ax), for forward difference,

and

f/(x,) = F(%) _L(XO —4%) +0O(Ax), for backward difference. We can find the
X

truncation errors of these two formulas are of order Ax.
Upon adding (2.1) and (2.2),

f (X, +AX) = f (X, —AX) = 2 (X,) + (AX)* £ "(x,) + O(AX)*,
and we have

f (X% +AX) =21 (X,)+ f (X, —AX)

(%) = (A0)?

+0(Ax)?,

Higher order finite difference approximations can be obtained by taking more

terms in Taylor series expansion.

Table 2.1 Finite Difference Approximations for @ and @, where FD = Forward

xx 1

Difference, BD = Backward Difference, and CD = Central Difference

Derivative Finite Difference Approximation Type Error
CDx (Dm — (Di
AX FD O(AX)
q)i — CI)i+1
T A BD O(Ax)
cDi+1 — cDi—l 2
Ax CD O(Ax)
q)xx (Di+2 _ZcDi+1+(Di
(AX)? FD 0O(Ax)®
D, -20, ,+D,,
(AX)Z BD ()(AX)2
(Di+l_2q)i +CDi—l cD O(AX)2
(AX)Z ( X)

To apply the difference method to find the solution of a function ®(x,t), we divide the
solution region in x—t plane into equal rectangles or meshes of sides Axand At. The
derivatives of dat the (i, j)™ node are shown in the table, where

X =iAX

t= jUAt



Thus we have

o O@+1, j)-D(i-1,))
X1 2AX
@O, j+1) (I, j-1)
(Dt‘” . 2At ’ 23)
. . .. . . 2.3
o_| © O +1, j)-20(, ) +D(i-1, j)’
)] (AX)2
o ‘ @O, j+1) - 20, j)+D(, j-1)
tt]i,j (At)2 )

2.2 The Von Nuemann Method

The concept of stability is concerned with boundedness of the solution of the finite-
difference equations and is examined by finding conditions under which the difference
between the theoretical and numerical solution of the difference equation given at the
mesh point (mh, nl) by

Z,=U,-U;
remains bounded as n increases, for fixed h and E. The following methods are used in
this thesis for examining the stability of finite-difference schemes in Chapters 3. The
von Nuemann method is the most widely-used method for determining the stability (or
instability) of a finite difference approximation. Here, a harmonic decomposition is
made of the error Z at the grid points on a given time level, leading to the error function

E(x)=) Ae"" (2.4)

Where ‘,Bj‘ is the frequency of the error, j are arbitrary in general and i is the complex

number ~/—1. It is necessary to consider only the single term e’ where L is any real
number. For convenience, suppose that the time level being considered corresponds to
t=0. To investigate the error propagation as t increases, it is necessary to find a
solution

of the finite-difference equation which reduces to €
be

"when t =0. Let such a solution

E(t,x) ~e“e” (2.5)
The original error component €% will not grow with time if

e’<1 (2.6)

forall . This is von Neumann's criterion for stability, sometimes called the von
Neumann necessary condition for stability.



CHAPTER 3 METHODOLOGY

3.1 Introduction

The SVEIRS Influenza epidemic model with vaccination consists of five non-linear
partial differential equations (PDEs). The disease may spread faster in some part than in
others and it is necessary to allow the variables to depend on space as well as time. It
would thus seem natural to extend the model by including diffusional effects, allowing
for investigation of the spatial spread of Influenza epidemic model. In this chapter a
reaction-diffusion equation will be studied and extended to incorporate diffusion in one-
space dimension to enable the geographic spread of the disease in a population first-
order in time and second-order in spaces based on finite difference method are
constructed to obtained the numerical solution of the proposal model.

This model for influenza is based on the standard SEIRS model. The population is
divided into five subgroups: susceptible, S, vaccinated, V, exposed, E, infective, | and
recovered, R. The total population size is denoted by N =S+V + E + | + R. The model
without diffusion term is represented by the following system of ordinary differential
equations:

Flu Related Death

Figure 3.1 The flow diagram of the SVEIRS model.
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dN
and N=S+V+E+I1+R, E:rN—yN—al.

A transfer diagram for this model between these epidemic classes is shown in Figure 3.1
under the following assumptions:

The susceptible population is increased by new born and those who have loss of
immunity due to earlier infection and vaccination. The susceptible population is reduced
through vaccination (moving to class V), infection (moving to class E) and natural
death.

The vaccinated population is increased with the vaccination of susceptible. The
vaccinated populations have susceptibility to infection reduced by a factor (1— ﬂ\,)with

0< 4, <1.The vaccinated class is reduced by the infection (moving to class E), natural
death and waning of vaccine-based immunity.

The exposed population is increased by infected individuals who remain susceptible
even after being vaccinated. The exposed population is also increased by infected, who
are not vaccinated yet. The exposed population is reduced by the recovery (moving to
class R), natural death and onset of infection (moving to class | ). The population during
the exposed stage has a low level of infectivity. Technically, this compartment
represents mildly infectious stage.

The population of infective class is increased by a fraction of exposed individuals
becoming infective. The population of infective individuals is reduced by natural death,
disease related death and recovery from the disease.

The recovered population gets increased with the recovered individual from exposed
and infective classes. The recovered population is reduced by natural death and loss of
immunity.

In order to analyze in terms of the proportions of susceptible, vaccinated, exposed,

infectious and recovered individuals, let s:i, v:i, e:E, i:L andr, =—
N N N N

denote the fraction of the classes S; V; E; | and R in the population, respectively. After
some calculations and replacing S by s; V by v; E by e; | by i and R by r,, Equation.
(3.1) can be written as



z—fz—ﬂlES—ﬁZIS +alS—¢S —rS+O6R+&NV +r
dv

E:—ﬂSEV - BNV +alV —rV —&V + ¢S

dE _

[ =BES+ SIS+ BEV + fIV +alE - wE

d—lzaE—W2I+aI2 42
dt
dR
dt
S+V+E+I1+R=1

where S, = BB;, B, = BB, By = BB By B = BB B, W =T +Kk+0O

andw, =r+a+y.

=kE+yl -TR-0R+«IR

The Influenza epidemic model with vaccination and diffusion by Samsuzzoha et al [9],

2
o :—ﬂlES—ﬂZIS+0¢IS—¢5S—rS+5R+6’\/+r+d18 >

ot ox?

oV oV

E=—[)’3EV - BNV +alV —rV -6V + ¢S +d2y

2
ﬁzﬂlES + IS + B,EV + BIV + alE —WE + dgg
ot OX (3.3)
2
ﬂ:aE—WZI +oz|2+d48—|2
ot OX
2

@:KE+;/I —rR—5R+aIR+d5£

ot OX

S+V+E+I1+R=1

where 3, = BB;. B, = BB, B, = BB Bo = BB S, W, =T+ K+ O

andw, =r+a+y.
The initial conditions of (3.3) are of the form,

S(x,0) = S,(x),V (x,0) = V (x),E(x,0) = E (), for-L<x<L,

I(x,0) = I,(X),R(X,0) = R,(X),

3.4)

and the boundary conditions are chosen to be
0S(+2,t) OV (¥2t) OE(£2,t) al(¥2t) OR(¥2,t) (3.5)

=0,t>0,

OX OX OX OX OX

when L=2.



Table 3.1 Model parameters [7]

Parametes Description Value
ysi Contact rate 0.514 day™
Be Ability to cause infection by exposed individuals 0.250
Yz Ability to cause infection by infectious individuals 1.000
B, ,Ibr;l()jlll\;%/ utgl ;:ause infection by vaccination 0.1,0.2day "
o Rate of latency 0.5 day™
Y Rate of clinically ill 0.2 day™
S Rate of duration of immunity loss 1/365 day™
H Natural mortality rate 55x107° day
r Birth rate 7.140x10”° day™
K Recovery rate of latents 1.857x10™* day™
o Flu induced mortality rate 9.3x10°° day™

Rate of susceptible 1/365 day™

07/ Rate of vaccination Variable
dq Diffusivity constants of susceptible population 0.05
do Diffusivity constants of vaccinated population 0.05
d3 Diffusivity constants of exposed population 0.025
dg Diffusivity constants of infectious population 0.001
dg Diffusivity constants of recovered population 0.0

3.2 Discretization and Notations

A solution of the system of partial equation (3.3) - (3.5) may be computed by finite-

difference methods by discretizing the space interval [—L, L] into M sub-intervals each

of width h >0, and the time interval t>0 is discretized in steps each of length

¢>0.The

open

rectangle QO =[-L<x<L]x[t>0] and

boundary 0€2,
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consisting of the lines X=—L, Xx=L and t =0, are covered by a rectangular grid
having coordinates of the form (X,t)=(X_ ,t)=(-L+mh,nl) where
X, =—L+mh,t =n/(n=0,1,2,..). The solutions of (3.3) - (3.5) at the typical mesh
point (X ,t) are S(x,t)V(x,t)E(,t)I(x,t) R(x,,t )denoted by

S’V EN 1" and R” respectively. The solutions of numerical approximations at the

same mesh point will be denoted by §r?1 ,\7nr1] ) Er?p |~r?1, and ﬁr'; respectively.

3.3 Standard Finite-Difference Methods

Finite-difference methods are constructed by approximating all time derivative in (3.3)

by the first-order forward-difference replacement

u _ult+H-ukxy +0(f) asl—0
ot / ’ (3.6)

and the space derivative by the second-order approximant
O°u _ u(X—h,t+£)—2u(X,t+£)+u(x+ht+7)
ox? h?

Inwhich u(x,t)=S5(x,t) orV(x,t) or E(x,t) or I(x,t) or R(x,t).

+0(h?) as h—0. (3.7)

Using (3.6) and (3.7) making appropriate approximations for the right hand-side
functions of the model (3.1), we obtain

Sttt _( pgn FnoL e 2N, <5N L 7N
S~n+l _2§n+l+s~n+l
+d1{ m-—1 hrg m+l | (3.8)
~ l ~
Vm™-Vm _(_aEn_an.oin . \gn . en
7n+l 7n+1 n+1
d Vm-1~-%m "+Vpa (3.9)
+do 2 ,
EM—ER _(aan . pun. ot \EN L 4 iNEn L o rngn
— |\ ASm+AVm +alm —wi JEm + F2ImSm + F4ImVm

m-1" m+1
h2

{Eﬂ—f—l 2EH]+1+ En—i—l] (310)
+d3 )



11

cn+l F L B jn+l_opn+l, pn+l 3.11
Im == Im :(—W2+a|rl:,]~|)|rrT]~|+0'ErrT]]+d4 m—1 m m+l | (3.11)
14 h2

§n+l_§n B N _ B
%:(—r—5+aI%)R% +xER + 718

sn+1 sn+1 | 5N+l (3.12)

q [lesz +Rm+1]
5 h2 '

After rearranging, the scheme becomes

—dy pSI*E + (1+2d.p) S+l _d, pShtt

. T - 3 ) (3.13)
=[1—(Er?, Y N —¢—r)z]s,§‘1 PO+ 8RN + N
3 o 3 . 3.14
=[1+(—ﬁ2,8Er';‘1—ﬂ3lrﬂ+alrﬂ—r—0)€]vrﬂ+¢ésr?1. (3.14)
—dzpEpT +(1+2d3p) ERY —dg pERTY
=[1+(ASH + BVE + iy~ )¢ |ED + BoliBSR + Bal TRV, (3.15)
N+l N+l rn+1l
_d4 plm—l +(1+ 2d4 p) Im - d4 plm—l
=|:1+(—W2+af£)£:| M+ rED (3.16)
—ds pRIE + (1+2d5 p) RV — ds pRIVE (3.17)

=[1+(_r_5+arnq)e]ﬁg+dég +peih,
where p=¢/h? and m=0,1,2,...M,n=0,12,...

3.3.1 The Local Truncation Error

The local truncation error of the numerical scheme which associated (3.8) — (3.12)
respectively by

L5 [S(x,1),V (x,1), E(x,t), 1 (X,t),R(x,t); h, ¢];
Ly [S(X, 1),V (x,1), E(X,1), 1 (x,t), R(x,t); h, ¢];
Le [S(X, 1),V (x,1), E(X,1), 1 (X,t), R(x,t); h, ¢];
&1 [S(x, 1),V (x,1), E(x,1), 1 (x,1), R(x,t);h,7];
LR [S(x, 1),V (x,1), E(x,t), 1 (x,1), R(x,t);h, ¢];



Thus, it is easy to see that

Lg = S(X,t+£0)=S(x,1)

0
-+ (BEX) + L1(X1)+al (X,t) —gd—r)S(X,1) — SR(X,t)
S(x—h,t+£)—2S(x,t+ /) + S(x+h,t+£)}

h2
=S, +r—(BEX)+ L1 (X1)+al (X,t) —¢—r)S(X,t)
+OR(X,t) + OV (x,t)+d,S, .

—V (x,1) —dl[

&y = VXt+0)-V(xt)
4
—(=B,LE(X,1) = B 1 (X, 1) + al (X,t) —=r —O)V (X, 1) — #S(X,1)
d [V(x—h,t+€)—2V(x,t+/é)+V(x+h,t+£)}
2 h2

-V, + (-B,LE(X.t) — LI (X)) +al (X,t) —r —O)V (X, t) + ¢S (X, 1) +d,V, .

g = E(X,t+/0)—E(xt)

¢
—(BEM) + BV (1) + al (x,t) =W, ) E(X,t) — 8,1 (X,t)S(X,1)
_ALOGEV (x,1) —dS[E(X‘ ht+0)—2E(xt+0)+E(x+ht +z)}

h2
_Et + (ﬂls(x,t) + ﬁ3v (X,t) +al (X,t) — W:l)E + ﬂzl (X,t)S(X,t)
ATV (%) + d.E._.

& = (X, t+£)—1(x,1)
14
—(—w, + ol (x,1)) I (x,t) —cE(x,1)

q [I(x—h,t+£)—2l(x,t+ﬁ)+I(x+h,t+ﬁ)}

hZ
=1, + (—w, + al (x,t)) I (x,t) + cE(X,t) +d,l,.

$n = R(x,t+¢) — R(x,1t)
14
—(—r=8+al(xt))R(x,t) —xE(x,t) — 71 (x,t)
d [R(x—h,t+£)—2R(x,t+f)+R(x+h,t+£)}
5 hZ
—R +(-r-o0+al(xt)R(Xt)+xE(Xt)+ 1 (x,t)+d.R,.

12

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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Expanding and S(x £h,t), V(x£h,t), E(x£h,t), I(x£h,t), R(x+h,t) and S(x,t+¢), V (x,t +7),

E(x,t+0), I(x,t+0), R(x,t+¢) in(3.18)-(3.22) as Taylor series about (x, t) leads to

1

s = —dn’
%y = —;dzhz
L = —;d3h2
% = —;d“h2
<R :_;dshz

+1

ox*

+1

oxt |28t oxet
o's [10°S 0°S |

+1

x' |2at7  Coxet
0's . [16°S 0°S |

+1

+1

ox' |2at  Coxet ]

o's [1o's &°S
5 2 12 +
2 ot ox’ot

0's  [10°s &S |

oxt |20t toxiet |
0's . [156°S 0°S |

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

Equation (3.23)-(3.27) verify that the method are (3.13)-(3.17) O(h?+¢) as h,¢ -0,

3.3.2 Stability Analyses

The von Neumann or Fourier series method of analyzing stability will be used to gain
some insight into the stability of the standard finite-difference method. These methods

seek the condition under which small errors of the forms

Z:, =S
Z) .=V,
z:,. =E;
z) =1I"
zZ: ., =R

where . and 7 which j=12,.,5are real, i=v-1 where S’V ", E

]

n anl
— 1" =e""e

_ Sn — ez//lnleiz—l(—L+mh)
m

_V n _ ez//znleiz—2 (—L+mh)
m

_ En — el//3n|eiz'3(—L+mh)
m

_ Rn — e1//5nleir5(—L+mh)
m

iz, (—L+mh)

(3.28)
(3.29)
(3.30)
(3.31)

(3.32)

and R are

perturbed numerical solutions, necessary conditions for the errors not to grow as n— «

are ‘e“"" <1,

ea)zl

<1, [e”|<1, [e*

<1and ‘e”ﬁ"£1
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Substituting Z_, Z,, Z_, Z,, and Zin (3.13)-(3.17) lead to

(1-(BE,+B,In+al) —¢—1)0)

_ 3.33
° (1+4d,p) ’ o
(L CpE AT valy -1 -0)) (3:34)
v (1+ 4d, p) '
_(1+(BSh+ BN +aly —w)), (3.35)
= (1+4d,p)
s (1+ (—w, +al})?) (3.36)
' (@A+4d,p)
. (14 (r-s+al))) (3.37)
RO (1+4d,p)
. 0
which p Yl

where £ ="', & =¢e", =", £=¢e", E=¢€", S), V" E" I" and R’
is a constant, that is, the stability restrictions are

The stability condition for S

(-2+(BE+BIy +aly —g—-1)0)
4d,
and (3.38)
o> BE+Blaraly—¢-n)t
4d

p>

1



The stability condition for V

0s (-2-(-BE,) - B +al) —r-0))
4d

1
2

and

oo CHEL-AILvali-r-0)
- 4d

2

The stability condition for E

—2- (ﬂlg:\ + ﬂ3\7mn o INn: - Wl)g
N )

4d

3
and

p > (ﬂlgr: + ﬂ3\7r: + afn:‘ — Wl)g
B 4d

3

The stability condition for |

(2w, +al})) (W, +alp)

> and >
P 4d, P 4d,
The stability condition for R
2—(-r=s+al’) r— ir
IDZ( ( al’)l) and paCT=0+aldl
4d 4d

5 5

The stability intervals of the method are given by the intersection on

15

(3.39)

(3.40)

(3.41)

(3.42)
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3.3.3 Implementations

The partial derivative in the boundary conditions (3.5), is approximated by the second
order, central-difference replacement

é_u: u(x+h,t)—u(x—nh,t)

ox 2h +o(h")
Apply the replacement to (3.5) on X ==L
S; =S" and Sy, =Sy (3.43)
" =V" and Vj,=V§., (3.44)
="'=E", and E;,,,=Ey, (3.45)
I'=1"  and Iy,,=10y4 (3.46)
R"=R" and R}, =R}, (3.47)

Let

T 1 T
an+l _[en+l gn+l  gn+l -n+l _[\7n+l 7N+l \7n+l =n+l | gn+l gn+l  gzn+l
S —[SO ,S1 ,...,SM } vV _[VO ’Vl ""’VM } , E _[EO E1 ,...,EM } ,

T T
mn+l | n+l 7n+l  n+l 5N+l | gh+1 5h+l sn+1
I _[IO ’Il ""’IM } . R _[RO R1 ""’RM } ,

where T denotes transpose of the vector. The modifications to the formulae of the

families of method (3.13) - (3.17), and their implication, are as follows.

Takingm =0, M in (3.13)-(3.17) and using (3.43)-(3.47) gives
m = 0,
(1+2d,p)S¢™ —2d, pS™

=[1-(BES + B,I§ +aly — =)0 |S§ + 10+ 5IR) + OV (3.48)
(1+2d, p)Vg™* —2d, pv,"

=[1+(—ﬂ2ﬂlié‘ — Bslg +aly —r—e)e]\?g‘ +¢1Sg. (3.49)
(1+2d,p) Eg* —2d, pE™

= [1+(ﬂ1§8 + BN, +aly —wl)e] ED + B 01080 + BTN, (3.50)
(1+2d,p) I —2d, pi,"

=[1+<—W2+al~(;‘)4 "+ lED. (3.51)
(1+2dgp)Ry™ —2ds pR™

:[1+(—r—5+a|},”)f] RD + & lED + p i, (3.52)
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m=M,

—2d, pSiy +(1+2d, p) Sy

=[1-(BEN + Byl + iy — =) | S5y + 10+ SIR], + O, (3.53)
—2d, pVyy +(1+2d, p)Vy ™
=1+ (- BE - BT} +aly —r=0)¢ [V + g0, (3.54)
—2d, pEy, +(1+2d3p) Epy
=1+ (BSh + BN + @l —w )¢ |Efy + BotT Shy + ButTi iy (3.55)
—2d,ply% +(1+2d,p) Iy
= :1+(—w2 +alf, )4 o+ lEY . (3.56)
—2ds pRy™, +(1+2ds p) Ry™
::1+(—r—5+af,\'}, )EJF:’,’\}, + (B, + ylhy) . (3.57)
Form=1.2,....M-1,
—d, pgrrr]wtll + (1"' 2d, p) §r?1+1 —d pgrrr‘w:ll
=[1-(BEDL + B0 +all ~g-1)C |88 +re+ S0RD + 0. (3.58)
—d, pVip7 +(1+2d, p)Vy™ —d, pVi'y
= [1+(—ﬂ2ﬂér’; — B ol —r —e)z]\irg + 08", (3.59)
~d;pEq’1 +(1+2d;p) Ex™ —ds pER'
=1+ (BSh + BV +aln —w ) £ | En + BT Sh + BTV, (3.60)
—d, pin +(1+2d,p) I5** —d, pig's
= :1+(—w2 +arnq)4 [ +G0ED. (3.61)
~ds pRy’; +(1+2ds p) Ry —ds PRy
::1+(—r—§+al~r2)4 R+ k(E + ylin, (3.62)
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Thus, the solution vector S,v,E,T and R may be obtained using the following parallel

algorithm:
Processor | ASM L — 8" g
Processor I AoV oV 1 Hy
Processor Il AGENHL Z QIEM + Hg
Processor 1V AT Z Q1" 4 HYy
Processor  V AR = QRN + Hg

The matrix A s a constant tridiagonal matrix of order M+1 given by

[1+2d,p -2pd, 0 0
—pd, 1+2pd, -—pd, :
A= 0 0 :
: —-pd, 1+2pd, -pd,
0 0 -2pd, 1+2pd,

The diagonal matrix Q, of order M+1 given by

0 0 0
£ :
Q= R ,
: 0 f,, 0
0 -0 0 f,

with  f = 1-(BE "+ B,1" +al"—¢-1)l, i=0,12,.,M.

The column matrix H, of order M+1 given by

r{+8(R! + /]
r{+68(R" +ON

r{+8(R"  +6N |
re+8IR), +0N,) |

(3.63)
(3.64)
(3.65)
(3.66)
(3.67)

(3.68)

(3.69)

(3.70)
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similary, the remain A;,Qj and Hj, i=2,3,...,.5are given by

[1+2d,p -2pd, 0 0
—pd 1+2pd, -—pd :
A= pd, +4pa, pd, (3.71)
0 ' . 0
' -pd, 1+2pd,  -pd,
0 0 -2pd, 1+2pd,
[j, 0 O 0 ]
0 j O :
Q,= o . . . 0], (3.72)
: 0 Jua O
|1 0 0 0 Jju

with  j = 1+(-BE - 1] +al! —r-0)¢,i=012,., M.

The matrix H,, A and Q, are given by

H= | ¢S |

#LS;,

| ¢S, |

[1+2d,p  —2pd, 0 0
—-pd,  1+2pd;, —pd, '

A=1 0 R o |

(3.74)
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[z, 0 0 0]

0 z O :
o o . . . 0], (3.75)
S 0 z,, O

0 0 0 z,|

with  z, = 1+(ﬁl§i“+ﬁ3\7i”+afi“—wl)€, i=012,.,M.

The remain matrices are shown as the following

ARSHEYANA

H.= ﬂzllnsln + ﬂ4|1n\/1n (3.76)

ﬁz I~r$| 71§hn/| a T 184 I~|C| 71\71\/?71
ZANSVIR A M

[1+2d,p -2pd, 0 0
-pd, 1+2pd, -pd, :
A= 0 0 1 (3.77)
_pd4 1+2 pd4 _pd4
0 0 -2pd, 1+2pd,
b, 0 O 0 ]
b O
Q,= 0 o O (3.78)
: 0 b,, O
0 0 0 by

with b =1+(—W2+al~i”)£, i=0,12,..,M.
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i olE] ]
olE'
H,= : (3.79)
olE]
| olE; |
[1+2d.p  -2p 0 0 |
A= | _pd, 1+2pd,  —pd, (3.80)
0 0 ,
. —pd5 1+2pd5 pds
0 0 -2pd;, 1+2pd;
M, 0 0 0]
Q.= 0 n O 5 (3.81)
o . . . 0],
0O n,, O
0 0 0 ny|
With  n =1+(-r+5+all)(, i=012,..,M.
I K(E] + ylI] ]
Hy= | x(E]+p00) (3.82)
K(E! 4+l
4=\ +7/€IM

The linear algebraic systems given by (3.63)-(3.67) can be solved by using parallel
computation, The vector §,v,E,i and R can be obtained simultaneously and thus the

time taken to solve PDEs will be reduced significant.



3.4 Nonstandard Finite-Difference Method

Numerical method for S

22

In this section, the non-standard finite difference is studied. The approximation of the

time derivative is obtained by the first-order forward-difference

0S _S(X,t+/¢)—S(X1)
ot 0 ’

and the space derivative is obtained by the second-order approximant

8ZS~ 1 S h 2S S h

87~?{ (X—h,t+0)=2S(X,t +£)+S(x+h,t+7)
+S(x—h,1)-2S(x,t) + S(x+h,1)},

The result of approximating becomes,

Sn+1_S~n _ _ ~ 1 1 1
; M _ —BEN - poif +aill —g—r)ShHL sRI+L  pyn+1
sn+1 sn+l  &n+1l  &n
vy Spri—2Sm+SHtT+Sh 4 2sm+sm+1
2h2
and
gn+l_¢gn . 1 enad ~ 3 y
¥_(—QE%+ — Lol ol —g—r)SH + SRY + oV +r
| sntl _oghrly s+l sn 28R +sh o
+dg

2h2

The average of equation (3.83) and (3.84) becomes

snel_gh 4 1 1
e Z(-HER - poil 1 ail — gL, 25R”+1 2e\/”+1

+;6Rm+;6?\/m+r+ HENL - i+l i+l ngh

n+1 n+1 sn+l | én

+dl
2h?

(3.83)

(3.84)

(3.85)
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Equation (3.85) is rearranged. This provides

P P,
1 an+l 1 =n on o n+tl "1 &n+l
TSm_l+(1+E(ﬂl£Em +folim —allm +¢l+ri+R )Sm —TSerl

Lol _Lgengnet [ Lo,en 1 g psn |inel 1041 (3.86)
2 2 2 2 2
P P
__1g¢gn I xn M zn ¢ -n ¢ .=zn
= 5 Sm_l+(l—¢5—rE—Pl JSm +Tsm+1+59\/m +E§Rm +/0r .

Similarly, the nonstandard finite-difference for V may be approximate the time
derivative in the second equation of (3.3) by the first-order forward-difference
replacement

oV V(Xt+/0)—V(xt)
ot 0 ’

And the space derivative by the second-order approximant

ﬂ~i{V(x—h t+0)—2V(X,t+0)+V (Xx+h,t+7)
ox*  2h? ’ ’ ’

+V (x—h,t) -2V (x,t) +V (x+ h,t)},

The result of approximating becomes,

v+l g - - N4l 3.87
S SR (~paER - palih + alh -0 VT (387
7n+1 7n+1l \7n+l ,\7n 7N \7N
iy Vm_l—ZVm +Vm+1+Vm_1—2Vm +Verl |
2h?2
and
7n+l \7n
Vi -V an =n+1 n+l . en+l -n
T_¢Sm+(—ﬂ2ﬂEm -Blm +alp —F—Q)Vm (3.88)
7n+1 7n+l \7n+l  \7n 7N \7N
1 dy Vm_l—ZVm +Vm+1+Vm_1—2Vm +Vm+1 .

2h?
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The average of equation (3.87) and (3.88) becomes

¢t Poos /- b Len 0 4 -
-E¢s%+1—72v£j%+(1+ﬂ355{1‘1+ﬂ45|,§‘]—a5|§]+r§+9§+P2Jvrﬁ+1 (3.89)
P

“n+1 {snen+l Leon o Losn|en+l
—72 m+1+ﬂ3§VmEm +[ﬂ4§Vm—“Eij|m

L oan  Pran
= E¢Sm +7Vm_1

. -n . P2n
+(1—r§—9§—P2]vm+7vm+l

The nonstandard finite-difference for E may be approximate the time derivative in the
third equation of (3.3) by the first-order forward-difference replacement

OE E(X,t+0)—E(X,t)
ot 0 ’

And the space derivative by the second-order approximant
PE_ 1
x*  2h?

+E(x—h,t)-2E(x,t)+ E(x+h,t)},

{E(x—h,t+0)—2E(x,t+ () + E(x+h,t+7)

The result of approximating become,

~ 1 ~
Em —Em _(.én in . +n o\ en+l "N an+l =Ny n+1 3.90
-, - ASm +B3Vm +alm =W |JEm™ ™+ B2ImSm’ ™ + BalmVm (3.90)
=n+1 =n+1 , en+l |, 2n =N , &N
+d Em_l—ZEm +Em+1+Em—1_2Em+Em+1 |
2h2
and
I§r1+l_|§n _ _ . 5 - . - -
S (SR sVl - | ER + ISR+ aIRTVE (39D)
=n+1 =n+1 , en+1 |, =n =N , &N
vdy Em 1 2Em +Eniy+En g —2Em+ By |

2h2
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The average of equation (3.90) and (3.91) becomes

l en £ n )an+l C Czn Yo+l 3 =nit 3.92
—[ﬂIEEm+ﬂ2§|ijm+ -| P45 Im+ B35 Em Vim " _TEmJ-T-l (392)
/4 lon 0 ¢ I R
+(1—ﬂlasr',‘]—ﬂ3§v£—a5|,% +w1§+P3jE{,‘]+ — Bol St

P
=n\7n+1 =n+1 { =n ! an £7n ) en+l
+f41mVm ——g Em_l—[agEm +ﬁ253m +ﬂ4§ij|m

P P
_ '3 Fn 4 3 en
= TEm_1+(1‘“’l—‘P3j+TEm+1

The nonstandard finite-difference for | may be approximates the time derivative in the
fourth equation of (3.3) by the first-order forward-difference replacement.

ol 1 (xt+20)—1(xt)
ot ¢

and the space derivative by the second-order approximant

ol 1
—~—={(X=ht+0)-21(X,t+ )+ 1 (x+h,t+7¢
rvreatl )= 21(%,t+0)+1( )

+1(x—h,t)-21(x,t)+ 1 (x+h,t)},
The result of approximating becomes,

|~n+1_|~n L N
m m =(—W2 +“|r?1)|r?1+1+05rrr]1+1 (3.93)

4
"N+l 5rn+l, n+l  n+l 7N+l | n+l
2h?
and
|~n+1_ in a1 - N
mT:(_Wzmw ).g;ﬁag,% (3.94)
N+l 5rn+l, n+l  n+l o7n+l | n+l

2h?
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The average of equation (3.93) and (3.94) becomes

(=nil P4 s 4 Fn+l il Paoonna
o BT - Ity | L wg o —afinthe By iRt - (3.95)
_ Len Py ¢ o Fa e
_O-EEm+7lm—l+ 1—W25—P4 Im +7|m+1

The nonstandard finite-difference for R may be approximates the time derivative in the
fifth equation of (3.3) by the first-order forward-difference replacement.

OR R(x,t+70)—R(x,t)
ot 0 ’

and the space derivative by the second-order approximant

2
ﬂzi{R(X—h,t+f)—2R(X,t+f)+ R(x+h,t+7)

ox?  2h?
+R(x—h,t) = 2R(x,t) + R(x+h, 1)},

Approximating in last equation in (3.3) as follows

I§n+l_|§n o _ ~
m_—Tm : m =(—r—5+a|rﬁ‘1)Rr?,+1+z<Er?,+1+7|r?,+1 (3.96)
5n+1 sh+l  gn+1l , 5h+1 sh+l |, gn+1
2h2

and

I§n+1_|§n i) < ~ ~

¥: —r=5+alp RN +<Ef + 71 (3.97)
5n+1 sh+l , gh+1 , 5h+l sh+l |, gn+1

2h?2
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The result of approximating becomes,

U zn 0 Cen)indl 5 s l [~ sn+1
elgn [l g tpn il TE gl g E sl i p IR (3.98)
o m [72 2 mj m T Tmol (TR TR M R
P, P, P,
" Soendl _  Len fen "B oan s 5 5N
Rt = Ko EmEro T =Ry (1 ro-8R R +— >Rt

3.4.1 The Local Truncation Error

The local truncation error of the numerical scheme which associated (3.86), (3.89),
(3.93), (3.96) and (3.98), are given by

s [S(x, 1),V (x,1), E(x,t), 1 (X,t),R(x,t); h, ¢];
&y [S(X,1),V (x,1), E(x,1), 1 (x,1), R(x,t);h, ¢];
Le [S(X, 1),V (x,1), E(X,1), 1 (x,t), R(x,t); h, ¢];
Ly [S(x,1),V (x,1), E(x,t), 1 (X,t), R(x,t); h,7];
Lr[S(X,1),V (x,1), E(x,1), 1 (x,1), R(X,t);h,¢];

Thus, it is easy to see that

%g = S(x,t+£z S(x,t) 1( BE(X) =B (X1 +al (Xt)-F—1)S(Xt+0) (3.99)

—;H\/(x,t +/) —;SR(x,t +/) +ﬂ158(x,t)E(x,t +/)
+;(ﬂ25(x,t) S (xt+1) +;08(x,t) +ir8(x,t) —;W(x,t) —;5R(x,t) “r

_dl

S(x=h,t+0)=2S(x,t+£)+S(x+h,t +/)+S(x—=h,t) = 2S(x,t) + S(x + h,t)}
2h?
=S, +r—(BEXD)+B1(X1) +al(x,t)—g—r)S(X,t) + SR(X,t) + NV (x,t) +d.S _ .

_Vxt+)-V(xt) 1

v ; S(BECD =100+l (x) -1 =0V (x1-+0) (3.100)
—§S(xt+f)—s<xt>+ (BEX L0+ A1 (60)] (614
o

IV )+ (r+ OV (1)

d {V(x—h,t+£)—2V(x,t+€)+V(x+ hit+0)+V(x=h,t) =2V (x,t) +V (x+ h,t)}
’ 2h’
-V, + (LEX) - BI(Xt)+al(X,t)—r—0)V(X,t) +#S(x,t) +d.V .
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Le = E(xt +£z -E(x,t) _;(ﬂlS(X,t) + BV (X,1) +al (x,t) =W, ) E(x,t+ ) (3.101)

—;(ﬂzl (x1)+ BE(X,1))S(x,t+ () —;(ﬂAI XD+ BEXDIV(Xt+0)

—;(aE(x,t) £ AS(L) (Xt +1) +;le(x,t) —;m (X OV (Xt + 1)

d [E(X— h,t+/)=2E(x,t+£)+ E(x+ht+¢)+ E(x=h,t) - 2E(x,t) + E(x + h,t)}
: 2h?
—E +(BS(X,t)+ BV (Xt)+al (X,t)—wW)E + S,1(X,t)S(x,t) + B, 1 (X,t)V (x,t) +d,E_.

Fa =116 L et —Lorxn (3.102)
‘ 2 2

+(;W2 —al (X)) (X,t+0)+ ;wzl (x,1)

d [I(x—h,t+£)—2l(x,t+€)+ [(X+ht+0)+1(x=h,t)=21(x,t)+ I(x+h,t)}
! 2h?
-1 +(-w, +al (x,t)) I (x,t) + cE(x,t) +d,I..

g = RXt+0)-R(xt) 1

/ 2(—f—5+06|(><,t))R(><,t+€)—zc;E(x,t+z) (3.103)

1 1 1 1
K> E(x,t) -7y 1(X,t+0) 75 I(x,t) —E(—r -5+al(xt+0))R(xt)

4 [R(x—h,t +0) = 2R(X,t+ ) + R(X+ h,t + ) + R(x—h,t) = 2R(x,t) + R(X + h,t)}
’ 2h?
R +(=r-o+al(x,t))R(x,t) + kE(x,t) + y1(x,t) + d.R .

Expanding S(xxh,t), V(xth,t), E(xth,t), I(x£h,t), R(xth,t) and S(x,t+7¢), V(x,t+7),
E(x,t+0), 1(x,t+7), R(x,t+¢) in (3.18)-(3.22) by Taylor series about the point (x ,t)

leads to



1 1 1 1
g = _Edlhzsxxxx + {GSm +Z(ﬁlE + B, —al +¢+71)S, _ngn
1 1 1 1
—45Rn+ﬂl4SER+4(ﬂZS—aS)|n—d14sxm}€2+
h? 1 1 7
= d, V412V S (—BE-Bl+al-r—0)V, - Zs
‘f’\/ 212 XXXX {6 ttt 4( ﬁe, 184 ) tt 4 it

1 a 1
+Z(ﬂ3VEtt +ﬁ4V|tt)_§V|tt - dz 2Vxxtt}£2 +

2
SE’E = _ds:TzExxxx +{éEtt _E(ﬂ1s +ﬁv +al — Wl)Et _i(ﬂzl +ﬁ1E)St

—i(ﬁz +pBE)S, - ( +BE)V, - —(aE+ﬂZS)I 1 |v}£2+

1 1
Ly = W+{6 m— oE, +( w, al)ln—d44lm}£2+...,
1 l 1
IR = R + r—o+al =
: et R -2 Rk iE -yl
l

aRl, —d.— ! Rxm}ﬁz
4

Equations (3.86), (3.89), (3.93), (3.96), (3.98) verify that the methods the order of

methods O(h? +72) as h,¢ — 0,
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(3.104)

(3.105)

(3.106)

(3.107)

(3.108)
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3.4.2 Implementations

The boundary conditions (3.5) are applied by the replacement (3.43) - (3.47), We obtain
Taking m =0, M in (3.13)-(3.17) and using (3.43)-(3.47) gives

m=0
1 =n ©n ©n sn+1 sn+l 1 5n+1
(1+E(,81£E0 + Pl —all] + gt +ri+P )STT—R §] X4l (3.109)
1 =n+1 jn+l_1 ¢ mn+l
—EﬁlESOE (——OMSO +—=/L2 KSOJ 0 25ZR0
—(1-gLrL_p |80 4P SN+ LD + LSRN 4or .
- 2 2 1 0 171 27°0 70
sn+l =n L+ ton 0 ! n+1 (3.110)
¢S (1+,B3 E +'B4E aEIO +r§+95+P2 Jvo

- Y =n+1 =n+1 rngn+l 3.111
g +w—+Py |Eg" Py By —PB215S, ( )

—agég+]‘+(1+ wzg_aerg+1+ P, j it -p, ittt (3.112)
Ll n &n &n
=0~ Eg +[1—w2 —P4jI0+P4I1

0 = 0 0 =n)ensl 0 0 N+l
—K—Eg—(y5+aER8jlg+ +(1+r5+55—a5I8+P5jR8+ (3.113)



m= M,

zn+1 1 =n =N =N sn+1 1 ,5n+1
—Pl SM _1+(1+E(,B_|_EEM +/32€|M —aEIM +@l+ri+ Pl )JSM _EWM

1, &n gn+l 1 en 1 sn\in+l 1o =n+l

_ N l l 1 14 “n Y4 ~n
_P]. SM_1+[1—¢E—|'E—P1 jSM +EWM +E5RM +/r .

Coan+l sn+1 ! zn { =n l =n A ~n+l
_E¢SM _PZVM _1+£l+ﬂ3EEM +ﬂ4E|M —aglM +r5+05+ P2 jVM

lwn zn+l N Lsn | en+l
0 &n =n Y =n ! =n l=n \an+l
= 2% +P2VM—1+(1_rE_0§_P2) M {ﬂlEEM th25lm jSM

{en {=n \7n+l
—(pﬁle +ﬁ3§EM ]vM+.

=n+1 ! an l.sn
P E) _1+(1—5153M -3 Vy —@

2
~n \7n+1 ! =n ! an Lin | en+l
VMY ‘(“EEM 255 A5 Vm |Im

= ¢ n+l Fn+l
—o-E M —FPa M_1+[1+W25—(,M|M +P4)|M

A= =n 14 =n
—UEEM +P4|M—1+(1_W2§_P4JIM'

! =n L l=n \en+l sn+1 ot Lp sn+1

_ lzn .l -n . -n
—K'EEM +}/EIM +P5RM_1+[1—rE—§E—P5jRM
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(3.114)

(3.115)

(3.116)

(3.117)

(3.118)



Form=1,2,..., M-1,

P
1 s”+1+(1+ (ﬂlﬁEm+,6‘2£Im alifh +ge+re+p )L ; gn+l

2 m+1
BEP VI 1ﬁ1€S gn+l, ——aesm+ L gysh i+l L 5ogn+l

2 2 2

P, P,
_ "1 ¢n t 0 n , ‘1 &n t sn L .sn
—TSm_l+(1—¢E—rE—P1 jSm +7Sm+1+50\/m +E5Rm +/0r .

¢ oen+l P2ontl l =n { ~n Lon A 14 n+1
— ¢S —=V +H 1+ B -En+ba-Im—-a-Ipn+r-+6—-+P, |Vy
2¢ m > 532 m /’742 m-oZlm+ro+0-+F

m-1+
P
n+1 4 n+1 fan Lanendl . L oen | Pan
—72vm+1+/335vm5m +(ﬂ45vm—a§va|m = 45+ 22Vm1

n P
+ 1—r£—¢9£—|32 Vi +—290 - Ay LEN o LD |gn+t
2 2 2 2
L n 0zn \ontl 3 =nit
- ﬁ45|m+ﬁ355m Vm - Ep
le n+1
(1 ﬂl sm ﬂ3—Vm azlm+V\q +P3jE+

o ~ P Y
S L S s B VA [aZEmwz Sm+ﬂ4—vmj1”+1

2

P P
_ '3 Egn b 3 gn
= TEm—1+(1 \N_|_2 st-i‘ 5 Em+1

Centl Paoeni rn+1 e+l ID4 Fn+1
O'EEm T|m_1+ 1+W25—6(€|m +P4 |m 5 |m+1
_ ten Py on o, P4
—O'EEm-FTlm_l-l‘ 1—W2——P4 |m+7|m+l

0 =n ¢ Lannl P oania
—K—Em—[]/— 2R JI 5 Rmo1+

00 ntl 5 snit
(l+r5+55— 2|m+P5jR 5 Rm+1

n Lot =n . 75 an
m_1+(1—r5—5E—P5 )Rm +7Rm+1

1
S

NS |u-|-U
po)l
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(3.119)

(3.120)

(3.121)

(3.122)

(3.123)
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The solution vector §,v,E,1 and R can be obtained simultaneously by solving a linear

algebraic. It may be seen that (3.109)-(3.123) may be written form in the

VVnun+1:Mnun+b (3.124)
Let
T T T
ah+1 sn+l gsn+l  sn+l ~N+1 7n+1\7n+1 7n+1l =~n+1 =n+1 =n+l =n+1
S :{SO ,Sl ..... SM } vV :[VO ’Vl ..... VM } , E :[EO E1 ..... EM } ,
T T
n+l |+l 7n+l n+l 5n+1 sn+l sh+l  sn+l
| =[I0 ’Il ""’IM } , R :[RO R1 ,...,RM}
n+1 [~n+1T ~n+1T ~n+1T ~n+1T ~n+1T !
| (s (v (et (o] (e |
T
o \(s (s e () (e |
and
N n \n |
A A BN A
n n n (3.125)
B1 82 B3 B4 0
n n n n n
W' = C1 C2 C3 C4 0 |
n
0 0 Q3 Q4 0
n n n
_O 0 63 G4 G5_
_ .
a1 a2 0 0 a5
bl b2 0 0 0
n (3.126)
M =0 0 c3 0 0 |,
0 0 d3 Oy 0
n
|0 0 93 94 95|

Where 0 is the zero matrix of order (M+1) and the vector b is a column-vector of order
(5M+5) wish given by
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T

b=| /r,... ¢0r, 0,..0| ,
— (3.127)
M +1 times

The matrices W" and M" are both of order (5M+5) and their sub matrices are of order

(M+1) These matrices are given by

o, -B O 0 |
_i 01 _i
2.2 (3.128)
Al=| 0 0o |,
P P
5o
L 0 0 _Pl Oy _
with o, =1+ (ﬁlﬁE"+ﬁ2€I~i” all+gl+r+PR);1=012,...,.M -1, M.
[1—/ rﬁ—aj R 0 0
3 (wu_pl ) 3 ;
2 2 2 2 (3.129)
4 = 0 ' 0
i (1 ¢“_r£_Pj i
2 2 2 2
0 0 P (1¢ —r- —Pj
b, -P, O 0 |
P, " P, (3.130)
2 2
Bl =| 0 0 |,
P P
0 0 -R by, |
l ~ l~, Y4 Y4 .
with b, =1+ E”+ —I'—a=1"+r=+0—+PF,; i=012..,M-1LM.
ﬂS ﬂ42 2 2 2 2



(1—95 r(—sz P 0 0
2
| 1A
P72 [1_g€_r“_p2) PA
2 2 2
b, = 0 0
Pi [1_06_r£_|3j Pi
2 2 ! 2
[
0 0 P [1-9“-3)
2
[z, -P 0 0 |
LT
2 ' 2
cCl=| 0 0
P P
% s
| O 0 -R zy |
) 0~ 0 0~ v
with z, =1—,81§Si _ﬁSEV' —OlEh +W1§+P3
_[1—w —P] P 0 0 ]
1 3 3
%3 (1—W1 st %3
C, = 0 0
P / P
?3 (1 w, —st ?3
/
_ 0 0 P, 1—W1§—|33 |
e, -P, 0 0
kR R
2 ! 2
Q;‘: 0 ' 0o |,
P
F
0 - 0 -P e, |
i=0,12,....M -1 M.

with e, :1+W2£_a€|”in+1+P4;
2
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(3.131)

(3.132)

i=01L12,...M -1, M.

(3.133)

(3.134)
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(3.135)

(3.136)

(3.137)

(3.138)
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0]
(3.139)
O ’
S! 0
0 -~
_S”
ﬁl 2 M |
0
3.140
o, | G
—S! 1(@—0{) 0
0 iSi(B-a)
2 J
(3.141)

(3.142)
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(3.143)

(3.144)

(3.145)
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ﬁ\ion(ﬂ4—a) 0 0 0
0 f\i;(ﬂA—a) 0 :
2 (3.146)
B! = 0 E E E 0 ,
€~n
0 EVMfl(ﬂ‘t—a) 0
ZNn
0 0 0 5 T (B.-a)
-, i}
— 0 0 0
&
0 ¢f 0
2 , (3.147)
b =0 .0
V4
0 ¢ O
l
0 0 0 —
L ¢2_
—f, 0 O 0 ]
0 _,fl _0 (3.148)
C'=| 0 : . 0 |,
: o —f,, O
0 0 o —f,
l =n é"n. H
Where f = ﬂlEEi +,6’2§Ii, i=0,12,...M -1, M
[—j, O O 0 |
O —j O :
cr=| 0 . . - o | (3.149)
: o —-j,. O
o - 0 0 —Ju |

with j, = ﬁsgéiw,@gﬂ“; i=012,...,M —-1,M.
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—k, 0 O 0
0 -k O (3.150)
C/=| 0 : 0 |,
: 0 —k,, O
|0 0 0 —K,, |
. 0~ 0 . 0o
with k = a—E"+3,-S"+£,-V"; i=0,12,...M -1, M
2 2 2
&t 0 0 0
2
0 —O‘£ 0]
2 (3.151)
Q3 = 0 : T 0 ’
0] —O‘£ 0]
2
0 0 0 ot
L 2 |
sL 0 o 0
2
0 aﬁ 0
2 (3.152)
g,=| O S 0
0 O'é 0
2
0 0 0 of
i 2
_—Kﬁ 0 0 0 ]
2
Y4 .
0 x5 0 : (3.153)
G,=| O LT T 0
0 —K'£ 0
2
0 0 0 —Kﬁ
i 2
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-u, 0 O 0
0O -u O : (3.154)
G/ =| 0 e 0o |,
O —-u,, O
| 0 0 0 —u, |

K£ 0 0 0
2
0 K‘ﬁ 0
2
o_lo g (3.155)
3 . . . )
0 K‘£ 0
2
0 0 0 Kﬁ
L 2 |
-, _
— 0 (0] 0
72
(0] yg 0] :
g,=| O o |, (3.156)
¥4
(0] — (0]
73
0
(0] (0] 0] —
i 73]

The vector §,v,E,7 and R can be solved by implementation from equation (3.124).



CHAPTER 4 RESULTS AND DISCUSSION

4.1 Parameters and Initial Condition of Numerical Method

To test the standard finite difference method and nonstandard finite difference method
in the model (3.3) is solved for by using the set of parameters [7]:

— 0514, 8- =025, =1 , 4 =55x10 , r =7.14x10
E 1 y24

x=1.857x10 ', B, = 01,02 «=93x10 , o= +,0=_+_
2 365
1 1
= — , 5: _
7= 5 365

In this experiment, the interval —2 < X <2 may be discretized by using h= 0.2 of  the
model are applied with initial condition (i). And the interval —0.6 <x<0.6 may be
discretize by using h=0.05 of the model are applied with initial condition (ii) which is
shown in Figure 4.1 and Figure 4.2

S,(x) = O.86exp(—(x/1.4)2), 2<x<2.
Vo (x) =0.1exp(—(x/1.4)*), -2<x<2.

E,(x) =0, 2<X<2.
l,(X) =0.04exp(—x?), 2<X<2.
R,(x) =0, 2<X<2

Fropotion of Population

Figure 4.1 Experiment initial condition (i)
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S, = 0.86Sech®(10x), —2<x<2.
V, = 0.10Sech®(10x), —2<x<2.
E, =0, —2<Xx<2.
0, —2<x<-0.5,
I, =40.04, —0.5<x<0.5,
0, 05<x<2.
R, =0, —2<x<2.
1
—_———==
5| Euiinfhine ras
0.6} g SR
f iy
A
fy
!
OBr f | .
1
r oy
i
1
04r ) 1 J
/ \
f \
f
02} \
' Lt
[] b : -
-0.6 -0.4 0.2 o 0.2 0.4 0.6
Space

Figure 4.2 Experiment initial condition (ii)
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4.2 Numerical Experiments of Standard Finite-Difference Method

Proportion of Susceptible Population ( S)

0.55 . - . . . . .

0.5 2

0.45 3

0.4 |

0.35

i
!
\
:
,

0.3

0.25

0.2

0 250 a00 /50 1000 1250 1500 1750 2000
Time(days)

Figure 4.3 Solutionsatx =1 ; B, =0.1, h=0.2, /=0.025, ¢=0.001( —.— ),
$=0.002 (......... ), $=0.003 (—).

In figure 4.3, with initial condition (i) and for ¢ =0.001 the proportion of susceptible
population produce pulses until 1500 days. The first pulse for proportion of susceptible
population appears at t = 550 days with peak value as 0.41. The next pulse appears with
peak value for S as 0.37 at t = 1000 days. After that, pulses appear with small peak
value for the proportion of susceptible population till t = 1500 days and gradually
decrease to a steady state value. For ¢ =0.002 the proportion of susceptible population
produce only one pulse at t = 1000 days with peak value as 0.36. For ¢ =0.003 the
proportion of susceptible population, there are no oscillations produced.
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Proportion of Infected Population (1)
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Figure 4.4 Solutionsatx =1 ; f,=0.1, h=0.2, /=0.025, ¢=0.001 ( —.— ),
$=0.002 (... ), ¢ =0.003( —).

In figure 4.4, with initial condition (i) and case ¢ =0.001, the proportion of infected
population produce pulses until 1500 days. The first pulse for | population appears at t =
35 days with peak value as 0.0335. The next pulse appears with peak value for | as
0.007 at t = 650 days. After that, pulses appear with small peak value for proportion of
infected population till t = 1500 days and gradually decrease to a steady state value.
Case ¢ =0.002, the proportion of infected population produce two pulses at t = 35 and

t = 1500 days with peak value as 0.032 and 0.002, respectively. Case ¢ =0.003, the

proportion of infected population produce only one pulse at t = 40 days with peak value
as 0.03.



4.3 Numerical Experiments of Non-Standard Finite-Difference

Methods

Fropotion of susceptible (3)

10

space timeidays)

Figure 4.5 Three-dimensional distribution with initial condition (i) of proportion
susceptible; g, =0.1, h=0.2, /=0.1, $=0.05.
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Figure 4.6 Three-dimensional distribution with initial condition (i) of proportion
vaccinated; g, =0.1, h=0.2, ¢/=0.1, $=0.05.
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Propotion of exposed (E)

10

Figure 4.7 Three-dimensional distribution with initial condition (i) of proportion
exposed; 5, =0.1, h=0.2, /=0.1, $=0.05.

DDL

O Dl s ™

Propotion of infected (1)

10

Space time{days)

Figure 4.8 Three-dimensional distribution with initial condition (i) of proportion
infected; B, =0.1, h=0.2, /=0.1, $=0.05.
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Propotion of recover (R)

10

space time(days)

Figure 4.9 Three-dimensional distribution with initial condition (i) of proportion
recover, £, =0.1, h=0.2, ¢=0.1, $=0.05.

In figure 4.5-4.9, give three dimensional plots of proportion susceptible, vaccinated,
exposed, infected recover population for t= 0 day until 20 days. As time increases, they
found that the proportion of susceptible population decrease whereas the proportion of
vaccinated, exposed, infected, recover population increase until time t = 15 day after
which the proportion of susceptible become less than the proportion of vaccinated
population. For the proportion of exposed population decrease after time t = 10 day.
For the proportion of infected population decrease after time t = 15 day.
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— — — ¢=0.001
--------- ¢=0.05 [
=05

Prapation of Susceptible Papulation (3]

Space

Figure 4.10 Solution with initial condition (i) and with diffusion of g, =0.1, ¢ =0.1for
cases ¢=0.001, 0.05,0.5 att=20daysand t=0day ( —).
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0.5
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o2

Propotion of Susceptible Population (3)

Space
Figure 4.11 Solution with initial condition (i) and with diffusion of g, =0.2 ,¢ =0.1for
cases ¢=0.001, 0.05,0.5 att=20daysand t=0day ( —).

Figure 4.10-4.11, show the output with initial condition (i) on t =0day they found that
the proportion of susceptible population is spread in all over domain [-2,2] with peak
value as 0.1 at x=0. On t=20 day for g, =0.1 case ¢=0.001, 0.05and 0.5the
proportion of susceptible population is spread all over in domain [-2,2] with peak value
as 0.415 at x=-1,1 ,as 0.188 at x=-0.8,0.8 as 0.006 at x= -1,1 respectively. On t=20
day for g, =0.2 case ¢ =0.001, 0.05and 0.5 the proportion of susceptible population
is spread all over in domain [-2,2] with peak value as 0.081 at x=-1,1 as 0.413 at x= -
0.8,0.8 as 0.184 at x = -1,1 respectively. The decrement of susceptible population
enlarges the number rate of vaccinated. For g, =0.1, 0.2 at same ¢ they found that the
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decrement of vaccinated population enlarges the number ability to cause infection by
vaccination individuals (5,).

— — — ¢=0.001
--------- G—0.05

$=0.5

Prapotion of Yaccinated Population ()

D 1 1 1
) -1 [} 1 =
Space

Figure 4.12 Solution with initial condition (i) and with diffusion of g, =0.1, /=0.1 for
cases ¢ =0.001, 0.05,0.5 att=20daysand t=0day (—).
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Space
Figure 4.13 Solution with initial condition (i) and with diffusion of g, =0.2, ¢/=0.1 for

cases ¢ =0.001, 0.05,0.5 att=20daysand t=0day ( — ).

Figure 4.12-4.13, show the output with initial condition (i) on t=o0day they found that
the proportion of vaccinated population is spread in all over domain [-2, 2] with peak
value as 0.1 at x=0. On t=20 day for g, =0.1 case ¢=0.001 0.05 0.5 the

proportion of vaccinated population is spread all over in domain [-2, 2] with peak value
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as 0.093 at x=0,as0.478 at x=0, as 0.91 at x=0 respectively. On t=20 day for
S, =0.2 case ¢ =0.001, 0.05, 0.5 the proportion of vaccinated population is spread all
over in domain [-2, 2] with peak value as 0.081 at x=0, as 0.439 at x= -0.2,0.2, as
0.878 at x=0, respectively. The increment of vaccinated population enlarges the
number rate of vaccinated. For g, =0.1, 0.2 at same ¢ they found that the decrement
of vaccinated population enlarges the number ability to cause infection by vaccination
individuals (5,).
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Figure 4.14 Solution with initial condition (i) and with diffusion of g, =0.1, /=0.1 for
cases ¢ =0.001, 0.05,0.5 att=20daysand t=0day (—).
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Figure 4.15 Solution with initial condition (i) and with diffusion of g, =0.2, ¢=0.1 for
cases ¢ =0.001, 0.05,0.5 att=20daysand t=0day (—).
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Figure 4.14-4.15, show the output with initial condition (i) on t =0 day they found that
the proportion of exposed population there are not spreading in domain. On t =20 day
for g, =0.1 case the proportion of exposed population is spreads in domain [-1.6, 1.6]
with peak value as 0.058 at x=0. Case ¢ =0.05 the proportion of exposed population
Is spreads in domain [-1.6, 1.6] with peak value as 0.021 at x=0. Case ¢=0.05 the
proportion of proportion of exposed population is spreads in domain [-1, 1] with peak
value as 0.001 at x=0. On t=20 day for g, =0.2 case ¢=0.001 the proportion of
exposed population is spreads in domain [-1.6, 1.6] with peak value as 0.06 at x=0.
Case ¢=0.05 the proportion of exposed population is spreads in domain [-1.6, 1.6]
with peak value as 0.028 at x=0. Case ¢=0.5 the exposed population is spreads in

domain [-1.2, 1.2] with peak value as 0.003 at x=0. The increment of exposed
population enlarges the number rate of ability to cause infection by vaccination
individuals (,). And the space for case ¢=0.5 wide enlarges the number rate of

ability to cause infection by vaccination individuals ( 3,).

o2

— — — ¢=0.001
o8y s $=0.05

e —_— e
016 F - g 1 $=05

014 | Y |
o1zt : -
o1 £ Y -
0.os | ; .

0.06 | ! 1 -

Propation of Infactied Population (1)

0.04 | g h -

Space

Figure 4.16 Solution with initial condition (i) and with diffusion of g, =0.1, /=0.1for
cases ¢ =0.001, 0.05,0.5 att=20daysand t=0day (—).
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Figure 4.17 solution with initial condition (i) and with diffusion of £, =0.2, ¢=0.1 for
cases ¢ =0.001, 0.05,0.5 att=20daysand t=0day (— ).

Figure 4.16-4.17, Show the output with initial condition (i) on t =0 day they found that
the infected proportion of population is spread in all over domain [-2, 2] with peak
value as 0.04 at x=0.0n t=20 day for g, =0.1 case ¢=0.001 the proportion of
infected population is spreads all over domain [-2, 2] with peak value as 0.171 atx =0.
Case ¢=0.05 the proportion of infected population is spreads in domain [-1.8, 1.8]
with peak value as 0.073 at x=0. Case ¢=0.5 the proportion of infected population
is spreads in domain [-1.6, 1.6] with peak value as 0.001 atx=0. On t=20 day for
S, =0.2 case=0.001 the proportion of infected population is spreads in domain [-2,
2] with peak value as 0.177 atx=0. Case ¢=0.05 the proportion of infected

population is spreads in domain [-1.8, 1.8] with peak value as 0.089 atx=0. Case
¢ =0.5the proportion of infected population is spreads in domain [-1.8, 1.8] with peak

value as 0.012 atx=0. The increment of proportion infected population enlarges the
number rate of vaccinated. The increment of proportion infected population enlarges the
number rate of ability to cause infection by vaccination individuals ( S,). And the space

for case ¢=0.5wide enlarges the number rate of ability to cause infection by
vaccination individuals ( 5,).
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Figure 4.18 Solution with initial condition (i) and with diffusion of g =0.1, ¢=0.1 for
cases ¢ =0.001, 0.05,0.5 att=20daysand t=0day (—).
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Figure 4.19 Solution with initial condition (i) and with diffusion of g, =0.2, ¢=0.1 for
cases ¢=0.001,0.050.5 att=20daysand t=0day (—).
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Figure 4.18-4.19, show the output with initial condition (i) on t =0 day they found that
the proportion of recover population there are not spreading in domain. On t =20 day
for B,=0.1 case ¢=0.001, 0.05,and 0.5 the proportion of recover population is
spread all over in domain [-2, 2] with peak value as 0.44 at x=0,as0.271at x=0, as
0.81 at x =0 respectively. For g, =0.2 case ¢ =0.001, 0.05, and 0.5 the proportion of
recover population is spread all over in domain [-2, 2] with peak value as 0.452 at
x=0,as 0.299 at x=0, as 0.101 at x=0 respectively. The increment of proportion
recover population enlarges the number rate of vaccinated. For £, =0.1, 0.2 at same ¢
they found that the increment of recover population enlarges the number ability to cause
infection by vaccination individuals ( 5,).
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Figure 4.20 Three-dimensional distribution with initial condition (ii) of proportion
susceptible; g, =0.1, h=0.05, ¢=0.1, $=0.05.
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Figure 4.21 Three-dimensional distribution with initial condition (ii) of proportion
vaccinated; g, =0.1, h=0.05, ¢=0.1, ¢=0.05.
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Figure 4.22 Three-dimensional distribution with initial condition (ii) of proportion
exposed; S, =0.1, h=0.05, ¢=0.1, $=0.05.
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Figure 4.23 Three-dimensional distribution with initial condition (ii) of proportion
infected; £, =0.1, h=0.05, ¢=0.1, ¢=0.05.
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Figure 4.24 Three-dimensional distribution with initial condition (ii) of proportion
recovers; S, =0.1, h=0.05, ¢=0.1, $=0.05.

Figure 4.20-4.24, give three dimensional plots of proportion susceptible, vaccinated,
exposed, infected recover population for t= 0 day until 20 days. As time increases, they
found that the proportion of susceptible population decrease whereas the proportion of
vaccinated, exposed, infected, recover population increase until time t = 15 day after
which the proportion of susceptible become less than the proportion of vaccinated
population. For the proportion of exposed population decrease after time t = 10 day. For
the proportion of infected population decrease after time t = 15 day.
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Figure 4.25 Solution with initial condition (ii) and with diffusion of g, =0.1, ¢=0.1for

cases ¢ =0.001, 0.05,0.5 att=20daysand t=0day ( ).
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Figure 4.26 Solution with initial condition (ii) and with diffusion of g, =0.2, ¢=0.1 for
cases ¢=0.001, 0.05,0.5 att=20daysand t=0day ( —).

Figure 4.25-4.26, show the output with initial condition (ii) on t = 0day they found that
the proportion of susceptible population is spread in domain [-0.4, 0.4] with peak value
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as 0.86 at x=0. On t=20 day for g,=0.1 case ¢=0.001 0.05 and 0.5 the

proportion of susceptible is spread all over in domain [-0.6, 0.6] with peak value as
0.304 at x=-0.05, 0.05, as 0.161 at x=-0.05, 0.05 as 0.005 at x= 0, respectively.

On t=20 day for B, =0.2 case ¢ =0.001, 0.05, and 0.5 the proportion of susceptible is
spread all over in domain [-0.6, 0.6] with peak value as 0.229 at x=-0.05, 0.05 as
0.154 at x =-0.05, 0.05 as 0.005 at x =0 respectively. The decrement of proportion of
susceptible population enlarges the number rate of vaccinated. For g, =0.1, 0.2 at
same ¢ they found that the increment the proportion of susceptible population enlarges
the number ability to cause infection by vaccination individuals ( £,).
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Figure 4.27 Solution with initial condition (ii) and with diffusion of g, =0.1, ¢/=0.1for
cases ¢ =0.001, 0.05,0.5 att=20daysand t=0day (—).
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Figure 4.28 Solution with initial condition (ii) and with diffusion of g, =0.2, ¢/=0.1for
cases ¢ =0.001, 0.05,0.5 att=20daysand t=0day (— ).

Figure 4.27-4.28, show the output with initial condition (ii) on t = 0day they found that
the proportion of vaccinated population is spread in all over domain [-0.4, 0.4] with
peak value as 0.1 atx=0. On t=20 day for £, =0.1 case ¢ =0.001 the proportion of
vaccinated population is spread all over in domain [-0.3, 0.3] with peak value as 0.093
at x=0, case ¢=0.05, 0.5 the proportion of vaccinated population is spread all over
in domain [-0.05, 0.05] and [-0.6, 0.6] with peak value as 0.478 at x=0, as 0.91 at
x=0 respectively. On t=20 day for S, =0.2 case ¢=0.001 the proportion of
vaccinated population is spread all over in domain [-0.3, 0.3] with peak value as 0.081
at x=0, case ¢ =0.05, 0.5 the proportion of vaccinated population is spread all over in
domain [-0.5, 0.5] with peak value as 0.439 at x=0, as 0.878 at x=0 respectively.
The increment of vaccinated population enlarges the number rate of vaccinated. The
decrement of vaccinated population enlarges the number ability to cause infection by
vaccination individuals ( 4,). And they found that the domain wide enlarges the number

rate of vaccinated.
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Figure 4.29 Solution with initial condition (ii) and with diffusion of g, =0.1, /=0.1for
cases ¢ =0.001, 0.05,0.5 att=20daysand t=0day (— ).
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Figure 4.30 Solution with initial condition (ii) and with diffusion of g, =0.2, /=0.1for
cases ¢ =0.001, 0.05,0.5 att=20daysand t=0day (— ).

Figure 4.29-4.30, show the output with initial condition (ii) on t =0 day they found that
the proportion of exposed population there are not spreading in domain. On t =20 day
for B, =0.1case ¢ =0.001 the proportion of exposed population is spread all over in
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domain [-0.2, 0.2] with peak value as 0.058 at x=0, case ¢ =0.05, 0.5 the proportion
of exposed population is spread all over in domain [-0.15, 0.15] and [-0.075, 0.075]
with peak value as 0.021 at x=0, as 0.001 at x=0 respectively. On t =20 day for
p,=0.2 case ¢=0.001 the proportion of exposed population is spread all over in
domain [-0.2, 0.2] with peak value as 0.06 at x =0, case ¢ =0.05, 0.5 the proportion of

exposed population is spread all over in domain [-0.2, 0.2] and [-0.15, 0.15] with peak
value as 0.028 at x=0, as 0.003 at x=0 respectively. The increment of exposed
population enlarges the number rate of ability to cause infection by vaccination
individuals (,). And the space for case ¢=0.5 wide enlarges the number rate of

ability to cause infection by vaccination individuals ( 3,).
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Figure 4.31 Solution with initial condition (ii) and with diffusion of g, =0.1, ¢=0.1for

cases ¢ =0.001, 0.05,0.5 att=20daysand t=0day ( —).
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Figure 4.32 Solution with initial condition (ii) and with diffusion of g, =0.2, /=0.1for
cases ¢ =0.001, 0.05,0.5 att=20daysand t=0day (— ).

Figure 4.31-4.32, show the output with initial condition (ii) on t =0 day they found that
the proportion of infected population is spread in domain [-0.55, 0.55] with peak value
as 0.04 in domain [-0.5, 0.5]. On t =20 day for g, =0.1 case ¢=0.001, 0.05and 0.5
the proportion of infected population is spread all over in domain [-0.25, 0.25], [-0.2,
0.2] and [-0.15, 0.15] with peak value as 0.171 at x=0, as 0.073 at x=0, and as 0.006
at x=0 respectively. On t=20 day for g, =0.2 case ¢=0.001, 0.05and 0.5 the
proportion of infected population is spread all over in domain [-0.25, 0.25], [-0.2, 0.2]
and [-0.2,0.2] with peak value as 0.177 at x=0, as 0.089 at x=0,and as 0.012 at x=0
respectively. The increment of proportion infected population enlarges the number rate
of vaccinated. The increment of proportion infected population enlarges the number rate
of ability to cause infection by vaccination individuals (£,).And the space for case

¢=0.5 wide enlarges the number rate of ability to cause infection by vaccination
individuals (5,).
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Figure 4.33 Solution with initial condition (ii) and with diffusion of g, =0.1, ¢=0.1for
cases ¢ =0.001, 0.05,0.5 att=20daysand t=0day (—).
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Figure 4.34 Solution with initial condition (ii) and with diffusion of g, =0.2, ¢=0.1for

cases ¢ =0.001, 0.05,0.5 att=20daysand t=0day ).

a0
fay]

Figure 4.33-4.34, show the output with initial condition (i) on t =0day they found that
the proportion of recover population there are not spreading in domain. On t =20 day
for g, =0.1 case ¢ =0.001, 0.05and 0.5 the proportion of recover population is spread
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all over in domain [-0.5, 0.5] with peak value as 0.44 at x=0, as 0.271 at x=0, as
0.081 at x= 0 respectively. for g, =0.1case ¢ =0.001, 0.05and 0.5 the proportion of
recover population is spread all over in domain [-0.5,0.5] with peak value as 0.452 at
x=0,as 0.299 at x=0, as 0.101 at x=0 respectively. The increment of proportion
recover population enlarges the number rate of vaccinated. For g, =0.1, 0.2 at same ¢
they found that the increment of recover population enlarges the number ability to cause
infection by vaccination individuals ( 3,).
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Figure 4.35 Profile of the non-standard finite-difference method (3.122) at x =1 for
p,=0.1, ¢=100and cases ¢ =0.001
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Figure 4.36 Profile of the non-standard finite-difference method (3.122) at x =1for
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Figure 4.37 Profile of the standard finite-difference method (3.61)-(3.65) at x =1for
B,=0.1, ¢=3.8,and cases ¢ =0.001,
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Table 4.1 Stability intervals of the standard finite-difference methods and non-standard
finite-difference methods for £, =0.1 and h =0.2 for initial condition (i)

Rate of Interval of stability of standard Interval of stability of non-
vaccination finite-difference standard finite-difference
(4)
0.001 (0,2.872] (0,4.048]
0.05 (0,2.825] (0,3.054]
0.5 (0,2.065] (0,2.999]

The table shows the interval of stability for the standard finite-difference methods and
non-standard finite-difference methods when d, =0.05, d, =0.05, d, =0.025, d, = 0.001,

d;=0.0,and —-2<x<2. In the standard finite-difference method case ¢=0.001, is
chosen in the interval ¢ < (0,2.872] for space —2 < x < 2. The negative values of exposed
(E) and infected (1) individuals and the oscillations began for ¢ >2.872 (converged)
at x=0.Case ¢#=0.05 the method is chosen in the interval ¢ < (0,2.825]for space
—2<x<2. The negative values of exposed (E) individuals and the oscillations began
for ¢>2.825 (converged) atx= -2,2. Case ¢=0.5the method is chosen in the
interval ¢ (0, 2.065] for space —-2<x<2. The negative values of exposed (E)
individuals and the oscillations began for ¢>2.065 (converged) atx=0.2, -0.2. The
values in the stability interval with overflow occurring was increased further.

In the stability interval of nonstandard finite-difference method case ¢=0.001,is

chosen in the interval ¢ (0,4.048]for space—2<x<2. The negative values of

exposed (E) and infected ( I ) individuals and the oscillations began for ¢ > 4.048
(converged) at x=-2,2. Case ¢=0.05the method is chosen in the interval

te (0,3.054] for space—2 < x < 2. The negative values of exposed (E) individuals and
the oscillations began for ¢ >3.054 (converged) atx =2, -2. Case ¢=0.5the method
is chosen in the interval ¢ <(0,2.999]for space—2<x<2. The negative values of

exposed (E) individuals and the oscillations began for ¢ >2.999 (converged)
atx=-2, 2.

Fig 4.35-4.36 illustrate the convergence stability profile of E and | in case
¢$=0.001, 8, =0.1, /=50 and ¢ =100 respectively. The standard finite-difference

method (3.61)-(3.65) for 3, =0.1,, £ =3.8, and cases ¢ =0.001diverge (Fig 4.37). The

evidence shows that the nonstandard finite - difference method. As above described and
Table 4.1, it is verified that nonstandard finite - difference method has a much better
stability property than standard finite-difference method.
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CHAPTER 5 CONCLUSION

5.1 Conclusion

The standard finite-difference and non- standard finite-difference scheme have been
developed and implemented in this paper for computing the solutions of the SVEIR
model with vaccination in one dimension (3.3). The numerical experiments showed that
the numerical solution obtained from the constructed method is coincided with the
solution in [9]. The local truncation errors of standard finite-difference method (3.13) -
(3.17) are illustrated. The orders of this method are o(h® + ¢) as h, ¢ — 0. Furthermore,
the von Neumann is used to investigate the stability of the method (3.13)-(3.17). This
yields the condition of stability (3.38) - (3.42). The local truncation error of non-
standard finite-difference method (3.86), (3.89), (3.92), (3.95) and (3.98) are elucidated.
The local truncation error in this case are second-order in time and space

o(h*+¢*)ash,¢ —0.

The numerical results of the model are examined by the standard and non-standard
finite-difference method with initial condition (i) and (ii) as shown in section 4.2 and
4.3. The non- standard finite-difference has interval of stability longer than the standard
finite-difference method. The concrete evidence is manifested in Table 4.1. In case of
initial condition (i) and (ii), for all case considered the decrement of proportion of
susceptible population enlarges the number rate of vaccinated. For g =0.1, 0.2 at

same ¢ they found that the increment the proportion of susceptible population enlarges
the number ability to cause infection by vaccination individuals ( 5,).The decrement of

vaccinated population enlarges the number ability to cause infection by vaccination
individuals (4,). And they found that the domain wide enlarges the number rate of

vaccinated. The increment of exposed population enlarges the number rate of ability to
cause infection by vaccination individuals (4,). The space for case ¢=0.5 wide

enlarges the number rate of ability to cause infection by vaccination individuals
(B,)-The increment of proportion infected population enlarges the number rate of

vaccinated. The increment of proportion infected population enlarges the number rate of
ability to cause infection by vaccination individuals (3,). And the space for case

¢ =0.5wide enlarges the number rate of ability to cause infection by vaccination
individuals (S,).The increment of proportion recover population enlarges the number
rate of vaccinated. For g, =0.1, 0.2 at same ¢ they found that the increment of recover

population enlarges the number ability to cause infection by vaccination individuals
(B,)- Thus case g, =0.1 has a much better efficiency property than g, =0.2.
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We can summarized the work as the following

The increasing of vaccination rate (¢) can be reduced the proportion of infected

and exposed population.
The inflated of vaccination efficiency (3,) is essential decrease proportion of

exposed and infected population.

Diffusion in the model can help to stabilize the system.

The initial condition of population definitely plays an importance role in the
spread of disease.

The dynamic depends on the diffusion rate.

The further work, we will develop the model into space and time and apply to physical
situation.
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