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ABSTRACT
We first construct the generalized Pascal-like triangle to derive the explicit formulas for
the second order linear recurrences by using some properties of this triangle. Second, we
introduce n-tribonacci triangle, which is similar to Pascal's triangle, to derive an explicit

formula for the tribonacci numbers.
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Generalized order-k Fibonacci triangles and applications
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Kantaphon Kuhapatanakul

UNANED
oiseil ludusnsasnasnasuiianvaendeaumasuthana el
gnnlvvesisiauasnagaesdiluihdieily diuiiesesaiiaimae n-
tribonacci triangle éﬁ’é]ﬁ’)ZU@’W?W&’JZU?/E)\‘J‘@‘,?U’JUZWSZUﬁJf]“de

maegy. Tauilluing: daulasludnd
ABSTRACT

We first construct the generalized Pascal-like triangle to derive the explicit
formulas for the second order linear recurrences by using some properties of this
triangle. Second, we introduce n-tribonacci triangle, which is similar to Pascal's

triangle, to derive an explicit formula for the tribonacci numbers.
Key words. Fibonacci numbers; tribonacci numbers
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B(n,i) = B(n —1,i)+ B(n —1,i—1)+ B(n —2,i — 1) (1)
Alladi uae Hogeatt IduansimavinuuimuesiuesaundnluasnasulaudndeslsitudvalasTuind
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EXPRESSIONS FOR THE PRODUCTS OF THE SECOND ORDER
LINEAR RECURRENCES

KANTAPHON KUHAPATANAKUL AND RATTANAPOL WASUTHARAT

ABSTRACT. In this paper we consider the second order linear recurrent sequences and derive
explicit formulas for the products of elements in these sequences which extend explicit formulas
for the squared generalized Fibonacci numbers and the products of consecutive generalized
Fibonacci numbers.

1. INTRODUCTION

The second order linear recurrence W,, = W,,(p, ¢; a, b) is defined for n > 0 by
W’fl+1 == aWn + bW’fL—l)

in which Wy = p and W7 = ¢, where a, b, p, q are arbitrary real numbers.

As some special cases of {W,,}, define the generalized Fibonacci {U,} and Lucas {V,}
sequences as U, = W,(0,1;a,b) and V;, = W,(2,a;a,b), respectively. If a = b = 1, then
U, = F,, and V,, = L,, are well-known Fibonacci and Lucas numbers, respectively.

It is well-known that explicit formulas for the generalized Fibonacci and Lucas numbers are

/2, N
Un+1 = Z < i >an—22b27

1=0

Lo/ n n—t
_ n—2i11
V"_Z:n—z( i )a %

respectively, see equations (2.7) and (2.8) in [2].
Recently the author [1] found explicit formulas for the squares of generalized Fibonacci
numbers and the products of consecutive generalized Fibonacci numbers.

[2n/3] 4

=2 . ( ><2n B ) Q2n=i=i) i+,

=0 35=0

[(2n—1)/3] n—21—75—1 2(n—i—j)—1 i+J
U Upy1 = Z Z ) b'
Jj=

The objectives here are to derlve formulas for the numbers W,U, and W,U,+1 which
generalize the above two identities.

Research supported by a research grant for new scholars the Thailand Research Fund MRG56-0035 and
Kasetsart University Research and Development Institute (KURDI).
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THE FIBONACCI QUARTERLY

2. MAIN RESULTS

Definition 2.1. Let n,i be integers with n > 0. The number B(n,i) is defined as B(0,0) = p
and, forn >0,

qa" 1, i =0
. paibi, i = n;
B(n,i) =
() aB(n—1,i) +ab(n —1,i — 1) +?’B(n—2,i—1), 0<i<n;
0, otherwise.

We give an alternative definition of B(n, i) in the binomial sums.

Theorem 2.2. Let n € N and i be non-negative integers with i < n. We have

Bln.i) = ZZ: ipa + S;%_—JZ —Jj)a <;> <n ; J'> G2yt (2.1)

=0

Proof. For n = 1, we see that equation (2.1) holds for ¢ = 0. Assume equation (2.1) is true for
n > 1 and 0 < ¢ < n. By Definition 2.1 and the inductive hypothesis, we obtain

i

B(n+1,i) =y 2etlninda (1) (nod) qn=2ipiti

n—j J 7
Jj=0
i—1
(i=1)pat(n—i—j+1)q (i—1 n—j n—2j1i+j
+ n—j ( J )(i—l)a b
Jj=0
i—1
(i—Dpat(n—i—j)g (i—1 n—j—1 n—2j—27i+j+1
+) e () (M ) a b
Jj=0
— zpa—l—( (") a"b’ Zpa—l— ipa+(n—i—j)q i n—j\ n—2jpi+j , wat(n—20)q (n—i\  n—2iy2
- b+§: J)(i)a b+ n—i (i)a b

+ (i—1)pa+(n—i+1)q n nbz+z i— 1pa+n i—j+1)q (z’—'l) (?—j)an—2jbi+j

n J

i—1
(i—Dpa+(n—i—j+1)q (i—1 —j 2jpi+j | (i=Dpat(n—2i+l)q (n—i —2ip2
+Z i pa nﬁjz J q(;_l)(?_f) a2t ]+ 1— ;UannZ 7 (7_1z)an tH2

j=1

From Pascal’s identity (TZ‘) + (Zfl) = ("fl) and the definition of binomial coefficient, we obtain

1 (n 1—1 n 1 (n+1 1 n 7 n+1
n\1 n 1 —1 n 7 n\t—1 n+1 7
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EXPRESSIONS FOR PRODUCTS OF SECOND ORDER LINEAR RECURRENCES
SO

B(n+1,i) = W ntl) A"+ Z Zpa-i-(: ;+f+l (;) (n—{—i—l) Q"2 piti

ipat+(n—2i4+1)q (n—it+1\ n—2i72¢
R ()
%

= Y i (3 (v g B,
=0

Thus, equation (2.1) holds for n + 1, thereby proving the theorem. O

Notes: (1) If we take p = 0 and ¢ = 1 in identity (2.1) of Theorem 2.2, then B(n,1) is exactly
T(n+ 1,i) of Definition 3.1 in [1].

(2) We see that all the terms in the summation of B(n,i) are zero when j > min{i,n — i}.
For completeness, we write B(n,i), identity (2.1), as

|5 | ipa+ (n — Z — i) <;> (n ; j> G2yt (2.2)

n—1>

B(n,i) =

(]

=0

Now, we state explicit formulas for the numbers U, 1 W,, and U,W,,. Their proofs will be
given in the next section.

Theorem 2.3. For any positive integer n, we have

L%
(1) Upsi W, = Z (2n — 2i,1)
=0
1® ; ]
(i) UsWn = > B(2n—2i—1,i).
=0

By using identity (2.2), we obtain the following corollary.

Corollary 2.4. For any positive integer n, we have

LZnJ L2n ’L ) ‘ ‘ ) ‘
, ipa+ (2n —3i—j)q (i) [2n — 20 — j 2n—iej)—1pitj
W, — n—i—j) bH_].
(@) Unt1Wn Zz; ]Zo 2n—21—3 7 7 @
LZn 1 L2n i— 1J
-Jj—-1 j i
Corollary 2.5. For any positive integer n, we have
LZnJ LQ’!L 1J 2n_22_ _1
(1) UpsrU, = Z Z < )( J ) q2(n—i—3)=1pitj
1
=0 j=0

L2n 1 LZn 31 IJ
<Z> <2n - 22’— J— 2> G2n—i—j—1)piti
=0 7=0 J L
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L27LJ 2nz
) 2n — 21 — N
Un+1Vn = q2(n—i=g)pit+i
o tr= 3 S B () ()

|~27L71J LaniflJ

3 3 . . . . .

Sy oy (%) (2n =220 oo
= = m—21—5—-1\y 1

(5) V2 b2U2 B L% znil 27’L —J 2n — 2Z _] 2”—2i—2jbi+j
" nml T L = M —2—j\j i '
' 2n =20 =7\ on—2i—2j,itj—1
prti—t,
(6) nlUn-H ZZ; ]ZO 2n—21—j<>< i )

Proof. We write w, = W,,(3,a;a,b). The following identities are easily verified
V2 bU2_ | = Upprwn. (2.3)
20U 1Upi1 = Upprwy, — Uz . (2.4)
For parts (1)—(4), simply apply Corollary 2.4 with W,, = U,, or V,,. Taking p = 3 in Corollary
2.4(i) and using identities (2.3) and (2.4), we obtain parts (5)—(6). O

Identities (1) and (2) of Corollary 2.5 are the two identities which appeared in Section 1,
i.e. see [1]. Specializing certain parameters in Corollary 2.5, several identities follow easily as
we illustrate now. Taking U,, = F}, and V,, = L,,, we can rewrite as

o raneg 3 ()Y

wr-y oy ()

i=0 §=0
%] (25 L o
- n—i—35 (1\[(2n—2i —j
3) Froi1Lly, = _ .
® el = 323 2n_2i_j<j)( : )
Lanl L2n7i71
3 3 . . . . .
2n—i1—j53—1 ft\(2n—21— 35— 1
4) F,L, = E E —_— .
) Faln = = 2n—2z’—j—1<j>< i )

2n —j 1\ (2n—21—
L2 —F? | = — .
G) L -Fia=2 ) 2n—2z'—j<j>< i )

=0 j=
SRR i i\ [(2n—2i—j
Fo1Fni1 = P . .
(O) Fniboer = 2 ; 2n—2z—y<y>< i >

3. PROOF OF THEOREM 2.3

We first provide an identity which extends the identities of Lemma 4.1 in [1].
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Lemma 3.1. Let n € N and k be non-negative integer. Then
Unshr2Wantz = (a* + 0) Uik 1 Wna1 + (@%b + b*) Uy e Wo = b*Up o1 Wit
Proof. By the definition of U,, and W,,, we obtain
Untkr2Wat2 = (aUnygs1 + bUpig) (Wi g1 + 0W,)
= a®Up st Wag1 + 02Un Wi + abUpyy o1 Wi + abUy 1, Wiin
= a*Upy i1 Wai1 + Ut Wiy + abW, (aUp g, + bUpij—1)
+ 0Woi1 (Upgpit1 — bUngi—1)
= (a® 4+ V) Upyrs 1 Wag1 + (@b + 8 U Wy — B30 o1 W1,
as desired. O

Proof of Theorem 2.3. Since the proofs of both part (i) and part (ii) are quite similar, we
only give a proof for part (7). By induction on n, we see that identity (7) holds for n = 1,2, 3.
Now assume identity (i) is true for all integers n > 1. By Lemma 3.1 and the inductive
hypothesis, we obtain

Un+2Wn+1 = (a2 + b)Un+1Wn + (a2b + bz)Uan—l - b3Un—1Wn—2
= (a®+b)Y B(2n—2i,i) + (a’b+ %) > B(2n — 2i — 2,4)

i>0 i>0
—b*>  B(2n —2i — 4,i)
>0
= a’B(2n,0) + bB(2n,0) + (a® +b) > B(2n — 2i,)
i>1
+(a®0+6*)> B@2n—2i,i—1)-b*Y B(2n—2i—2,i-1)
i>1 i>1
=B(2n+2,0)+a* Y _ B(2n—2i,i) +bB(2n,0) +aby  B(2n —2i —1,i)
i>1 i>1

+ab®y B(2n—2i—1,i—1)+0°Y B(2n—2i—2,i—1)

i>1 121
+(@®0+6%)> B@2n—2i,i—1)—b*Y B(2n—2—2,i-1)
i>1 1>1
=B(@2n+2,0)+aY B@2n-2i+1,i)+abd» B@2n—2i+1,i-1)
i>1 i>1

+b*)  B(2n —2i,i— 1)
i>1

= B(2n—2i+2,4).
i>0

Therefore, the result is true for every n.
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CLASSROOM NOTE
n-tribonacci triangles and applications
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b Department of Mathematics, Rajamangala University of Technology Suvarnabhumi, Suphanburi,
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In this note we introduce n-tribonacci triangle, which is similar to Pascal’s triangle, to
derive an explicit formula for the tribonacci numbers by using some properties of our
triangle.

Keywords: tribonacci numbers; n-tribonacci triangle

1. Introduction

The tribonacci numbers 7, are defined by for n > 1
To=0, Th=T=1 and T, =T, 1 +T,+T,_1.

The following table displays the first 15 tribonacci numbers.

ln1]2]3]als]e6|7[s]o]wo|[nn]12]13] 1] 15|
| T [ 1] 1] 2[4a]7]13] 244481149 | 274 | 504 | 927 | 1705 | 3136 |

The tribonacci numbers are a well-known generalization of the Fibonacci numbers F),
defined for n > 1 by

Fh=0, Fi=1 and F,.1=F,+ F,_1.

It is well known that the Fibonacci numbers can be derived by summing elements on
the rising diagonal lines in Pascal’s triangle,

2y
F,,H:z( l. )
i=0

where |x] is the largest integer not exceeding x, see [1, chapter 12].

*Corresponding author. Email: fscikpkk@ku.ac.th

© 2014 Taylor & Francis
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2 Classroom Note

Shannon [2] gave an explicit formula for the tribonacci numbers,

WRIWAL N i o
! ZZ( j )( i+ )

i=0 j=0

2. Tribonacci arrays

We can obtain the tribonacci numbers by computing the sum of the elements on the rising
diagonals of some triangular arrays.

2.1. Feinberg’s array

First, we find the trinomial expansions of (1 + x + x?)" forn > 0,

A+x+x)'=1

(A+x+x)' =1+ x+x?

(4+x+x2)? =142x 4+ 322 +2x> +x*

(I +x+x2)> =143x 4+ 6x> + 7x> + 6x* +3x° 4+ x°

(14 x4+ x3)* =1 +4x + 10x% + 16x> 4+ 19x* + 16x° + 10x° + 4x7 + x*

(14 x +x2)° =14 5x 4+ 15x% + 30x> + 45x* 4+ 51x° + 45x° + 30x7 + 15x8
+5x9+x10

Now arrange the coefficients in the expansions to form a left-justified triangular array
as follows:

1 v < 13

1 1 1 'V24

1 2 3 2 1

r 3 6 7 6 3 1

1 4 10 16 19 16 10 4 1

1 5 15 30 45 51 45 30 15 5 1

I 6 21 50 90 126 141 126 90 50 21 6 1

Observe that every row is symmetric and each number is the sum of the one above and
two to the left of it.

Feinberg [3] showed that the sum of elements on each rising diagonal line of above
triangular array gives the tribonacci numbers,

Ti=1, Th=1, T1=14+1=2, Ty=1+2+1=4, Ts=14+3+3=7,
To=1+4+44+6+2=13, Tr=14+54+104+7+1=24,....
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1 13 61 129 129 61 13 1

Figure 1. The generalized Pascal’s triangle.

2.2. Wong and Maddocks’s array

Wong and Maddocks [4] have shown another triangular array similar to Pascal’s triangle and
called it a generalized Pascal’s triangle. To construct this array, every row begins and ends
with 1, and any interior number in each row is the sum of three numbers from neighbouring
elements in the two preceding row, see Figure 1.

Now arrange the elements of the generalized Pascal’s triangle to form a left-justified
triangular array as follows:

1
v
A )
vt
1 1 v’
13

1 3 1 v v24

v 44
1 5 5 1
1 7 13 7 1
1 9 25 25 9 1

1 11 41 63 41 11 1
1 13 61 129 129 6l 13 1

In a similar way, the tribonacci numbers can be derived by summing elements on the

rising diagonal lines in the above generalized Pascal’s triangle (some authors also call this
triangle the tribonacci triangle, e.g., see [5]).

3. The n-tribonacci triangle
Throughout this paper, the symbol (Z) is the binomial coefficient, that is,

n!

<n> m ;n>k <0) )
== on_ . 9 = .
k 0 cn<k 0
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Definition 1: Let n be a positive integer. For any non-negative integers i, j, let

G)-C)C)

Note that if 2i > n — j, then (3) = 0. We define the new n-tribonacci triangle, which
n
leads us to an expression for the tribonacci numbers.

Definition 2: Let n € N. The n-tribonacci triangle is an array of the shape,

row 0 : (8)n

row 1 : ((1)) n G)n

row 2 : (ﬁ)n @)n (g)'n

row 3 : (0). (). (), HE

row 4 : (o). (1), o ) N 1)
row5: (g, (. ()., (3), (@ ()

For the n-tribonacci triangle, we get that

(1) the number of rows of non-zero elements equal to L%J,
(2) the number of non-zero elements in the ith row equal to min {i + 1, n — 2i};
(3) for "Z;IJ of last non-zero elements, the number of elements is equal to 1 or 2, if n

is odd or even, respectively.

For clarity, we give an example of the 15-tribonacci triangle.

Example 1: The 15-tribonacci triangle is and then calculating the binomial coefficients to
any element in this triangle, we get
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It is interesting that the sum of all elements in the 15-tribonacci triangle is equal to

1
13 12
66 110
165 360 252 56

210 504 420 140 15
126 280 210 60 5 0

28 42 15 0 0
1 0 0 0 0 0 0

3136, which is T15.
The following table displays the n-tribonacci triangles forn = 1,2, 3,..., 8:

n n-tribonacci triangle Sums of all
Standard form After Calculating elements

: Bl : :

: B | |

) ol 1 )

B G I S I .
o) 1
o) 1
8 BoMEH N .
R S S TR
RO GO . s
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We will in fact prove that the sums of all elements in the n-tribonacci triangle give the
nth tribonacci number, 7}, in the following section.

4. Main results
Denote S,(7) as the sums of elements in the ith row of n-tribonacci triangle, that is,

S0)=3 (’) |
=0 N/

We begin with the relation of S,,(7) in the following lemma.

Lemma 1: Let n, i be two positive integers. We have

Sp2()) = Sp41(0) + Su@ — 1) + Su1( — 1). (4.1)

Sn+2(l,)=ji;<;><n—i:j+l)
:<n—{+1>+]2:('>(n—z—1+1>+<n—2ii+1)
()RG5 )
G ()

(7 )+( D[]

)

([ Rt} ()
()R )
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i1\ n—i—j—1
=25
= Sp41() + S0 = 1)+ Spa (@ = 1),

as desired. O

Now, we state an explicit formula for 7;, by summing all row sums of the n-tribonacci
triangle and prove the following theorem.

Theorem 1: For n > 0, we have

Ln/2]
Tovi = ) Susi): (4.2)
i=0
Proof. We will prove by induction. We see that
T = 51(0) =1, T, = Sz(()) =1 and ;= S3(O) + S3(1) =14+1=2.

Assume that Equation (4.2) holds for all integers n = 3,4, 5, ..., k — 1. By the inductive
hypothesis and Lemma 1, we get

Tiv1 =T + Ti—1 + T

Lk—1/2] k=2/2] [k=3/2]
= > S+ D Sici@d+ Y. Sieali)
i=0 i=0 i=0
[k—1/2] Lk/2] k—1/2]
=S 0+ Y S+ D Sicii—D+ Y Sl —1)
i=1 i=1 i=1
(k—1)/2
Ser1(0)+ D Seia(i), if k is odd
= (kizzi/z

Sk+1(0) + Z Si41() + Skg1(k/2), if k is even
i=1

Lk/2]

Z Sk1(i)s
i—0

showing that Equation (4.2) holds for n = k. U

In the fourth line of the proof for & is even, we were able to replace S;_;(k/2 — 1) by
Sk+1(k/2) because both are equal to 1.

The formula (4.2) contains a previously known identity as a special case, summing only
the first element of all rows (j = 0) in the (n 4 1)-tribonacci triangle, gives

2l 2l o,
=2 0), -2 ()

i=0 i=0
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The identity (4.2) can then be re-written in terms of binomial coefficients as follows:

ln/2] i i Vl—l—_]
wa= X))

i=0 j=0
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