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CHAPTER I
INTRODUCTION

The usual application of residue theory is to evaluate the definite
integrals of various types. It provides a straightforward, yet efficient, method to
compute these integrals. Another application of the residue theory is to find the
exact values of certain convergent infinite series. In particular we shall present
an application of the residue theory in the aspect of finding the exact values
of infinite series involving real roots of some transcendental equations and of
finite series involving the binomial coefficients. We also present some numerical

methods that can be used to confirm the legitimacy of our results.

1.1 Objectives

The main objectives of this study are
1. To show an alternative application of the residue theory.

2. To find the exact values of the sums involving real roots of some transcen-

dental equations.

3. To use the residue theory to evaluate the finite sums involving binomial

coefficients.

4. To compare the exact results with approximated ones using numerical

methods.

1.2 Organization of the study

We will organize this study into six chapters. An introduction of
the study is contained in Chapter 1. In the next chapter, we give the literature

reviews. In Chapter 3, we describe the theoretical background of this study. We
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separate two different types of sums in Chapter 4 and 5: one involving the real
roots of transcendental equations and the other involving binomial coefficients.

We conclude the study and discuss some open problems in the last chapter.
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CHAPTER I1

LITERATURE REVIEW

In 1971, Ricardo [1] proposed the following theorem

Theorem 2.1 If |z] < (kfé,zk_l for some positive integer k > 1, then

i (m) o EW

=\ n 1—(k—1)W’

where W is the unique root of the equation w — z(1 +w)* = 0 inside the circle
1

lwl = 7

Ricardo proved this theorem using the residue theory. The method
of this proof inspires us to explore further the applications of the residue theory.
In 1982, Bak and Newman [2] introduced the application of the contour integral
method. They showed how to use the residue theorem to find infinite sums of
some rational expressions and to estimate the sums involving binomial coeffi-
cients. In 1997, Antimirov, Kolyshkin and Vaillancourt [3] considered infinite

series of the following forms

S =3 f(k), Sa= Y (=1 f(k),
k=—00 k=—o00

Ss= Y (=1 f(k)e*, Si= Y flk)e ",

S5 = > _f(k), Se =y (=1)*f(k),
k=1 k=1

where f(z) = P,(2)/Qm(z) with P,(z) and @,,(z) being polynomials of degrees
n and m, respectively with m > n + 2. Again, they used the residue theory to

obtain the exact values of these sums.
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CHAPTER I11
THEORETICAL BACKGROUND

In this chapter, we give some basic knowledge and theoretical back-
ground that will be used throughout the thesis. We review some definitions and

theorems that relate to infinite sums and contour integrals.

3.1 Residue Theory

Definition 3.1 [/ A point zy is called a singular point of a function f if f
fails to be analytic at zg but is analytic at some point in every neighborhood of
z0- A singular point zy is said to be isolated if, in addition, there is a deleted

neighborhood B'(zg,¢) of zy throughout which f is analytic.

When zj is an isolated singularity of a function f, there is a positive number R
such that f is analytic at each point z in the deleted neighborhood B’(zy, R).

Consequently, in that neighborhood f(z) is represented by the Laurent series

(%) . 00 bm
— nzzoan(z —2)" + mZZI—(Z T

which converges uniformly on every compact subset of B’(zy, R). The coefficients

an, by, have certain integral representations. In particular,

o ml
2m/f (z — 20)" Hdz,

where C' is any positively oriented simple closed contour around zy and lying in

the punctured disk B’(zp, R). When m = 1, this expression for b,, can be written

27rz/f

Definition 3.2 Let f(z) have a non-removable isolated singularity at the point

20. Then f(z) has the Laurent series representation for all z in some punctured
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disk B'(zy, R). given by f(z) = ; an(z — 20)". The coefficient a_y of ﬁ is
called the residue of f(2) at z.

Theorem 3.3 [3/ Suppose that

(i) C is a simple closed contour, described in the counterclockwise direction;
(ii)) Ci (k=1,2,...,n) are simple closed contour interior to C, all described in
the clockwise direction, that are disjoint and whose interiors have no points in
common.

If a function f is analytic on all of these contours and throughout the multiply

connected domain consisting of all points inside C' and exterior to each Cy, then

Theorem 3.4 (Residue theorem)[4] Let C' be a positively oriented simple closed
contour. If a function f is analytic inside and on C' except for a finite number

of singular points z, (k=1,2,...,n) inside C, then

%f(z)dz = QWiZR_esf(z). (3.1)

y k=1
Proof. Let the point z,, k = 1,2,...,n be centers of positively oriented circles
Cy which are interior to C' and are so small that no two of them have points in
common. The circles (Y, together with the simple closed contour C', form the
boundary of a closed region throughout which f is analytic and whose interior is
a multiply connected domain. Hence by Theorem 3.3 (deformation of contours,)

we have

This reduces to equation (3.1) because

Z=Z

j{f(z)dz =2miResf(z) (k=1,2,...,n),
c

and the proof is complete. [ ]
Remark. The calculus of residue is the way to find the residue of the function

f(z) at the pole z = a of order k, which in general can be found by the following
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formula:

k—1
R_esf(z) = limﬁ% [(z—a)*f(2)] . (3.2)

In this study, P,(z) and @,,(z) are always polynomials of degree n and m, re-

spectively, with m > n.

As usual, the binomial coefficients are defined by

m 0, if n < m,

where n and m are nonnegative integers.
As a corollary to Theorem 3.4, we have a relationship between contour

integral and binomial coefficients as follows.

Corollary 3.5 [2/ Given positive integers n and k with k < n, then

(1) =55/ e =

where C' is a unit circle centered at the origin.

Definition 3.6 [3] A system of closed paths C,, (n =1,2,3,...) is called regular
if the following three conditions are satisfied :

(a)  The path Cy contains the point z = 0 and each path C,, lies
inside the region bounded by the path Ci 1.

(b)  The distance, d,,, from C,, to the origin increases without bound
as n increases.

(¢) The quotient of the length, l,,, of C,, to the distance d,, remains
bounded; i.e., there exists a constant A > 0 such that

L,

d—gA forall neN.

Theorem 3.7 [3] Let F(z) be an entire function such that the poles, i, of P;((ZZ))

tend to infinity as k — oo. Also let Cy, be a regular system of paths. If
/
i § 2T
k—oo Qm(z) F
C

(), _
B dz =0, (3.4)

then

Yre (FO5H) - re (FEEE). e
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where z, are the zeros of the polynomial Q. (z) and zx # v for all k and .
Proof. By the residue theorem
Pa(z) F'(2) : {Pn(Z) F’(Z)} [Pn(Z) F’(Z)}
dz =2
f@m(z) Flz) " (;ZR?T: o) F) | T ;Reg Om(z) F(2) | )
(3.6)

where ~y;, are the pole of F'(z)/F(z) and z are the zeros of @,,,(z) inside the path
C. Consider the limit of (3.6) as k — oo and using (3.4), we obtain (3.5). m
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CHAPTER IV

SUMMATION INVOLVING TRANSCENDENTAL
EQUATIONS

In this chapter, we study the exact values of infinite series involving
the real roots of some transcendental equations. We consider how to use the
residue theorem to find the summation. We exploit the method much further for
finding the sum and proving some interesting formulas. In what follows we let
f(z) = P"(Z 7 be arational function with degree P, (z) = n and degree Q,,(z) = m

Qm
andmZn—i—Z.

Theorem 4.1 Let f(z) = 5:;((2)) with m > n + 2. If v are the roots of equation

cot z = —Cz, where C s a constant with C > —1, then

Z f () ZRes {P (%) (—sinz—i-Czcosz'jL C’sinz)} | (4.1)

Qm(2) cosz + Czsinz

k=—o0c0

where zj, are the zeros of the polynomial Qn(2).

Proof. Let
F(z) = cosz + Czsin z.
Then
F'(z) = —sinz+ Czcos z + C'sin z.
Therefore,

F'(z)  —sinz+Czcosz+ Csinz
F(z) cosz + Czsin z ‘

Next we consider C} to be the square with vertices Ay, By, Dy, E). at the points

<i (ngl)”, + (2k+1 ) foreach k = 1,2, ... then C} is the regular system of closed

paths. By the residue theorem, we obtain

74 S O =i ZR( m?ﬁf%&%ﬁ( )
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5;((2)) and 7 are the poles of

Next, we want to show that the integral on the left-hand side tends to zero as

F'(z)

where z; are the poles of

k — oo.
red
E, | D,
v ! Lo
2+ 1 0 TTENNE
~ 3 | T)W
A, > B,
Figure 4.1: The square path C}
We have
]{Pn(z) F’(z)d P,(2) —sinz—l—C’zcosz—i—C’sinzd
z = z
Qm(z) F(z) Qm(2) cosz+ Czsinz
Ck Ck
< j{ P,(2) |—sinz—|—0(zc0s,.z+sinz)| dz
Qm(2) |cos z + C'zsin ]|
Ck
< 7{ P,(2) | |-14+ C(zcotz + 1)| dz
Qm(2) |cot z + Cz|
Ck
< j{ P,(2) | |C = 1]+ |C||zcot 2 dz)
Qm(z) |Cz| — |cot 2|
Ck
P.(2) | S5 +1C] feot 2]
< o7 dz|.
Qu(z)|  |C| -2
Ch z
Since
9 cosz|2  cos?z +sinh?y
e e L
inz sin“ x + sinh”y
where z = x + 1y and
2 12 12 2
cos® x + sinh”y < I +sinh®y  cosh®y — coth?y,

sin?z +sinh®y —  sinh®y ~ sinh? Y
we have |cot z| < coth7/2 = 1.090331411... for all z lying on the horizontal sides
of Ck
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On the other hand, since

cosz +sinh’y  sinh’y <1
sin?z + sinh? y 1+ sinh? y

Y

we have |cot z| <1 for all z lying on the vertical sides of Cy.
This shows that cot z is bounded in the square paths C} and therefore there exists

M > 0 such that

|C|z_|1| + |C| |cot |
cot z 1
01— B
Thus,
P.(z) F'(2) 7{’ P.(z)
dz| < M dz
P r < W |one|
Ck Ck
P(z)
< .
< M1(8k+4)7r£1é%>k< o)
P, A
Since ’ n(2) < — for some A > 0, it follows that
. Pa(z)
lim = 0.
Therefore, there exists M, > 0 such that
j{Pn(z) —sinz + Czcosz.—i— Csinz dz| < M, max P,(2) o Dask — oo,
Qm(z) cosz+ Czsinz 2€Cr | Qm(2)
Ck

Therefore

Sre (G r) = 2t (S o)
Hence, we obtain the formula

— P.(w) P,(z) (—sinz+ Czcosz+ Csinz
k;oon('Vk) B Zk:iii [Qm(z) cosz + Czsinz '

Theorem 4.2 Let f(z) = I ith m > n+ 2. If i are the roots of equation

T Qm(z2)
cscz = —C'z, where C' is a constant with C' > —1 ,then
- P.(z) (Czcosz+ Csinz
- 4.2
k:z_:oof(%) zk:ZR:gi [Qm(z) ( 1+ Czsinz )] ’ (4.2)
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where z, are the zeros of the polynomial Q. (2).

Proof. Let
F(z) =1+ Czsinz.
Then
F'(z) = Czcosz+ Csin z.
Therefore,

F'(z) Czcosz+ Csinz
F(z)  1+4Czsinz
Similarly, we let Cj be the square with vertices Ay, By, D, E} at the points

<i(2k;1)” j:(%Jrl ) then Cj is the regular system of closed paths.

We use the residue theorem to obtain that
z) F'(z (2) F'(2)
R R
Zz zk<Qm 2 F) )*ZZ ei( ) )

Pn(z)

P(2) F'(2)

Qm(2) F(Z
Ck

= 2m

where z; are the poles of

)
Next, we want to show that the integral on the left-hand side tends to zero as

k — o0.

We have

dz

P,(z) F'(2) B (2) Czcosz + Csin z
. Qm(2) F(2) dz) = f{Q (2) 14+ Czsinz
n(2)

< ]{ z |C’zcotz—|—C’)||dZ|
Qm(z)| |escz+ Cz|
Ck
P
< j{ (2) | |Czcot 2| + |C 2]
Qm(z)| |Cz| — |csc 2]
Ck
< flo Ceotd 1< 1y,
Qm(z> |C| \cscz|

Ck
From the proof of Theorem 4.1 we can see that cot z is bounded and therefore

we can easily show that csc z is also bounded. Since

4
2

) 1 1 1 1
lcsc z|” = = < <=

<
sinz|> sin?z +sinh®y ~ sinh®y 32 T

<1,
T



Nantaporn Chuensupantharat Summation Involving Transcendental Equations / 12

We have
) Czcosz+ Csinz

me T4 Czsine dz| — 0 as k — oo.

Therefore,
'(Z)) <Pn(2) F’(Z))
Res = — Res .
2 Res ( o)~ 2t g, Fe

And hence,

B z) (Czcosz+ Csinz
ZQm __ZzRii{ mz)( 14 Czsinz )}

Theorem 4.3 Let f(z) = Eol2) yith m > n+ 2. If v, are the roots of equation

Qm(2)
sec z = —C'z, where C' is a constant with C' > —1 ,then
P,(z) (—Czsinz+ Ccosz
R 4.3
k_Z:OOf ) Zz kg {Qm(z) < 14 Czcosz )} ’ (43)

where zj, are the zeros of the polynomial Q. (2).

Proof. Let
F(z) =14 Czcosz.
Then
F'(z) = —=Czsinz + C cos z.
Therefore,

F'(z)  —Czsinz+Ccosz
F(z) 14+ Czcosz

Similarly, we let C) be the square with vertices Ay, By, D, E), at the points

(i(zk;””, j:(%;l)”), then C}, is the regular system of closed paths.

We use the residue theorem to obtain that

Z&k(@mi = )+25%i(” i)

Z Z

sz (2)

=2m

where 2z, are the poles of

)
Next, we want to show that the integral on the left-hand side tends to zero as
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k — oo.
We have
%Pn(z) F’(z)d B P,(2) —C’zsinz—l—C’coszd
Qum(z) F(2) = Qm(2) 14+ Czcosz §
Ck Ck
P,(z) | |-Cztanz + C)|
< d
- j{ Qm(2) |sec z + C'z| dz]
Ck
P.(z) | |Cztanz| + |C|
< d
= 74 Om(2)| |Cz| = |secz] 2]
Ck
(€]
< ]{ P.(2) |C’tanz|fi—}z| sl
Qm(2)| |C] — k2l

Cr |2|
Similarly, it can be shown that tan z and sec z are bounded in the square paths

C}. and therefore there exists M; > 0 such that

|C'tanz| + | <|
el B
Thus
P,(z) —Czsinz + C'cos z

f@m(z) 14+ Czcosz dz| = 0 as k = oo.

C
Therefore,

bu(2) F'(Z)) <Pn(2) F'(Z)>
Res = —» Res .
;ww (Qm(z) F(z) gzzz;c Qm(z) F(z)

And hence,

— Pu(m) P,(z) (—Czsinz+ Ccosz
k:ZOOQm(’Yk) B _;ZP&%E |:Qm(z) ( 1+Czcosz )] '
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CHAPTER V

SUMMATION INVOLVING BINOMIAL
COEFFICIENTS

In this chapter we discuss the identities about the sum of binomial coefficients.
We start with the connection between the binomial coefficients and contour in-

tegral. Then we show how to evaluate the sum by using the residue theory.
Proposition 5.1 If n and m are positive integers, then the identity
i n\(n—m\ [(2n—m (5.1)
= \k)\k—m n—m '
holds for m < n.
Proof. We note that
) the coefficient of 2" in (14 2)

and

(n m) is the coefficient of - in (1 + —)
Zh—m z

k—m

and if we consider the expansion of (1 + z)" (1 + %)nfm, then we have

n . 1 n—m
Z e being the constant term in (1 +2)" {1+ — .
k) \k—m z

k=m
By using the residue theorem and letting C' be a unit circle centered at the origin,

we obtain

(1+2)" (1+ %)"’"]

Y6 < s

1 N\""d
= — (1—1—2)”(1—1—;) =

21 z
1 (1 + Z)Qn—m

= — | —d=.
27.”/ sn—m+l z

c
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By Corollary 3.5, we have
1 (1+z)2”_md 2n —m
— [ —————dz = :
2mi Zn—mtl n—m
Hence, the result follows. [ ]

Proposition 5.2 Ifn and m are positive integers, then the identity

20 -("") 62
holds.

Proof. Similarly, we note that

(Z) is the coefficient of 2* in (14 2)"

] ( 1)mn
n 14+ -
z

2k
and if we consider the expansion of (1 + z)" (1+ 2)™", then we have

n 1 mn
g <Z) (mkn) being the constant term in (1 + 2)" (1 + —) :
z

k=0

and

(n;n) is the coefficient of

By the same argument as before, we have

S(O(F) = oo ()7 E

271 zmntl

By Corollary 3.5, we have

Hence, we get the result. [ ]

Proposition 5.3 If n is a positive integer and |z| < 1, then

i(nzk)zk: ﬁ (5.3)

k=0
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Proof. From Corollary 3.5, we have

and

We sum the geometric series and use the residue theorem to obtain

00 (14w)™
n+k\ 1 P
- 1=y
Z( k >Z omi) w— 2"
c

k=0 1—z

- e [UE]

1—=z
1
(1 —z)ntl

Proposition 5.4 If n is a positive integer, then

2 . .
n 0, if no1s odd;
S ErY) = A (5.4)
k=0 k (—1)2 (E), if n is even.
2
Proof. We note that
(Z) is the coefficient of 2" in the expansion of (1 + 2)"
and
(—1) is the coefficient of —-  in the expansion of I
k zk z
1

If we consider the expansion of (1 + 2)" (1 —1)", then we obtain that

n

2 n
1
E (—1)* (Z) is the constant term in (1 + 2)" (1 — —) .
2

k=0
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By using the residue theorem with C' being a unit circle centered at the origin,

we have

Soor() - dafoeer (1)
L7 (L+2)"G=-1"

271 zntl
c

1 2_1n
_ L=

271 zntl

— Res [M;U]

ZnJrl

{0, if n is odd;

(=1)2 (%), ifnis even.
2

Hence, we obtain the result. [ ]
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CHAPTER VI
CONCLUSION AND DISCUSSION

The purpose of this chapter is to accumulate all the main results that we have
proved in Chapter 4 and Chapter 5. In Chapter 4, we proved the theorem for
finding the sums involving the real roots of some transcendental equations by

using the residue theory. We obtain the following results.

Theorem 6.1 Let f(z) = CIQD:L((Z)) with m > n + 2. If vy, are the real roots of

equation cot z = —Cz, where C' is a constant with C > —1, then

—sinz 4+ Czcosz + Csinz
R
Zf% Zzif[m ( . )}

cosz+ Czsinz
k=—0o0

where zj, are the zeros of the polynomial Q.,(2).

Theorem 6.2 Let f(z) = Lol2) ith m > n+ 2. If v are the real roots of

Qm(2)
equation csc z = —C'z, where C' is a constant with C' > —1 ,then
z) (Czcosz+ Csinz
Res
3 s =S [0 (PRI

where zj, are the zeros of the polynomial Qn(2).

Theorem 6.3 Let f(z) = Ealz) pith m > n + 2. If v are the real roots of

Qm(2)
equation sec z = —C'z, where C' is a constant with C' > —1 ,then
2 (2) (—Czsinz 4 Ccos z
R ;
kz_:oof ) Zz ki [ Qm(2) 1+ Czcosz

where zj, are the zeros of the polynomial Q. (2).

In Chapter 5, we considered the sums of binomial coefficients and
proved the identities of these sums by using the residue theory. We obtain the

results:
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Proposition 6.4 If n and m are positive integers, then the identity

S (G- (o

k=m

holds for m < n.

Proposition 6.5 If n and m are positive integers, then the identity

S0 (i)
holds.

Proposition 6.6 If n is a positive integer and |z| < 1, then

200 -

k=0

Proposition 6.7 Ifn is a positive integer, then

Zn ( 1>k n\ 2 0, if nis odd;
k=0 k) | (=1):(%), ifniseven.’
Some examples now follow, using above theorems.

Example Find Zzifoo# where v, are all real roots of cot x = .

2+1
Solution From equation (4.1) in Theorem 4.1 with C'= —1, we obtain
i 1 _ ZRes 1 —sinz — (z cos z + sin z)
k:_oo%z +1 Pk 2241 cosz — zsinz

—2sinz — 2cos 2
- [(fz{gs—kzliesl) ((z2+1)(cosz—zsinz))} '

By computing the residue on the right-hand side, we obtain

o0

Z 1 B —2sint — ¢ cost . 2sini +1cost
w24+1  \(2i)(cosi —isini) = (—2i)(cosi — isini)

k=—o00

2sini + 14 ,  2sinh 1 hl
_ 'smz-—i— /) c.os-z _ §1n —+ cos ~ 1.432332358.
2CO0S? + sin¢ sinh 1 4+ cosh 1

Remark. Summation of the series will be confirmed by using the graph plotting
method.(see [3]) We plot the graph y = cotz and y = x in the same axes and

see that ~, which are the intersection points of two curves are the real roots of
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Figure 6.1: Positive roots of cotx =z

cotx = x.(Figure 2.) It follows from the graph that klim (V41 — ) = 7™ and
Y& =~ (k—1)m, k > 6. Then

oo [e o]

3 LS SR SRS SRR SR s 1
eyl Pl Rl il il 2l eyl
where

v1 ~ 0.8603, 72~ 3.4256, 3~6.4373, y4~9.5293, 5~ 12.6453.

o0

Hence, Z

Vk
k=1
exact computation obtained above.

1 ~ 1.432516821, which corresponds approximately to the

Moreover, it will be interesting if this concept can be extended to

other transcendental equations as well.
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