CHAPTER III

ON THE OPLUS HEAT KERNEL RELATED TO THE
SPECTRUM

In this chapter, we study the oplus heat kernel, which is related to the
spectrum and the oplus heat equation. Moreover, we also study the interesting

properties of the oplus heat kernel.

3.1 The Fundamental Solution

First, we shall consider the fundamental solution of the partial differential

operators.

Lemma 3.1.1 Let L be the operator defined by

L= % - o, (3.1.1)

where ®F is oplus operator iterated k-times, and is given by

P 62 4 p+q 62 a*
k __ = . -
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p+ q = n is the dimension of R", k is a positive integer, (z1,Zs,...,%Zn) € R,

t € (0,00) and c is a positive constant. Then we obtain

1 I4 8 p+q 0\ *
E(x,t)=w/nexp c*t (;ff) - Z ff) +i(§,z) | d€

i=pt1

(3.1.2)
as a fundamental solution of (3.1.1) in the spectrum 2 C R™ fort > 0.

Proof. Let E(z,t) be the kernel or the fundamental solution of operator L and

0 be the Dirac-delta distribution. Thus, we have

0 2 o~k —
_a_t.E(_/E,t) — 2 " E(z,t) = 6(z)8(2).
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Applying the Fourier transform, which is defined by (2.4.1), to the both sides

of the above equation, considering 5(x) = 1/(2m)™?, we obtain

gst—c ((Zs) Zs)) E(g,t) = W&t)-

j=p+1

Thus, we get

4 . PR
E(s,t>=(—§%exp c2t<(253> -1 X 5?))

where H(t) is the Heaviside function, because H(t) =1 holds for ¢ > 0.

Therefore,

L 1 P A p+q £\ *
E(¢t) = @) P c’t (fo) - > f?)
1=1 j=p+1

which has been already by (2.4.5). Thus from (2.4.2), we have

E(x’t):(27lr)”/R exp |c*t ((ZE) i€2>) +1i(&,z)| d€.

j=p+1

Thus, we have

E(x,t)=(271r)n /Q exp c2t(<253> > §2>) +i(€,) | de,

=1 j=p+1

where Q is the spectrum of E(z,t) and t > 0. O
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3.2 Main Results

In this section, we study the the oplus heat kernel and its properties.

Theorem 3.2.1 Let us consider the equation

5 u(z, t) = 2 oF u(z,t) (3.2.1)

with the initial condition

wlg, 0) = fla}; (3.2.2)

where @ is oplus operator iterated k-times, and is defined by

- ( a_> a_2>“ '“
£ Oz? o 0x3

p+ q = n is the dimension of the space R", k is a positive integer, u(z,t) is an
unknown function for (z,t) = (z1,T2,...,Zn,t) € R® X (0,00), f(x) is the gien

generalized function, and c is a positive constant. Then

w(z,t) = E(w; t)y+ f(z)
is a solution of (3.2.1), which satisfies (3.2.2), where E(z,t) is given by (3.1.2).

Proof. Taking the Fourier transform, which is defined by (2.4.1), to both sides

of (3.2.1), we obtain
P 4 p+q "
= (Zf?) (Z &2) (¢, 1).
i=1 =p+1

k

a(E,t) = K(€)exp |t (Ze) —(Zé?) (3:23)

i=1 j=p+1

Thus, we get

where K (&) is constant and u(€,0) = K(§).
Now, by (3.2.2) we have

K(&) =9(¢,0) = Fle) = (Zﬂl)n . / e f(z) do (3.2.4)
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and by the inversion in (2.4.2), (3.2.3) and (3.2.4) we obtain

1 R
u(e,t) = oy / e P (g, t) dg

V4 4 p+q .
exp c2t<(_zfi) (Z s)) T (€, 7—y)| £ (y)dyde.

n

(3.2.5)
Set
1 2 p pt+q
E(x’t)ZW/R exp |c°t ((ZE) _,ZH&) ) san ]| e
(3.2.6)

Since the integral of (3.2.6) is divergent, therefore we choose {2 C R™ to be the
spectrum of E(z,t) and by (3.1.2), we have

1 P p+q :
E(z,t) =(—2W/Qexp c’t <Z£f) Z f) +i(&z)| dE.

=p+1
(3.2.7)
Thus (3.2.6) can be written in the convolution form
u(z,t) = E(z,1) * f(z).
Since E(z,t) exists and from (2.4.4), then
lim E(z,t) = J / e &) g¢
=0 2m)™ Ja
1 ,
= i(€) g
T o 27
=4(z), for zeR" (3.2.8)

Thus for the solution u(z,t) = E(z,t) * f(z) of (3.2.1), then

limauls, t) =a(x,0) = ¢ » flz) = f(z)

t—0

which satisfies (3.2.2). O
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Theorem 3.2.2 The kernel E(z,t) defined by (3.2.7) has the following
properties :

(1) E(z,t) € C*(R"x (0,00)) the space of continuous functions with infinitely
differentiable.

(2) (———c@)E(a:,t)zo, for t>0.
(38) %i_rgE(a:,t) = .

Proof.
(1) From (3.2.7), and

k
a—"E(x t) = \ e - XP:{-" § 62 i€ z)| d§
ar® i (2g P Jq Oz™ = 5 j=p+1 |

we have E(z,t) € C* for z € R, ¢t > 0.

(2) From u(z,t) = E(x,t)* f(x), we have the following equality for f(z) = d(z)
by Fourier transformation

tilz.t] = Efz,T).

Then by direct computation, we obtain

d g N
(E—C@ )E(z,t)—O.

(3) This case is obvious by (3.2.8). O





