CHAPTER II
BASIC CONCEPTS AND PRELIMINARIES

In this chapter, we review some basic knowledges of the test functions,
distributions, the convolution, the Fourier transformation and the fundamental

solutions of the partial differential operators [8] which will be used in our work.

2.1 Test Functions

Let R™ be the n-dimensional real space in which we have a Cartesian
system of coordinates such that a point P is denoted by =z = (z1,z2,...,Zn)
and the distance 7, of P from the origin, is 7 = |z| = (2 + 22 + -+ - + 22)V/2.
Let k be an n-tuple of nonnegative integer, k = (ki, ks, ..., k), the so-called

multiindex of order n, then we define

k| = ki + ko + -+ kn, xkzwlf‘x;“---xk"

n

and
1Ll GFk1tkat-+kn
k _ — — Dk k2 k
Df = T = - = DDk ... Dk,
6$1 axz SRS aIEn" 81'1 6.’152 R 6.’L‘n"
where D; = 8/0x;,5 = 1,2,...,n. For the one-dimensional case, D* reduces
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to d/dz. Furthermore, if any component of k is zero, the differentiation with

respect to the corresponding variable is omitted.
Example 2.1.1 In R3 with k& = (3,0,4), we have
D* = 8"/8230x3 = DiD;3.

Definition 2.1.2 A function f(z) is locally integrable in R™ if [, |f(z)|dz exists
for every bounded region R in R™. A function f(z) is locally integrable on a

hypersurface in R™ if [, |f(z)|dS exists for every bounded region 5 in R 1,



Definition 2.1.3 The support of a function f(z) is the closure of the set of all
points z such that f(z) # 0. We shall denote the support of f by supp f.

Example 2.1.4 For f(z) = sinz,z € R, the support of f(z) consists of the

whole real line, even though sinz vanishes at x = n.

Definition 2.1.5 If supp f is a bounded set, then f is said to have a compact
support.

Definition 2.1.6 The space % is a linear space consist of all real-valued

functions ¢(z) = ¢(x1, 2, ..., Zs), such that the following conditions hold:

(1) ¢(z) is an infinitely differentiable function defined at every point of R™.
This means that D*¢ exists for all multiindices k. Such a function is also

called a C* function.

(2) There exists a number A such that ¢(z) vanishes for r > A. This means

that ¢(z) has a compact support.
Then ¢(x) is called a test function.

Example 2.1.7 The support of the function

(
0, for —oo < z < —1,

z+1, for -1 <z<0,

l—z, for0<z<1,

\O, forl<z< oo

is [—1, 1], which is compact.
Example 2.1.8 The prototype of a test function belonging to Z is

exp (—Eg“;—g) s IO > < B,

r

d(z,a) = (2.1.1)

0, for r > a,

1/2

for a is a constant and r = |z| = (22 + 23 + - - + 22)"/%. Its support is clearly

r < a.



In particular, if we consider in R and by taking a = 1, then (2.1.1)

reduces to
e_ﬁ’, for z € (—1,1),
¢lz) = (2.1.2)
0, for z € (—o0, —1] U [1, 00),

and the support of ¢(z) is [-1, 1].
The following properties of the test functions are evident.

(1) If ¢; and ¢, are in 2, then so is c1¢; + ca¢y, where c¢; and c, are real

numbers. Thus Z is a linear space.
(2) If ¢ € 2, then so is D¢ .
(3) For a C* function f(z) and ¢ € 2, fo € 2.

(4) If ¢(zq,x9,...,Zm,) is an m-dimensional test function and ¥(Zmy1, Tmiz,
..., Zy) is an (n—m)-dimensional test function, then ¢} is an n-dimensional

test function in the variables z1,zq, ..., Zp.

Definition 2.1.9 A sequence {¢n,,},m = 1,2,... where ¢,, € 9, converges to

¢o if the following two conditions are satisfied:

(1) All ¢,, as well as ¢, vanish outside a common region.

(2) D¥¢,, — D*¢y uniformly over R™ as m — oo for all multiindices k.

It is not difficult to show that ¢y € 2 and hence that 2 is closed (or is complete)
with respect to this definition of convergence. For the special case ¢y = 0, the

sequence {¢n,} is called a null sequence.

2.2 Distributions

Definition 2.2.1 A linear functional f on the space & of test functions is
an operation (or a rule) by which we assign to every test function ¢(z) a real

number denoted (f, ¢), such that

(fyc101+ cag) = c1 (f, ¢1) + c2 (f, #2) (2.2.1)

for arbitrary test functions ¢; and ¢, and real numbers c¢; and c;.



Definition 2.2.2 A linear functional f on 2 is continuous if and only if the
sequence of numbers (f, #,,) converges to (f,¢) when the sequence of test

functions {¢,,} converges to the test function ¢. Thus
lim (f, dm) = <f, lim ¢m> .
We now have all the tools for defining the concept of distributions.

Definition 2.2.3 A continuous linear functional on the space % of test

functions is called a distribution. The space of all distributions on 2 is denoted

by Z'.

The set of distributions that are most useful are those generated by
locally integrable functions. Indeed, every locally integrable f(z) generates a

distribution through the formula

(19 = [ faol)iz (222)

Linearity of this functional is obvious. To prove its continuity, observe that

I(f,#)| < max |¢(z) |f(z)]|dz < oo.

T€ supp ¢ supp ¢

Thus, if the sequence {¢,,} converges to zero, then so does (f, ¢,,). Hence, it is

continuous.

Definition 2.2.4 Distributions defined by (2.2.2) are called regular. All other
distributions are called singular. However, we may use (2.2.2) symbolically for

a singular distribution also.

Example 2.2.5 The Heaviside distribution in R™ is (Hg, ¢) = [ ¢(z)dz, where

1, forzeR},
Hplz) = (2.2.3)
0, forz &R}
For R, (2.2.3) becomes
(Ho) = [ o)tz (224
0

Since H(z) is a piecewise continuous function, this is a regular distribution.
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In physical problems, one often encounters idealized concepts such as a
force concentrated at a point £ or an impulsive force that acts instantaneously.
These forces are described by the Dirac-delta function §(z—§), which has several
significant properties:

6(z—¢€) =0, z#¢ (2.2.5)
b 0, for “a,b €t @ £ <ab
/ O(z — §)dz = (2.2.6)
o 1, for a <& <D,
and

/oo d(z — €)dr = 1. (2.2.7)

Equation (2.2.7) is a special case of the general formula

/_ " 8z — &)f(@)dz = £(6), (2258)

where f(z) is a sufficiently smooth function. Relation (2.2.8) is called the
shifting property or the reproducing property of the delta function, and (2.2.7)
is obtained from it by putting f(z) = 1.

Example 2.2.6 The Dirac-delta distribution in R" is

(6(z =€), 6(2)) = ¢(£) (2.2.9)

for ¢ is a fixed point in R™. Linearity of this functional follows from the relation

(6(z — &), c11 + catha) = c161(§) + c262(§)
=c1(0(x — ), 1) + 2 (0(z — §), ¢2),

where c¢; and ¢, are arbitrary real constants.

To prove continuity, we observe that Al_r'noo (0(x = &), Pm) = W{Enw Om(&).
However, if ¢,,(z) — 0, then ¢,,(§) — 0, and have continuity.

Thus the delta function is a distribution. We observed earlier that the
delta function is not locally integrable. This distribution is therefore singular

distribution.
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Definition 2.2.7 The product of a distribution ¢ and an infinitely differentiable
function f is defined by

(ft,¢) = (¢, fo), (2.2.10)

where ¢ and f¢ are element of 2.

Example 2.2.8 For an infinitely differentiable function f and ¢ € 2. Hence

(f6,0) = (6, f¢) = f(0)$(0) = £(0) (6, #) = (f(0)d, $)
f(2)8(z) = £(0)8(z). (2.2.11)

It follows that in this special case it is sufficient for the function f(z) to

be continuous at the origin. More generally,

f(@)o(z —€) = F(0)d(z —£). (2.2.12)

Definition 2.2.9 A distribution E is said to be the fundamental solution for
the differential operator L if
LEE =% (2.2.13)

where ¢ is the Dirac-delta distribution.

2.3 The Convolution

Definition 2.3.1 The convolution f * g of two functions f(z) and g(x), both

in R", is defined as

f(z) x g(z) = . f(t)g(z — t)dt. (2.3.1)

Example 2.3.2 Let f(z) = e"*®H(x) and g(z) = e ®H(z) be functions in R.
Find the convolution of f(z) and g(z), where H(z) defined by (2.2.3), which
R = (0,00). Since

#()  g(z) = / " f(t)e(e - tydt,



we obtain

f(z)* g(z) = / " f(H)g(z — t)dt

—00

T
=/ 6—ate—b(z—tdt
0
T
:e—bz/ e—(a—b)tdt
0

T

—(a—b)t
= (L—) \ for >0
—(a=b)/|,
1 —aZr —0T
=b_a(e — e ™) H(z).

Example 2.3.3 Let f,g:[0,00) — R are defined by

1, for L O0<®<]
f(z) =

0, for z>1

and
e =", for >0
Thus
f@ *o@) = [ e
0
=e" — 1, for 0<sE<1,

and

f(z) xg(z) = /0 (1)e*'dt + /lm(O)ez_tdt

x z—1

=" —e" ", for z>1.
Therefore, the convolution f x g is given by

e —1, fop) < = <71,
f(z) x g(z) =

e® —e*1, for z2> 1
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Property 1. Commutativity.

fxg=gx*f.
Property 2. Associativity.
(f=g) xh=f*=(g*h), {2.3.3]

if the supports of the two of these three distributions are bounded or if the
supports of all three distributions are bounded on the same side.

Property 3. Distributivity
fx(g+h)=(fxg)+ (f*h). (2.3.4)
Property 4. Multiplicative identity.
d% [ =1 (2.3.5)

Proposition 2.3.4 If the convolution fx*g exists, then the convolutions (D f)

g and s * (D* f) exist, and

(D*f) * g = D*(f * g) = f * (D*g). (2.3.6)

If L is a differential operator with constant coefficients, then (2.3.6) becomes

(Lf)*g=L(f xg) = f x(Lg). (2.3.7)

2.4 The Fourier Transformation

Definition 2.4.1 Let f(z) € L;(R")-the space of integrable function in R™.
The Fourier transform of f(z) is defined by
= 1 _
- —i(é,x)
7O = g || @), (241)
where £ = (&,€3,...,&) and T = (21,22, ...,2Zn) € R, (€,2) = &121 + o702 +
o+ &z, and dx = dzy dzs - - - dzy,.

Also, the inverse of Fourier transform is defined by

The National Research Councit of Thailand ‘ 1 | ~
= i(§,x)
P 20 7= Gy / KL (24.2)
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Example 2.4.2 The Fourier transform of 6(z) is

e (2.4.3)

~

by using (2.2.7) and (2.2.11). And the inverse Fourier transform of §(¢) is

LT B oz, L ) eSS
5T (2m)n/2 /Rne (27r)n/2d5 = 2nn / e e, (2.4.4)

Definition 2.4.3 The spectrum of the kernel E(z,t), which is defined by

(1.1.18), is the bounded support of the Fourier transform E (&,t) for any fixed
t>0.

Definition 2.4.4 Let £ = (§1,&,...,&:) € R™ and denoted by

I, ={(eR": &+ - +£-&,— —&,,>0and& >0}

4 P+q

the set of an interior of the forward cone, and I'; denotes the closure of T';.
Let Q be spectrum of F(z,t), defined by Definition 2.4.3 for any fixed
t>0and Q C T,. Let E (€,t) be the Fourier transform of E(z,t) and define

1 4 p+q a\ *
R S — 2 &) - 52.) , for £ €Q,
Blen= @7 | (; ) (; 4

0, for £ ¢ Q.
(2.4.5)





