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2

   (Ordered field)

2.1

   

   R

(operation) 2 R  ( )  ( )

   : R R R : R R R

   (a, b) a b (a,b) ab

a b (R ; , )

1. a b b a a,b R

             ab ba a,b R

2. a (b c) (a b) c a,b,c R

             a(bc) (ab)c a,b,c R

3.

             a(b c) ab ac a,b,c R

4.

             0 R a R a 0 a 0 a

   1 R a R a1 a 1a
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     5.

              a R a R a ( a) 0 ( a) a

              a R {0} 1a R 1 1a(a ) 1 (a )a

2.1.1   : a b a b a ( b)

R P

     6. a b P a,b P

     7. ab P a,b P

    8.  “ a R a

a P a 0 a P ”

     6 8 3

               ( ) P   ( ) {0}      ( ) { a | a P}

P R  “ ”

 ( )  “ ” R

2.1.2  : A r A A

(binary relation) A (a,b) r a r b r

(order) A r

    1) (reflexivity) a r a a A

    2)   (anti – symmetry) a r b b r a a b

a,b A

    3) (transitivity) a r b b r c a r c

a,b,c A

2.1.3  : R R a b  ( b a R a b )

a,b R R

R R a b  ( b a R a b )

a,b R R
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1) a R a a a a

                 2) a,b R a b b a  ( b a R a b )

( a b R b a ) 4

                1 b a R a b R

              (a b) b a R (a b) R

a b R

                2 b a R b a

              b a b a 0 b a 0

b a R

                3 a b a b R

              a b a b 0 a b 0

a b R

                4 a b b a

              1 3

              4 a b

               a b

     3) a,b,c R a b b c  ( b a R a b )

( c b R b c ) 4

                1 b a R c b R (c b) (b a) R

              (c b) (b a) c a c a R

a c

                2 b a R b c c a b a R

              a c

                3 a b c b R c a c b R

              a c

                4 a b b c a c

              a c

                a c

1), 2) 3) R                              



5

2.1.4  : a,b R a b  “ a b ”

b a  “ b a ”

2.1.5  : A r A A

(binary relation) A (a,b) r a r b  (

(a,b) r a r b ) r (strictly order) A r

   

1) (irreflexivity) a r a a A

      2) (transitivity) a r b b r c a r c

a,b,c A

2.1.6  : R R a b  ( a b a b )

a,b R R

R R a b  ( a b a b ) a,b R

R

     1) a R a a a a

     2) a,b,c R a b b c  ( a b a b )  ( b c

b c )

a b b c

a c  ……………..(2.1)

a c

a c a b c a c b b c

c b b c b c

b c b c b c

a c      ……………...(2.2)

(2.1) (2.2) a c       

1) 2) R

2.1.7  : a,b R a b  “ a b ”

b a  “ b a ”
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2.1.8  : a b a b a b R

a b

( ) a b a b a b  ( a b R a b ) a b

2

1 a b R a b a b R

2 a b a b

2 a b R

( ) a b R a b b a b a R a b

2

1 b a R

(a b) b a R a b R (a b) R

2 a b

a b a b 0 a b 0 a b R

     

2 b a a b

( )  ( ) a b a b R

2.1.9  : (R; , , ) 1 8

2 3  (ordered field)

2.1.10  :

a b

1) a b

2) a b

3) b a

a R b R a b R 8 3

a b R a b 0 (a b) R

1 a b R 2.1.8 a b

2 a b 0 a b

3 (a b) R b a (a b) R
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2.1.8 b a

a b a b b a

2.1.11  : a,b R a b

a b b a a b  “ ”

a b b a a b b a

 “ ”

2.1.12  : a,b c

a b c a b b c

a b c a b b c

a b c a b b c

a b c a b b c

2.1.13  : a,b,c d

1) a b b c a c

2) a b a c b c

3) a b c d a c b d

4) a b x 0 xa xb

5) a b x 0 xa xb

6) 0 a b 0 c d ac bd

7) a b 0 0 a b
1 1

a b

a,b,c d

1) a b b c a c

2) a b 2.1.8 a b R (a c) (b c) a b

(a c) (b c) R 2.1.8 a c b c

3) a b c d 2) a c b c b c b d        

           1) a c b d

4) a b x 0 2.1.8 a b R x R
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x(a b) R x(a b) xa xb xa xb R

2.1.8 xa xb

5) a b x 0 2.1.8 a b R 0 x R

x 0 x R ( x)(a b) R      

( x)(a b) ( x)a ( x)b xb xa

xb xa R 2.1.8 xb xa

6) 0 a b 0 c d

b a d 0 4) bd ad        …..……... (2.3)

d c a 0 4) ad ac        .....…….... (2.4)

(2.3) , (2.4) 1) bd ac

7) a b 0 0 a b

1 a b 0 8

1a 0 1b 0

4 1 1aa ba 11 ba

4 1 1 1b 1 b ba

1 1b 1 b 1 1 1 1b ba 1a a

1 1b a

2 0 a b 8

1a 0 1b 0

5 1 1a a a b 11 a b

5 1 1 11b a bb

1 11b b 1 1 1 1a bb a 1 a    

1 1b a                                              

2.1.14  : a 2a 0

a a 0 a R a R

a 0 2 2a 0 0

a R a a R 2a a a 2 2a a 0

2a 0 R 2.1.8 2a 0
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a R ( a) ( a) R 2( a) ( a) a a a 2 2a a 0

2a 0 R 2.1.8 2a 0

2a 0                                                   

2.1.15  : a, x y x y

1) a 1 x ya a

2) 0 a 1 x ya a

a, x y x y

1) a 1 x y 2.1.8 x y R

b R b x y x y b a 1 b ba 1 1

b y ya a 1a x y b b y y ya a a a 1a a

2) 0 a 1 x y 2.1.8 x y R

b R b x y x y b 0 a 1

b ba 1 1 b y ya a 1a x y b b y y ya a a a 1a a

2.1.16  : a,b p a b 0

1) p 0 p pa b

2) p 0 p pa b

a,b p a b 0 a b 0
a

1
b

2.1.15 1 p 0

p 0
a a

1
b b

p pa b

p 0

p 0
a a

1
b b

p pa b                                                                      

2.2

1.  (Equivalent  Transformation)
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2.2.1  :

2

4

x 1

21 x
x

x

2

4

x 1

21 x

2 42x 1 x

           
2 41 2x x 0

           
2 2(1 x ) 0

2 2(1 x ) 0

2 2(1 x ) 0 2 41 2x x 0 2 42x 1 x

2

4

1 x

2 1 x
                                

2.2.2  : a b
3 3

3
a b a b

2 2

a b

      
3 3

3
a b a b

2 2

3 3
3 3

3
a b a b

2 2

3 32 23 31 a b
a 3 a b 3 a b b

8 2

3 32 23 3a 3 a b 3 a b b 4a 4b

3 32 23 33a 3 a b 3 a b 3b 0

3 32 23 3a b a b a b 0

3 32 23 3 3 3 3 3 3 3a b a a b b a b a b 0

3 32 23 3 3 3 3 3a b a a b b a b 0

3 32 23 3 3 3a b a 2 a b b 0

2
3 3 3 3a b a b 0

2
3 3 3 3a b a b 0
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2.

1 2 na ,a ,..., a

1 2 na a ... a

2.2.3  : a b b a a ba b a b

a b a b a b

a b a b a b

a b a b

a b a b 0 2.1.16 1 a b a ba b

2.1.13 4 b ba b 0 a b b b a b b ba a b b a b a b b aa b a b

            

2.2.4  : a,b,c     

a(a b)(a c) b(b c)(b a) c(c a)(c b) 0

a,b,c a b a c

b a b c c a c b

c b b a

c b c a b a c(c a) b(b a)

c(c a) b(b a) 0 c b 0

(c b) c(c a) b(b a) 0                             .………….(2.5)

c b b a a b 0 a c 0

a(a b)(a c) 0                                        …………...(2.6)

(2.5)  (2.6) a(a b)(a c) (c b) c(c a) b(b a) 0

a(a b)(a c) c(c b)(c a) b(c b)(b a) 0

a(a b)(a c) b(b c)(b a) c(c a)(c b) 0                                            

3.
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(Principle of Mathematical Induction) :

P(n) n a

1) P(a)  ( )

 2) k k a P(k) P(k 1)

 ( )

P(n) n n a

2.2.5  :
n2 n n

n

P(n) n2 n

(n 1)  : 
12 2 1 P(1)

 : k P(k) k2 k

k 1 k2 2 2 2 k k k k 1 k 12 k 1

P(k 1)

P(n) n

2.2.6  : (Lagrange’s identity)    

2
n n n n n

2 2 2
i i i i i j j i

i 1 i 1 i 1 i 1 j 1

1
a b a b (a b a b )

2

1 2 na ,a ,..., a 1 2 nb ,b ,..., b

n

1 2 na ,a ,..., a 1 2 nb ,b ,..., b P(n)    

2
n n n n n

2 2 2
i i i i i j j i

i 1 i 1 i 1 i 1 j 1

1
a b a b (a b a b )

2

(n 1)  : 1a 1b

2
1 1 1

2 2 2 2 2 2 2 2 2
i i i i 1 1 1 1 1 1 1 1

i 1 i 1 i 1

a b a b a b (a b ) a b a b 0

1 1 1
2 2 2

i j j i i 1 1 i 1 1 1 1
i 1 j 1 i 1

1 1 1 1
(a b a b ) (a b a b ) (a b a b ) (0) 0

2 2 2 2

2
1 1 1 1 1

2 2 2
i i i i i j j i

i 1 i 1 i 1 i 1 j 1

1
a b a b (a b a b )

2
P(1)
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 : k 1 2 k 1a ,a ,..., a , 1 2 k 1b ,b ,..., b

P(k)

2
k k k k k

2 2 2
i i i i i j j i

i 1 i 1 i 1 i 1 j 1

1
a b a b (a b a b )

2

2
k 1 k 1 k 1

2 2
i i i i

i 1 i 1 i 1

a b a b

2
k k k

2 2 2 2
k 1 i k 1 i k 1 k 1 i i

i 1 i 1 i 1

k k k k
2 2 2 2 2 2 2 2
k 1 k 1 k 1 i k 1 i i i

i 1 i 1 i 1 i 1

2
k k

2 2
k 1 k 1 k 1 k 1 i i i i

i 1 i 1

k k
2 2
i i i i

i 1 i 1

a a b b a b a b

a b a b b a a b

a b 2a b a b a b

a b a b

2
k k k k

2 2 2 2
k 1 i k 1 i k 1 k 1 i i

i 1 i 1 i 1 i 1

2
k k k k

2 2 2 2 2 2
i i i i i k 1 i k 1 k 1 i k 1 i

i 1 i 1 i 1 i 1

a b b a 2a b a b

a b a b a b 2a b a b a b

2
k k k k 2

2 2
i i i i i k 1 k 1 i

i 1 i 1 i 1 i 1

a b a b a b a b

k k k2 2

i j j i i k 1 k 1 i
i 1 j 1 i 1

1
a b a b a b a b

2
P(k)

k k k k2 2 2

i j j i i k 1 k 1 i i k 1 k 1 i
i 1 j 1 i 1 i 1

1 1 1
a b a b a b a b a b a b

2 2 2

k k k k2 2 2

i j j i i k 1 k 1 i k 1 j k 1 j
i 1 j 1 i 1 j 1

1 1 1
a b a b a b a b a b b a

2 2 2

k k k k2 2 2

i j j i i k 1 k 1 i k 1 j k 1 j
i 1 j 1 i 1 j 1

2
k 1 k 1 k 1 k 1

1 1 1
a b a b a b a b a b b a

2 2 2

1
a b a b

2

k k k k2 2 2

i j j i k 1 j j k 1 i k 1 k 1 i
i 1 j 1 j 1 i 1

2

k 1 k 1 k 1 k 1

1 1
a b a b a b a b a b a b

2 2

a b a b

k 1 k k 12 2

i j j i i k 1 k 1 i
i 1 j 1 i 1

1 1
a b a b a b a b

2 2
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k 1 k k 12 2

i j j i i k 1 k 1 i
i 1 j 1 i 1

k 1 k 2 2

i j j i i k 1 k 1 i
i 1 j 1

1
a b a b a b a b

2

1
a b a b a b a b

2

k 1k 1 2

i j j i
i 1 j 1

1
a b a b

2

P(k 1)

P(n)                                                           

4. (Forward and Backward Induction)

n

n

m

n 2 n 4 n 4

n 8 n 8

n 7 n 7 n 6

2.2.7  : a,b,c,d     

3 3 3 3
3

a b c d a b c d

4 4

3 3 3

3
a b c a b c

3 3

x y 2.2.2

3 3
3

x y x y

2 2
                                      …......……(2.7)

(2.7) 4

a,b,c,d

(2.7)
3 3

3
a b a b

2 2

3 3
3

c d c d

2 2
            …………..(2.8)

3 3 3 3

3 3 3 3
a b c d

a b c d 2 2

4 2
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3 3
3 3 3 3

3 3
a b c d

2 2

2

3 3

3 33 3
a b c d

2 2

2
(2.8)

3 3
a b c d

2 2

2
      

3

a b c d

2 2

2
(2.7)

a b c d
x , y

2 2
3 3 3 3

3
a b c d a b c d

4 4
                                    ………….(2.9)

(2.7) (2.9) 3

3 3 3 3 3
3 3 3

a b c a b c
a b c

a b c 3 3

3 3

3 3 3 3 3
a b c a b c

a b c
4 3 3

3 4

3 3 3 3 3
a b c a b c

a b c
4 43 3

3 4 3 4

3 3 3 3

3

a b c
a b c

4 1 a b c3

3 4 3 3
   ………(2.10)

(2.9)

3 3 3 3
3

a b c a b c
a b c a b c

3 3

4 4

3
3

4(a b c)

a b c3

4 3
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(2.10)
3 3 3

3 3
a b c 4 a b c 1 a b c

3 3 3 3 3

3 3 3

3
a b c a b c

3 3
                                

5.

 –  – 
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3

3.1

2

a b 2

a b

2
(arithmetic  mean) a b

ab (geometric  mean) a b

2

1 1

a b

(harmonic  mean) a 0 b 0

2 2a b

2
(root–mean–square) a b

2

3.1.1  : a b 2

a b
ab

2

a b
ab

2
a b

a b 2

1 ( )

2( a b) 0 a 2 ab b 0 a b 2 ab

a b
ab

2

a b
ab a b

2
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a b
ab a b 2 ab

2

a 2 ab b 0

2
a b 0

a b

a b

2  ( )

       AB a b C

AC a CB b D DC AB

C

      ACD CDB

      
a CD

CD b

2(CD) ab

      CD ab

            3.1

a b

2
CD

a b
ab

2

a b
ab

2
D

C AB a b                                          

3.1.1  – 

(arithmetic  mean – geometric  mean  inequality) 2

3.1.2  :
1

x 2
x

x    

1
x 2

x
x 1

x R 8
1

R
x

3.1.1

1
x

1x x 1
2 x

1
x 2

x

D

BA C
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3.1.1

1
x

1 1x x 1 x
2 x x

2x 1 x 1

1
x

x 1
2

1
x 2

x

1
x 2 x 1

x
                            

3.1.3  :

22
1 1

x y 8
x y

x y

x y 8
1

x

1

y

2
1

x
x

2
1

y
y

3.1.1

22

22

1 1
x y

x y 1 1 1 1
x y x y

2 x y x y

1 x y
xy

xy y x

22
1 1 1 x y

x y 2 xy
x y xy y x

xy 3.1.2

1
xy 2

xy

x y
2

y x

22
1 1

x y 2 2 2 8
x y

                                                         

3.1.4  : tan cot 2 0,
2

1
cot

tan
tan 0 0,

2

3.1.2
1

tan cot tan 2
tan

 – 2
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3.1.5  : a b 2
2

ab
1 1

a b

2
ab

1 1

a b

a b  –

(geometric mean –harmonic mean inequality) 2

a b 8
1

a

1

b

3.1.1

1 1

1 1 1a b

2 a b ab
                         ……….……….(3.1)

2
ab

1 1

a b

2
ab

1 1

a b

(3.1) 3.1.1

1 1

1 1 1a b a b
2 a bab

2
ab

1 1

a b

1 1

1a b

2 ab

2
ab a b

1 1

a b

3.1.5 2

3.1.6

2 3.1.7

2

3.1.6  : a b 2

a b 2

1 12

a b

a b 2

1 12

a b

a b

a b 2

3.1.1
a b

ab
2

a b
ab a b

2
   ………..…….(3.2)
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3.1.5
2

ab
1 1

a b

2
ab a b

1 1

a b

 ……….....…..(3.3)

(3.2) (3.3)
a b 2

1 12

a b

a b 2
a b

1 12

a b

3.1.7  : a b 2

2 2a b a b

2 2

2 2a b a b

2 2
a b

a b 2(a b) 0 2 2a b 2ab

2 2 2 2 2 2 2 2 2(a b) a b 2ab a b (a b ) 2(a b )

2 2a b 2(a b )
2 2 2 22(a b )a b a b

2 2 2

2 2a b a b
a b

2 2

1) a b
2 2a b a b

2 2

2)
2 2a b a b

2 2
a b

1) a b
a b a a 2a

a
2 2 2

2 2 2 2 2
2a b a a 2a

a a
2 2 2

2 2a b a b

2 2

2)
2 2a b a b

2 2

2 2 2a b a b

2 2

2 2 2 2a 2ab b 2a 2b 2 2a 2ab b 0

2(a b) 0 a b

1) 2)
2 2a b a b

2 2
a b                                           
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3.2

n

n n 2

3.2.1  : 1 2 na ,a ,..., a n n 2

(arithmetic mean) (geometric mean)

(harmonic mean) 1 2 na ,a ,..., a

1 2 na a ... a

n
1 2 na ,a ,..., a

1

n
1 2 n(a a ...a ) 1 2 na ,a ,..., a

1 2 n

n

1 1 1
...

a a a

1 2 na ,a ,..., a

2 2 2
1 2 na a ... a

n
1 2 na ,a ,..., a

 – 1 2 na ,a ,..., a

(Auguste

Cauchy)

1.  – 1 2 na ,a ,..., a

n k2 k

 2.   – 1 2 na ,a ,..., a

n  – 

1 2 na ,a ,..., a n 1

3.2.2 3.2.5

 – 
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3.2.2  : 1 2 3 8a ,a ,a ,..., a

1) 1 2 3 4 4
1 2 3 4

a a a a
a a a a

4

2) 1 2 3 8 8
1 2 3 8

a a a ... a
a a a ...a

8

1 2 3 8a ,a ,a ,..., a

1)

3 41 2

1 2 3 4

a aa a
a a a a 2 2

4 2

1 2 3 4a a a a

2
                 3.1.1

1 2 3 4a a a a                   3.1.1

4
1 2 3 4a a a a                                ... ……………(3.4)

1 2 3 4 4
1 2 3 4

a a a a
a a a a

4

2)

1 2 3 4 5 6 7 8

1 2 3 8

a a a a a a a a
a a a ... a 4 4

8 2

        
4 4

1 2 3 4 5 6 7 8a a a a a a a a

2
(3.4)

        4 4
1 2 3 4 5 6 7 8a a a a a a a a 3.1.1

        8
1 2 3 4 5 6 7 8a a a a a a a a

1 2 3 8 8
1 2 3 8

a a a ... a
a a a ...a

8
                                                         

3.1.1 3.2.2  – 

n 2, n 4 n 8

 – 1. 3.2.3

3.2.3  : 1 2 3 n2
a ,a ,a ,..., a n

1
1 2 n n2 2

1 2 nn 2

a a ... a
a a ...a

2
      

1
1 2 n n2 2

1 2 nn 2

a a ... a
a a ...a

2
1 2 n2

a a ... a
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n 1 2 3 n2
a ,a ,a ,..., a

P(n)   “ 

1
1 2 n n2 2

1 2 nn 2

a a ... a
a a ...a

2
1

1 2 n n2 2
1 2 n 1 2 nn 2 2

a a ... a
a a ...a a a ... a

2
 ”

 (1) P(1)

3.1.1
1

1 2
21 2

a a
a a

2

1
1 2

21 2 1 2

a a
a a a a

2

P(1)

 (2) k P(k) P(k 1)

k P(k) 1 2 3 k 1 k 12 1 2
a ,a ,a ,..., a ,a

2 1 2 k k2 1 2
a ,a ,...,a ,a k k k 12 1 2 2 2

a ,a ,...,a

1 2 k k2 1 2
a ,a ,..., a ,a 1 2 k k2 1 2

a ,a ,..., a ,a

k2 P(k)

1
1 2 k k k2 1 2 2

1 2 kk 2

a a ... a a
a a ...a

2
1

1 2 k k k2 1 2 2
1 2 k 1 2 k kk 2 2 1 2

a a ... a a
a a ...a a a ... a a

2
  ............(3.5)

k k k 12 1 2 2 2
a , a , ..., a

k k k 12 1 2 2 2
a , a , ..., a k2 P(k)

      

1
k k k 1 k 1 k2 1 2 2 2 1 2 2

k k k 1 k 1k 2 1 2 2 2 1 2

a a ... a a
a a ...a a

2
1

k k k 1 k2 1 2 2 2 2
k k k 1k 2 1 2 2 2

a a ... a
a a ...a

2
k k k 12 1 2 2 2

a a ... a  .........(3.6)

1 2 k k k k 1 k 12 2 1 2 2 2 1 2
k 1

a a ... a a a ... a a

2

                                                  

1 2 k k k k k 1 k 12 1 2 2 1 2 2 2 1 2
k k

a a ... a a a a ... a a1

2 2 2
   ……..(3.7)

1 2 k k2 1 2
k

a a ... a a
x

2

k k k 1 k 12 1 2 2 2 1 2
k

a a ... a a
y

2
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3.1.1
1

x y
2

1

2xy
1

x y
2

1

2xy x y       ……..(3.8)

(3.5) (3.6)     

1

2xy

1
1 1 2
k k2 2

1 2 k k k k k 1 k 12 1 2 2 1 2 2 2 1 2
a a ...a a a a ...a a

1
1 2
k2

1 2 k k k k k 1 k 12 1 2 2 1 2 2 2 1 2
a a ...a a a a ...a a

1

k 12
1 2 k k k k k 1 k 12 1 2 2 1 2 2 2 1 2

a a ...a a a a ...a a

1
1 2 k k k k 1 k 12 2 1 2 2 2 2

1 2 k k k k 1k 1 2 2 1 2 2 2

a a ... a a a ... a
a a ...a a a ...a

2
1

1 2 k 1 k 12 2
1 2 k 1 1 2 k 1k 1 2 2

a a ... a
a a ...a a a ... a

2
                                                 

3.2.3  – 

kn 2, 4,8,..., 2 ,...  – 

2. 3.2.5

3.2.4

3.2.4  : 1 2 3 4 4
1 2 3 4

a a a a
a a a a

4

1 2 3 4a ,a ,a ,a 1 2 3 4 4
1 2 3 4

a a a a
a a a a

4
1 2 3 4a a a a

1 2 3b ,b ,b 1 2 3 3
1 2 3

b b b
b b b

3

1 2 3 3
1 2 3

b b b
b b b

3
1 2 3b b b

   1 2 3 4a ,a ,a ,a 1 2 3 4 4
1 2 3 4

a a a a
a a a a

4

1 2 3 4
1 2 3 4 4

1 2 3 4 a a a a
a a a a

a a a a
4

                              ……....(3.9)

1 2 3b , b , b 1 2 3 3
1 2 3

b b b
b b b

3

1 2 3 3
1 2 3 1 2 3

b b b
b b b b b b

3
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1 2 3b ,b ,b 1 2 3b b b
X

3

1 2 3b ,b ,b X 4

(3.9) 1 2 3 4
1 2 3

b b b X
b b b X

4
                    ………(3.10)

1 2 3b b b X 3X X 4X 1 2 3b b b X
X

4
           …...….(3.11)

(3.10) (3.11) 4
1 2 3X b b b X 4

1 2 3X b b b X

X

1 X 0 3
1 2 3X b b b

2 X 0 (3.11) 1 2 3b b b 0 3
1 2 3X b b b

2

3
31 2 3

1 2 3

b b b
X b b b

3

1 2 3 3
1 2 3

b b b
b b b

3

1 2 3 3
1 2 3

b b b
b b b

3
1 2 3b b b    

1) 1 2 3b b b 1 2 3 3
1 2 3

b b b
b b b

3

2) 1 2 3 3
1 2 3

b b b
b b b

3
1 2 3b b b

1) 1 2 3b b b 1 2 3 1 1 1 1
1

b b b b b b 3b
b

3 3 3

3333
1 2 3 1 1 1 1 1b b b b b b b b 1 2 3 3

1 2 3

b b b
b b b

3

2) 1 2 3 3
1 2 3

b b b
b b b

3

3
1 2 3

1 2 3

b b b
b b b

3

1 2 3b b b
X

3

3
3 1 2 3

1 2 3

b b b
X b b b

3

(3.11)

4
4 31 2 3

1 2 3

b b b X
X X X b b b X

4

1 2 3 4
1 2 3

b b b X
b b b X

4
 (*) 1 2 3b b b X

1) 2) 1 2 3 3
1 2 3

b b b
b b b

3
1 2 3b b b

3.2.5  : 1 2 n n
1 2 n

a a ... a
a a ...a

n

1 2 na ,a ,..., a 1 2 n n
1 2 n

a a ... a
a a ...a

n
1 2 na a ... a
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1 2 n 1b ,b ,..., b 1 2 n 1 n 1
1 2 n 1

b b ... b
b b ...b

n 1

1 2 n 1 n 1
1 2 n 1

b b ... b
b b ...b

n 1
1 2 n 1b b ... b

1 2 na ,a ,..., a 1 2 n n
1 2 n

a a ... a
a a ...a

n

1 2 n n
1 2 n 1 2 n

a a ... a
a a ...a a a ... a

n
                     …….. (3.12)

1 2 n 1b ,b ,..., b

1 2 n 1 n 1
1 2 n 1

b b ... b
b b ...b

n 1

1 2 n 1 n 1
1 2 n 1 1 2 n 1

b b ... b
b b ...b b b ... b

n 1

1 2 n 1b ,b ,..., b 1 2 n 1b b ... b
X

n 1

1 2 n 1b ,b ,..., b X n

(3.12) 1 2 n 1 n
1 2 n 1

b b ... b X
b b ...b X

n
                      ………(3.13)

1 2 n 1b b ... b X (n 1)X X nX

1 2 n 1b b ... b X
X

n
                                                           …..….(3.14)

(3.13) (3.14) n
1 2 n 1X b b ...b X

n
1 2 n 1X b b ...b X

X

1 X 0 n 1
1 2 n 1X b b ...b

2 X 0 (3.14) 1 2 n 1b b ... b 0    

      
n 1

1 2 n 1X b b ...b

2

n 1
n 11 2 n 1

1 2 n 1

b b ... b
X b b ...b

n 1

1 2 n 1 n 1
1 2 n 1

b b ... b
b b ...b

n 1

1 2 n 1 n 1
1 2 n 1 1 2 n 1

b b ... b
b b ...b b b ... b

n 1

1) 1 2 n 1b b ... b 1 2 n 1 n 1
1 2 n 1

b b ... b
b b ...b

n 1

 2) 1 2 n 1 n 1
1 2 n 1

b b ... b
b b ...b

n 1
1 2 n 1b b ... b
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1) 1 2 n 1b b ... b

n 1

11 2 n 1 1 1 1
1

n 1 bb b ... b b b ... b
b

n 1 n 1 n 1

n 1n 1n 1
1 2 n 1 1 1 1 1 1n 1

n 1

b b ...b b b ...b b b

1 2 n 1 n 1
1 2 n 1

b b ... b
b b ...b

n 1

2) 1 2 n 1 n 1
1 2 n 1

b b ... b
b b ...b

n 1

n 1
1 2 n 1

1 2 n 1

b b ... b
b b ...b

n 1

1 2 n 1b b ... b
X

n 1

n 1
n 1 1 2 n 1

1 2 n 1

b b ... b
X b b ...b

n 1

(3.14)

n
n n 11 2 n 1

1 2 n 1

b b ... b X
X X X b b ...b X

n

1 2 n 1 n
1 2 n 1

b b ... b X
b b ...b X

n

(3.12) 1 2 n 1b b ... b X

1) 2) 1 2 n 1 n 1
1 2 n 1 1 2 n 1

b b ... b
b b ...b b b ... b

n 1

3.2.3 3.2.5  – 

2

3.2.6  :  – (arithmetic  mean – geometric  

mean  inequality) n

1 2 na ,a ,..., a n 2

1 2 n n
1 2 n

a a ... a
a a ...a

n
1 2 n n

1 2 n

a a ... a
a a ...a

n
1 2 na a ... a

1 2 na ,a ,..., a n 2 k

kn 2

1)
1 2 k2 k2 1 2 kk 2

b b ... b
b b ...b

2
1 2 k2

b ,b ,..., b

    
1 2 k2 k2 1 2 k 1 2 kk 2 2

b b ... b
b b ...b b b ... b

2
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3.2.3

    2) 1 2 m m
1 2 m

b b ... b
b b ...b

m
1 2 mb ,b ,..., b

1 2 m m
1 2 m 1 2 m

b b ... b
b b ...b b b ... b

m

1 2 m 1c ,c ,...,c

1 2 m 1 m 1
1 2 m 1

c c ... c
c c ...c

m 1

1 2 m 1 m 1
1 2 m 1 1 2 m 1

c c ... c
c c ...c c c ... c

m 1

3.2.5

1 2 n n
1 2 n

a a ... a
a a ...a

n

1 2 n n
1 2 n 1 2 n

a a ... a
a a ...a a a ... a

n
                                           

3.2.7  :  – (geometric  mean – harmonic 

mean inequality) n

1 2 na ,a ,..., a n N n 2

1

n
1 2 n

1 2 n

n
(a a ...a )

1 1 1
...

a a a

1

n
1 2 n

1 2 n

n
(a a ...a )

1 1 1
...

a a a

1 2 na a ... a

1 2 na ,a ,..., a n N n 2

1 2 n

1 1 1
, ,...,

a a a

3.2.6

1

n
1 2 n

1
1 2 n

n
1 2 n

1 1 1
...

a a a 1 1 1 1
...

n a a a
(a a ...a )



30

1

n
1 2 n

1 2 n

n
(a a ...a )

1 1 1
...

a a a

1 2 n

1

n
1 2 n 1 2 n

1 2 n

1 1 1
...

a a a

n
(a a ...a ) a a ... a

1 1 1
...

a a a

3.2.8  : 1 2 na ,a ,..., a n N

n 2  3.2.6  3.2.7 

1 2 n

1 2 n

a a ... an

1 1 1 n
...

a a a

1 2 n

1 2 n

a a ... an

1 1 1 n
...

a a a

1 2 na a ... a

 – (arithmetric  mean – 

harmonic mean inequality) n

3.2.9

3.2.9  : 1 2 na ,a ,..., a n N

n 2

1
2 2 2 2

1 2 n 1 2 na a ... a a a ... a

n n

1
2 2 2 2

1 2 n 1 2 na a ... a a a ... a

n n
1 2 na a ... a

1 2 na ,a ,..., a n N n 2

        
2 2 2 2

1 2 n 1 2 n 1 2 1 3 n 1 n(a a ... a ) a a ... a 2(a a a a ... a a ) ….(3.15)

2
i j(a a ) 0 2 2

i j i ja a 2a a                        .…(3.16)

i j2a a 2 2
i ja a (3.15)
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2 2 2
1 2 n 1 2 1 3 n 1 n

2 2 2 2 2 2 2 2 2
1 2 n 1 2 1 3 n 1 n

2 2 2
1 2 n

a a ... a 2(a a a a ... a a )

a a ... a (a a ) (a a ) ... (a a )

n(a a ... a )

2 2 2 2
1 2 n 1 2 n(a a ... a ) n(a a ... a )

     

1
2 2 2 2

1 2 n 1 2 na a ... a n(a a ... a )

    

1
1

2 2 2 2 2 2 2 21 2 n
1 2 n 1 2 n

n(a a ... a )a a ... a a a ... a

n n n

1
2 2 2 2

1 2 n 1 2 n
1 2 n

a a ... a a a ... a
a a ... a

n n

1) 1 2 na a ... a

1
2 2 2 2

1 2 n 1 2 na a ... a a a ... a

n n

2)

1
2 2 2 2

1 2 n 1 2 na a ... a a a ... a

n n
1 2 na a ... a

1) 1 2 na a ... a

n

1 2 n 1 1 1 1
1

a a ... a a a ... a na
a

n n n
1

n 21 1
12 2 2 2 2 2 22 2

21 2 n 1 1 1 1 2
1 1

a a ... a a a ... a na
a a

n n n

1
2 2 2 2

1 2 n 1 2 na a ... a a a ... a

n n

2)

1
2 2 2 2

1 2 n 1 2 na a ... a a a ... a

n n

2 2 2 2
1 2 n 1 2 na a ... a a a ... a

n n

2 2 2 2 2 2
1 2 n 1 2 1 3 n 1 n 1 2 na a ... a 2(a a a a ... a a ) n(a a ... a )
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2 2 2
1 2 n 1 2 1 3 n 1 n(n 1)(a a ... a ) 2(a a a a ... a a ) 0

2 2 2 2
1 2 1 3 1 n n 1 n(a a ) (a a ) ... (a a ) ... (a a ) 0         ..…..(3.17)

2
i j(a a ) 0

(3.17) 2
i j(a a ) 0

1 2 1 3 1 n 2 3 n 1 na a ,a a ,..., a a ,a a ,..., a a

1 2 na a ... a              

1) 2)

1
2 2 2 2

1 2 n 1 2 n
1 2 n

a a ... a a a ... a
a a ... a

n n

3.2.6 3.2.7 3.2.8 3.2.9

1
2 2 21 2

1 2 n 1 2 n
n1 2 n

1 2 n

a a ... a a a ... an
a a ...a

1 1 1 n n
...

a a a

4

3.2.10  : 1 2 na ,a ,..., a 1 2 na a ... a 1

n

1 2 n

1 1 1
1 1 ... 1 (n 1)

a a a

1 2 na ,a ,..., a 1 2 na a ... a 1

1 2 n

1 1 1
1 ,1 ,...,1

a a a
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 –      

n

1 2 n

1 2 n

1 1 1 n
1 1 ... 1

1 1 1a a a
...

1 1 1
1 1 1

a a a

                 
1 2 n

1 2 n

n

a a a
...

1 a 1 a 1 a

     

1 2 n

n

1 1 1
1 1 ... 1

1 a 1 a 1 a

               

1 2 n

n

1 1 1
n ...

1 a 1 a 1 a

1 2 n
n

1 2 n

1 1 1 n
n ...

1 a 1 a 1 a 1 1 1
1 1 ... 1

a a a

1 2 n
n

1 2 n

1 1 1 n
... n

1 a 1 a 1 a 1 1 1
1 1 ... 1

a a a

1 2 n

n

1 2 n

1 1 1
...

1 a 1 a 1 a 1
1

n 1 1 1
1 1 ... 1

a a a

    .…...(3.18)

1 2 n

1 1 1
, ,...,

1 a 1 a 1 a
 – 

      1 2 n

1 2 n

1 1 1
...

1 a 1 a 1 a n

n (1 a ) (1 a ) ... (1 a )

        
1 2 n

n

n (a a ... a )

n

n 1
            ……(3.19)

           ( 1 2 n... 1a a a )

(3.18) (3.19)

n

1 2 n

n 1
1

n 1 1 1 1
1 1 ... 1

a a a
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n

1 2 n

1 n 1
1

n 1 n 11 1 1
1 1 ... 1

a a a

                   

n

1 2 n

1 1

n 11 1 1
1 1 ... 1

a a a

n

1 2 n

1 1 1
1 1 ... 1 n 1

a a a
                         

3.2.11  : m,n x, y

m n

m n m n
mx ny

x y
m n

m n

m n m n
mx ny

x y x y
m n

m,n x, y

1 2 ma a ... a x m 1 m 2 m na a ... a y

1 2 m na a ... a mx ny m n
1 2 m na a ...a x y

 – 

1

1 2 m n m n
1 2 m n

a a ... a
(a a ...a )

m n
1

1 2 m n m n
1 2 m n 1 2 m n

a a ... a
(a a ...a ) a a ... a

m n

1 2 m na a ... a mx ny

m n m n

m1 1 n
m nm nm n m n m n

1 2 m n(a a ...a ) (x y ) x y

1 2 m na a ... a x y

m n

m n m n
mx ny

x y
m n

m n

m n m n
mx ny

x y x y
m n

3.2.12  :
2 2x y x y

2 2 2 2xy(x y ) x y x 0

x y 2 2 2 2xy(x y ) x y x 0

2 2A x y 2 2B x y 2 A B
x

2

2 A B
y

2

2 2 A B A B
xy x y

2 2
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2 2 2 2 A B A B
A x y xy(x y ) B

2 2

A  – 

A B A B
A B A B A2 2

2 2 2 2

2 2 2 2 A B A B A
A x y xy(x y ) B B

2 2 2

A 0 x 0 A 0 B 2

A B A B
A B

2 2

2 2 2 2 2 2 44A B (A B ) B A B

2 2 4A (B 4) B

B 2 2 24A 4(A 4) 16 0

B 2
4

2

2

B
A

B 4
2 2 4 20 (B 8) B 16B 64 4 2 2B 16B 64 16(B 4)

4
2

2

B
A 16

B 4

2 2x y A 4

3.2.13  : 3 a,b c 1

a b c
a b c

b c a

a,b c 3 abc 1

 – 
a a

,
b b

b

c

1 a a b 2a b

3 b b c 3b 3c

2a b
a

3b 3c

 – 
b b

,
c c

c

a

c c
,

a a

a

b

2
2b c

b
3c 3a

2c a
c

3a 3b

2a a 2b b 2c c a b c
a b c

3b 3b 3c 3c 3a 3a b c a
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3.2.14  : 1 2 na ,a ,..., a 1 2 na a ... a 1

2 2 2 2
1 2 n 1 n

1 2 2 3 n 1 n n 1

a a a a 1
...

a a a a a a a a 2

1 2 na ,a ,..., a 1 2 na a ... a 1

 – 1 2 na ,a ,..., a

2 31 2 n 1 n n 1

1 2 2 3 n 1 n n 1

a aa a a a a a2 2 2 2
, ,..., ,

1 1 1 1 1 1 1 12 2 2 2

a a a a a a a a

2 3 2 31 2 1 2 n 1 n n 1 n n 1 n 1

1 2 2 3 n 1 n n 1

2a a a a2a a a a 2a a a a 2a a a a
, ,..., ,

a a 2 a a 2 a a 2 a a 2

2 3 2 31 2 n 1 n n 1 1 2 n 1 n n 1

1 2 2 3 n 1 n n 1

2a a a a2a a 2a a 2a a a a a a a a
... ...

a a a a a a a a 2 2 2 2

              1 2 n
1 2 n

2(a a ... a )
a a ... a 1

2

2 31 2 n 1 n n 1

1 2 2 3 n 1 n n 1

2a a2a a 2a a 2a a
... 1

a a a a a a a a

2 31 2 n 1 n n 1

1 2 2 3 n 1 n n 1

2 31 2 n 1 n n 1

1 2 2 3 n 1 n n 1

2 31 2 n 1 n n 1
1 2 n 1 n

1 2 2 3 n 1 n n 1

1

a aa a a a a a 1
...

a a a a a a a a 2

a aa a a a a a 1 1
1 ... 1

a a a a a a a a 2 2

a aa a a a a a
(a a ... a a ) ...

a a a a a a a a

a
a 2 31 2 n 1 n n 1

2 n 1 n
1 2 2 3 n 1 n n 1

2 2 2 2
1 2 n 1 n

1 2 2 3 n 1 n n 1

a aa a a a a 1
a ... a a

a a a a a a a a 2

a a a a 1
...

a a a a a a a a 2

2 2 2 2
1 2 n 1 n

1 2 2 3 n 1 n n 1

a a a a 1
...

a a a a a a a a 2
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3.2.15  : a,b c (a b)(b c)(c a) 1

3
ab bc ca

4

a,b c (a b)(b c)(c a) 1

2 2 2 2 2 2

2 2 2 2 2 2

1 (a b)(b c)(c a)

abc b c ac bc a b ab a c abc

(a b ab abc) (abc b c bc ) (a c abc ac ) abc

(a b c)(ab bc ca) abc

1 abc
ab bc ca

a b c

1
a b c (a b) (b c) (c a)

2

 –       

3(a b) (b c) (c a) 3 (a b)(b c)(c a)

3
3 3 3

a b c (a b)(b c)(c a) (1)
2 2 2

1 2

a b c 3

 –      

a b b c
ab, bc

2 2

c a
ca

2

1 (a b)(b c)(c a) 8 (ab)(bc)(ca) 8abc
1

abc
8

1 abc 2 1 2 9 3
ab bc ca 1

a b c 3 8 3 8 4

3.2.16  : 1 2 nS x x ... x 1 2 nx , x ,..., x

2

1 2 n

S S S n
...

S x S x S x n 1

2

1 2 n

S S S n
...

S x S x S x n 1

1 2 nx x ... x

1 2 nS x x ... x 1 2 nx , x ,..., x

1 2 nx , x ,..., x iS x i 1,2,..., n

i

S

S x
i 1,2,..., n

i
i

S
a

S x
i 1,2,..., n

1 2 n
1 2 n

S S S
a a ... a ...

S x S x S x
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1 2 n

1 2 n

1 2 n

1 2 n

S x S x S x1 1 1
... ...

a a a S S S

x x x
1 1 ... 1

S S S

x x ... x
n n 1

S

 – n 1 2 na ,a ,..., a

1 2 n
1 1 1

1 2 n

a a ... a n

n a a ... a

1 2 n

1 2 n

a a ... a1 S S S n
...

n S x S x S x n n 1

2

1 2 n

S S S n
...

S x S x S x n 1

 – 1 2 na a ... a

1 2 n

S S S
...

S x S x S x
1 2 nx x ... x

3.2.17  : n 1 2 n 1 2 na ,a ,..., a ,b , b ,..., b

2n

1 2 n

1 2 n

a a a
... n

b b b

1 2 n

1 2 n

b b b
... n

a a a
           ……….(3.20)

n 1 2 n 1 2 na ,a ,..., a ,b , b ,..., b 2n

(3.20)

1 2 n

1 2 n

a a a
... n

b b b

1 2 n

1 2 n

a a a
... n

b b b
i 1 i n i

i

a
1

b

 ( i

i

a
1

b
i 1 2 n

1 2 n

a a a
... n

b b b
 ) 

1 2 n

1 2 n

a a a1
... 1

n b b b

 – 

1 2 n 1 2 n
n

1 2 n 1 2 n

a a ...a a a a1
...

b b ...b n b b b

1 2 n 1 2 n
n

1 2 n 1 2 n

b b ...b b b b1
...

a a ...a n a a a
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1 2 n
n

1 2 n

a a ...a
1

b b ...b

1 2 n
n

1 2 n

b b ...b
1

a a ...a

1 2 n

1 2 n

b b b1
1 ...

n a a a

1 2 n

1 2 n

b b b
... n

a a a

3.2.16 3.2.17

4 4.1.9 4.1.10
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4

3

 – 

4.1

2 2 2 2 2 2 2 2(a b )(c d ) (a c 2abcd b d )

2 2 2 2 2 2(b c 2abcd a d ) (ac bd) (bc ad) 2(bc ad) 0

a,b,c d 2 2 2 2 2(a b )(c d ) (ac bd)

a,b,c d a,b,c d

                      
2 2 2 2(a +b )(c +d ) ac bd              ………..(4.1)

(4.1) n

2 2 2 2 2 2
1 2 n 1 2 n 1 1 2 2 n n(a a ... a )(b b ... b ) a b a b ... a b        .……….(4.2)

2 1 2 na ,a ,..., a 1 2 nb ,b ,..., b

4.1.1

(4.2)

“ ” (Cauchy – Schwartz  inequality )

4.1.1  : 1 2 na ,a ,..., a 1 2 nb ,b ,..., b 2n

2 2 2 2 2 2
1 1 2 2 n n 1 2 n 1 2 na b a b ... a b a a ... a b b ... b

2 2 2 2 2 2
1 1 2 2 n n 1 2 n 1 2 na b a b ... a b a a ... a b b ... b
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1) ia 0 i 1,2,..., n

2) ib 0 i 1,2,..., n

3) 0 i ia b i 1,2,..., n

1 2 na ,a ,..., a 1 2 nb ,b ,..., b 2n

1 2 2 2
1 2 nA a a ... a 2 2 2

1 2 nB b b ... b
2 2n n
i i
2 2

i 1 i 1

a b
1

A B

A B 3

1 A 0 2 2 2
1 2 na a ... a 0

          ia 0 i 1,2,..., n

    
2 2 2 2 2 2

1 1 2 2 n n 1 2 n 1 2 na b a b ... a b 0 a a ... a b b ... b

2 B 0 2 2 2
1 2 nb b ... b 0

   ib 0 i 1,2,..., n

    
2 2 2 2 2 2

1 1 2 2 n n 1 2 n 1 2 na b a b ... a b 0 a a ... a b b ... b

3 A 0 B 0

   
2 2a b 2ab a b

   

2 2
i i i ia b a b

2
A B A B

   

2 2
n n n

i i i i

i 1 i 1 i 1

a b a b
2

A B A B

                             
n n n

2 2
i i i i2 2

i 1 i 1 i 1

1 1 2
a b a b

ABA B

                                              
n

i i
i 1

2
1 1 a b

AB

                                                   
n

i i
i 1

1
1 a b

AB

                                         
n

i i
i 1

AB a b
n

i i
i 1

a b AB

2 2 2 2 2 2
1 1 2 2 n n 1 2 n 1 2 na b a b ... a b a a ... a b b ... b

2 2 2 2 2 2
1 1 2 2 n n 1 2 n 1 2 na b a b ... a b a a ... a b b ... b

0 i ia b i 1,2,..., n                             ………(4.3)

1 2 na ,a ,..., a 1 2 nb ,b ,..., b

2 2 2 2 2 2
1 1 2 2 n n 1 2 n 1 2 na b a b ... a b a a ... a b b ... b    ………(4.4)
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(4.4)
n

1 1 2 2 n n i i

i 1

a b a b a b a b
1 ...

AB AB AB AB

              
n

i i

i 1

a b
1 0

AB

              
n

i i

i 1

a b
2 2 0

AB

              

2 2
n n n

i i i i
2 2

i 1 i 1 i 1

2 2 2
n n

i i i i i i

i 1 i 1

a b a b
0 2

ABA B

a b a b a b
2

A B AB A B

(4.4)

2
n

i i

i 1

a b
0

A B

i ia b
0

A B
i 1,2,..., n

i i

A
a b

B
i 1,2,..., n

A

B

A

B
i ia b i 1,2,..., n

i ia b i 1,2,..., n

2 2 2
1 1 2 2 n n 1 2 na b a b ... a b b b ... b

2 2 2 2 2 2
1 2 n 1 2 nb b ... b b b ... b

2 2 2 2 2 2
1 2 n 1 2 n( b ) ( b ) ... ( b ) b b ... b

2 2 2 2 2 2
1 2 n 1 2 na a ... a b b ... b

(4.3)

2 (Lagrange’s identity)

2.2.6

2
n n n n n 22 2

i i i i i j j i
i 1 i 1 i 1 i 1 j 1

1
a b a b a b a b

2

n n n2 2 2

i j j i i j j i i j j i
1 i j n 1 j i n 1 i j n

1
a b a b a b a b a b a b

2

n n2 2

i j j i j i i j
1 i j n 1 i j n

1
a b a b a b a b

2
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n n 1 n2 2

i j j i i j j i
1 i j n i 1 j i 1

1
2 a b a b a b a b

2

n 1 n 2

i j j i
i 1 j i 1

a b a b 0

2
n n n

2 2
i i i i

i 1 i 1 i 1

a b a b 0

2
n n n

2 2
i i i i

i 1 i 1 i 1

a b a b

n
2 2 2 2 2 2

i i 1 2 n 1 2 n
i 1

a b a a ... a b b ... b

4.1.2  : 1 2 na ,a ,..., a      

2 2 2
1 2 n 1 2 na a ... a n a a ... a      

2 2 2
1 2 n 1 2 na a ... a n a a ... a 1 2 na a ... a

   1 2 na ,a ,..., a

2 2 2 2 2 2
1 2 n 1 2 n 1 2 na a ... a 1 a 1 a ... 1 a 1 1 ... 1 a a ... a

                   
2 2 2
1 2 nn(a a ... a )

2 2 2
1 2 n 1 2 na a ... a n a a ... a

ia 1 i 1,2,..., n 1 2 na a ... a

4.1.3  : 1 2 na ,a ,..., a

2 2 2
1 2 n 1 2 na a ... a a a ... a

n n

2 2 2
1 2 n 1 2 na a ... a a a ... a

n n
1 2 na a ... a

   4.1.2

n

2 2 2
1 2 n 1 2 na a ... a a a ... a

n n

2 2 2
1 2 n 1 2 na a ... a n a a ... a
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2 2 2
1 2 n 1 2 na a ... a a a ... a

n n

2 2 2
1 2 n 1 2 na a ... a n a a ... a

          1 2 na a ... a                               

4.1.4  : 4.1.3

n 4.1.3

“ (root – mean – square)” 4.1.3

1 2 na ,a ,..., a 1 2 na ,a ,..., a

1 2 na a ... a n

4.1.5  : 1 2 na ,a ,..., a i 1,2,..., n

i ix a i

i

1
y

a

1 2 n 1 2 n
1 2 n1 2 n

1 1 1 1 1 1
n a a ... a a a ... a ...

a a aa a a

2
1 2 n

1 2 n

1 1 1
n a a ... a ...

a a a

4.1.6  : 1 2 na ,a ,..., a 1 2 nb ,b ,..., b 2

n n n2 2 2
i i i i

i 1 i 1 i 1

a b a b

1 2 na ,a ,..., a 1 2 nb ,b ,..., b 2

n n n n2 2 2
i i i i i i

i 1 i 1 i 1 i 1

a b a 2 a b b

n n n
2 2

i i i i
i 1 i 1 i 1

a b a b

2
n n n n n n n2 2 2 2 2 2 2

i i i i i i i i
i 1 i 1 i 1 i 1 i 1 i 1 i 1

a b a 2 a b b a b

n n n2 2 2
i i i i

i 1 i 1 i 1

a b a b                                                                        

4.1.5

1 2 na (a ,a ,..., a ) 1 2 nb (b , b ,..., b ) 2 n a,b



45

1 1 2 2 n na b a b ,a b ,..., a b

2

 ( a b

4.1.5)  ( a b

4.1.5) 4.1.5

4.1.5   “ (Triangle Inequality)”

4.1.7  : 1 2 nx , x ,..., x

1 1 2 1 n 1 2 n

1 1 1 1 1 1
... ...

1 x 1 x x 1 x ... x x x x

k 1,2,..., n k 1 2 ks x x ... x

1 2 ns s ... s k k k 1x s s k 2

22

1 1 1

1 2 n 1 2 n1 1 1

x x x1 1 1 1 1 1
... ...

1 s 1 s 1 s 1 s 1 s 1 sx x x

               1 2 n
2 2 2

1 2 n 1 2 n

x x x1 1 1
... ...

x x x (1 s ) (1 s ) (1 s )

1 2 ns s ... s 2
k 1 k k(1 s )(1 s ) (1 s ) k 2

2
1 1(1 s ) (1 s )

2
k 1 kk

1 1

(1 s )(1 s )(1 s ) 2
11

1 1

(1 s )(1 s )

1 1 1 1 2 n
2 2 2

1 1 2 n 1 n1 2 n

x x x x x x
... ...

(1 s ) (1 s )(1 s ) (1 s )(1 s )(1 s ) (1 s ) (1 s )

k k k 1x s s k 2

1 2 n 1 2 1 n n 1

1 1 2 n 1 n 1 1 2 n 1 n

x x x s s s s s
... ...

(1 s ) (1 s )(1 s ) (1 s )(1 s ) (1 s ) (1 s )(1 s ) (1 s )(1 s )

1 1 2 n 1 n

1 1 1 1 1
1 ...

(1 s ) (1 s ) (1 s ) (1 s ) (1 s )

n

1
1 1

1 s
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2

1 2 n 1 2 n

1 1 1 1 1 1
... ...

1 s 1 s 1 s x x x

1 1 2 1 n 1 2 n

1 1 1 1 1 1
... ...

1 x 1 x x 1 x ... x x x x

4.1.8  : a,b c

2 2 2 2a b c 4(a b)
a b c

b c a a b c

a,b c

2 2 2 2(a b) a 2ab b a
2a b

b b b
2 2a (a b)

2a b
b b

                   ………(4.5)

2 2b (b c)
2b c

c c
       ………(4.6)

2 2c (c a)
2c a

a a
                   …..…. (4.7)

(4.5) (4.6) (4.7)

2 2 2 2(a b) (b c) (c a) 4(a b)
2a b 2b c 2c a a b c

b c a a b c
2 2 2 2 2(a b) (b c) (c a) 4(a b) (2a 2b)

b c a a b c a b c
  …..…..(4.8)

 (4.8)

2
2 2 22 2 2 (a b) (b c) (c a)(a b) (b c) (c a)

(b c a) b c a
b c a b c a

                         
2

a b b c c a

b c c a (b c) (c a) b a a b

2 2 2a b b c c a 2 a b 4(a b)

2 2 2
2(a b) (b c) (c a)

(b c a) 4(a b)
b c a

2 2 2 2(a b) (b c) (c a) 4(a b)

b c a a b c
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4.1.9  : n 1 2 n 1 2 na ,a ,...,a ,b ,b ,..., b

2n                

1 2 n

1 2 n

a a a
... n

b b b

1 2 n

1 2 n

b b b
... n

a a a

n 1 2 n 1 2 na ,a ,...,a ,b ,b ,..., b 2n

4.1.5

2
1 2 n

1 2 n

1 1 1
n a a ... a ...

a a a
n

1 2 na ,a ,..., a

n 1 2 n 1 2 na ,a ,...,a ,b ,b ,..., b 2n

n n
2i i 1 2 n 1 2 n

i 1 i 1i i 1 2 n 1 2 n

a b a a a b b b
... ... n

b a b b b a a a

n
i

i 1 i

a
n

b

n
i

i 1 i

b
n

a

2n

1 2 n

1 2 n

a a a
... n

b b b

1 2 n

1 2 n

b b b
... n

a a a

4.1.10  : 1 2 nS x x ... x 1 2 nx , x ,..., x

2

1 2 n

S S S n
...

S x S x S x n 1

1 2 nS x x ... x 1 2 nx , x ,..., x

1 2 nx , x ,..., x iS x i 1,2,..., n

i

S

S x
i 1,2,..., n

i
i

S
a

S x
i 1,2,..., n

1 2 n
1 2 n

S S S
a a ... a ...

S x S x S x

1 2 n 1 2 n

1 2 n

1 2 n

S x S x S x x x x1 1 1
... ... 1 1 ... 1

a a a S S S S S S

x x ... x
n n 1

S
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4.1.5

2
1 2 n

1 2 n

1 1 1
n a a ... a ...

a a a
n

1 2 na ,a ,..., a n 1 2 na ,a ,..., a

n

2 1 2 n

1 2 n

1 2 n

S x S x S xS S S
n ... ...

S x S x S x S S S

S S S
(n 1) ...

S x S x S x

2

1 2 n

n S S S
...

n 1 S x S x S x

2

1 2 n

S S S n
...

S x S x S x n 1
                                             

4.2  – 

3  – 

n 1 2 na ,a ,..., a n n

n

1 2 n n
1 2 n

a a ... a
a a ...a

n
1 1 1
n n n

1 2 n n1 2

1 1 1
a a ... a a a ...a

n n n

1

n
n 1 1 2 na ,a ,..., a

n 1 2 nm ,m ,...,m n

1 2 nm m ... m 1
m m m1 2 n

1 1 2 2 n n n1 2m a m a ... m a a a ...a

4.2.1  : x a 0 a 1

ax ax (1 a) ax ax (1 a) x 1

f x f

0 a 1 x 0 af (x) x ax 1 a
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a 1 a 1f (x) ax a a(x 1) f (x) 0 x 1

f x 1

a 1x 1

a 1 0

0 x 1 a 1 0 a 1x 1
a 1f (x) a(x 1) 0

f (0,1)

x 1 a 1x 1 a 1f (x) a(x 1) 0 f

(1, )

f x 1 f (1) 1 a 1 a 0

x x 0 f (x) 0 ax ax 1 a 0

ax ax (1 a) f f (x) 0

x 1 ax ax (1 a) x 1

m m m1 2 n
1 1 2 2 n n n1 2m a m a ... m a a a ...a

n 2

4.2.2  : x y a 0 a 1

a 1 ax y ax (1 a)y a 1 ax y ax (1 a)y x y

x y a 0 a 1

x 0 y 0 x 0

y 0
x

y
4.2.1

a
x x

a (1 a)
y y

a 1 ax y ax (1 a)y

x y a 1 ax y ax (1 a)y

a 1 ax y ax (1 a)y x y

x 0 y 0 0 (1 a)y 0 ax

a 0 1 a 0 x 0 y 0 x y 0
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x 0 y 0
x

0
y

 4.2.1 

a
x x

a (1 a)
y y

x
1

y
x y

a
x x

a (1 a)
y y

a 1 ax y ax (1 a)y

a 1 ax y ax (1 a)y x y                                                           

m m m1 2 n
1 1 2 2 n n n1 2m a m a ... m a a a ...a

n

4.2.3  : 1 2 na ,a ,..., a n n 1

1 2 nm ,m ,...,m 1 2 nm m ... m 1

m m m1 2 n
1 1 2 2 n n n1 2m a m a ... m a a a ...a

m m m1 2 n
1 1 2 2 n n n1 2m a m a ... m a a a ...a 1 2 na a ... a

n P(n)   “ 1 2 na ,a ,..., a

1 2 nm ,m ,...,m 1 2 nm m ... m 1

m m m1 2 n
1 1 2 2 n n n1 2m a m a ... m a a a ...a

m m m1 2 n
1 1 2 2 n n n 1 2 n1 2m a m a ... m a a a ...a a a ... a  ” 

n 1 1m 1 1 1 1 1m a 1a a
m 11

1 11a a a

P(1)

k P(k) 1 2 k 1a ,a ,..., a

k 1 1 2 k 1m ,m ,...,m

1 2 k 1m m ... m 1

k

k k 1

m
p

m m

k 1

k k 1

m
q

m m
p q

p q 1 q 1 p
p q

k k 1 k k 1x pa qa a a

k k k 1 k 1
k k 1

k k 1

m a m a
x pa qa

m m

1 1 2 2 k k k 1 k 1 1 1 2 2 k 1 k 1 k k k 1 k 1m a m a ... m a m a m a m a ... m a (m a m a )

1 1 2 2 k 1 k 1 k k 1m a m a ... m a (m m )x
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1 2 k 1a ,a ,...,a ,x k 1 2 k 1 k k 1m ,m ,...,m ,m m

1 2 k 1 k k 1m m ... m (m m ) 1

m m m m m1 2 k 1 k k 1
1 1 2 2 k k k 1 k 1 1 2 k

m mk k 1m m m p q1 2 k 1
1 2 k k k 1

m m m m m1 2 k 1 k k 1
1 2 k k k 1

m a m a ... m a m a a a ...a x

a a ...a a a

a a ...a a a

m m m m m1 2 k 1 k k 1
1 1 2 2 k k k 1 k 1 1 2 k k k 1

m mk k 1m m m p q1 2 k 1
1 2 k k k 1

m a m a ... m a m a a a ...a a a

a a ...a a a

1 2 k 1 k k 1a a ... a x a a

P(n) n

4.2.4  : 1 2 nm ,m ,...,m 1 1 2 2 n nm a m a ... m a

1 2 na ,a ,..., a -

1 2 na ,a ,..., a
1

n

4.2.3  “ - (weighted A.M.-G.M. 

inequality)”

4.2.5 (Bernoulli’s  Inequalities) : a

1. 0 a 1 a(1 x) 1 ax x 1

2. a 1 a 0 a(1 x) 1 ax x 1

x 0

(1) a 0 a 1 x x 1

1 x a

-

a 1 a(1 x) 1 a(1 x) (1 a)1 a ax 1 a 1 ax

a(1 x) 1 ax 1 x 1 x 0
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(2) a a 1 a 0 x x 1

a 1 a 1 -

a(1 x) 0

1 ax 0 a(1 x) 1 ax

1 ax 0 ax 1
1

0 1
a

(1)

1

a
1

(1 ax) 1 (ax) 1 x
a

a
1

aa1 ax (1 ax) (1 x)    

a1 ax (1 x)

1

a(1 ax) 1 x ax 0 x 0

a 0 x 1 1 x 0 a 1

b 1 a
1

y 1
1 x

b 1 y 1 b(1 y) 1 by

a 1 b
1

x 1
1 y

1 b 1 b
a b1 1 1

(1 x) 1 1 (1 y)
1 y 1 y 1 y

     
b(1 x)(1 y) (1 x)(1 by)

1
(1 x) 1 (1 a) 1

1 x

     
1 a

(1 x) 1 1 a
1 x

1 a
(1 x) a 1 a a(1 x) 1 a a ax

1 x

     1 ax

a b 1
(1 x) 1 ax (1 y) 1 by y 0 1 x 0

1 x

4.2.6  : a 1 a 0 n

a 1 a 1 a 1 a 1
a(n 1) n n (n 1)

n
a 1 a 1

a 1 a 0 n 0 a 1 1

1
0 1

n

1
0 1

n

1
1

n
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a 1
1 a 1

1 1
n n

a 1
1 a 1

1 1
n n

a 1n

a 1 a 1 a(n 1) n (a 1)n a 1 a 1 a(n 1) n (a 1)n

a 1 a 1 a(n 1) n (a 1)n a a 1 a 1(a 1)n n (n 1)    

a 1 a 1 a 1 a 1
a(n 1) n n (n 1)

n
a 1 a 1

4.2.7  : a b

a b
a b a b

a b
2

a b
1

a
,

1

b
,

a

a b

b

a b

-

a b

a b a b1 1 a 1 b 1 2

a b a b a a b b a b

a b

a b

1 1 2

a ba b

a b
a b a b

a b
2

4.2.8  : (Young’s inequality)

u, v p,q
1 1

1
p q

p q1 1
uv u v

p q

p q1 1
uv u v

p q

p qu v

u, v p,q
1 1

1
p q

p qx u , y v
1

p

1
1

q

4.2.2

1 1

p q p qp q 1 1
uv (u ) (v ) u v

p q

4.2.2 p q1 1
uv u v

p q

1 1

p q p qp q 1 1
(u ) (v ) u v

p q

p qu v
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4.3

p q
1 1

1
p q

1 2 n 1 2 nx ,x ,...,x ,y ,y ,...,y

1 1
p p q qp qp q

1 1 2 2 n n n n1 2 1 2x y x y ... x y x x ... x y y ... y

(Minkowski’s inequality) (power – mean inequality)

4.3.1  : (Holder’s inequality)

1 2 n 1 2 nx , x ,..., x , y , y ,..., y p,q

1 1
1

p q

1 1
p p q qp qp q

1 1 2 2 n n n n1 2 1 2x y x y ... x y x x ... x y y ... y

1 1
p p q qp qp q

1 1 2 2 n n n n1 2 1 2x y x y ... x y x x ... x y y ... y

0
q p
i iy x i 1,2,..., n ix 0 i 1,2,..., n iy 0

i 1,2,..., n

1 2 n 1 2 nx , x ,..., x , y , y ,..., y p,q

1 1
1

p q

1
p p p p

n1 2X x x ... x

1
q q q q

n1 2Y y y ... y

1 X 0 ix 0 i 1,2,..., n

          

1 1
p p q qp qp q

1 1 2 2 n n n n1 2 1 2x y x y ... x y 0 x x ... x y y ... y

2 Y 0 iy 0 i 1,2,..., n     

          

1 1
p p q qp qp q

1 1 2 2 n n n n1 2 1 2x y x y ... x y 0 x x ... x y y ... y

3 X 0 Y 0 ix

X

iy

Y

4.2.8

p q
i i i ix y x y1 1

X Y p X q Y
i 1,2,..., n               ………(4.9)
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p q
n n n

i i i i

i 1 i 1 i 1

x y x y1 1

X Y p X q Y

p
n n

pi
ip

i 1 i 1

x 1
x 1

X X

q
n n

qi
iq

i 1 i 1

y 1
y 1

Y Y
n n

i i
i i

i 1 i 1

x y 1
x y

X Y XY

(4.9)

p q
n n n n

i i i i
i i

i 1 i 1 i 1 i 1

x y x y1 1 1 1 1
x y (1) (1) 1

XY X Y p X q Y p q

n

i i
i 1

x y XY

1 1
p p q qp qp q

1 1 2 2 n n n n1 2 1 2x y x y ... x y x x ... x y y ... y ….…(4.10)

1 1
p p q qp qp q

1 1 2 2 n n n n1 2 1 2x y x y ... x y x x ... x y y ... y

0
q p
i iy x i 1,2,..., n                                               .……(4.11)

0
q p
i iy x i 1,2,..., n

p1

qq
i iy x i 1,2,..., n

1 1
1

p q

p
1 p

q

p p1 1 1
1n n n n

q q pq q q
i i i i i i

i 1 i 1 i 1 i 1

x y x x x x

1 1 1 1 1 11
n n n n n np q p q p qp q p p p pq

i i i i i i
i 1 i 1 i 1 i 1 i 1 i 1

x y x x x x

                                                                                                 

1 11 1
n np qp pq q

i i
i 1 i 1

x x

1 1
n n np qp q

i i i i
i 1 i 1 i 1

x y x y

1 1
p p q qp qp q

1 1 2 2 n n n n1 2 1 2x y x y ... x y x x ... x y y ... y

0
q p
i iy x i 1,2,..., n
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1 1
p p q qp qp q

1 1 2 2 n n n n1 2 1 2x y x y ... x y x x ... x y y ... y

p q
i i i ix y x y1 1

X Y p X q Y
i 1,2,..., n

4.2.8

p q
i i i ix y x y1 1

X Y p X q Y

p q
i ix y

X Y
i 1,2,..., n

q pp q
i iy X Y x p qX Y

p qX Y
q p
i iy x i 1,2,..., n

(4.11)                                                      

4.3.2  : (Minkowski’s inequality)

i ix , y i 1,2,..., n p 1

1 1 1
n n np p pp p p

i i i i
i 1 i 1 i 1

x y x y

1 1 1
n n np p pp p p

i i i i
i 1 i 1 i 1

x y x y

 1. ix 0 i 1,2,..., n

2. iy 0 i 1,2,..., n

3. 0 i iy x i 1,2,..., n

i ix , y i 1,2,..., n p 1

1
n p

i i
i 1

x y 0 ix 0 iy 0 i 1,2,..., n

       

1 1 1
n n np p pp p p

i i i i
i 1 i 1 i 1

x y 0 x y

2
n p

i i
i 1

x y 0

       q 0
1 1

1
p q

(p 1)q p

                         

n np p 1
i i i i i i

i 1 i 1

n np 1 p 1
i i i i i i

i 1 i 1

x y x y x y

x x y y x y
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p 1

i i ix , x y i 1,2,..., n

       

1 1
n n np qp 1 (p 1)qp

i i i i ii
i 1 i 1 i 1

x x y x x y

                        

1 1
n np qpp

i ii
i 1 i 1

x x y      ………..(4.12)

                 ( (p 1)q p )

       
p 1

i i iy , x y

i 1,2,..., n

1 1
n n np qp 1 pp

i i i i ii
i 1 i 1 i 1

y x y y x y                  ………..(4.13)

(4.12) (4.13)

   

1 1
n n n np qp 1 p 1 pp

i i i i i i i ii
i 1 i 1 i 1 i 1

1 1
n np qpp

i ii
i 1 i 1

x x y y x y x x y

y x y

1 1 1 1
n n n n np q p qp 1 p pp p

i i i i i i i ii i
i 1 i 1 i 1 i 1 i 1

x y x y x x y y x y

1 1 1
n n n np p qp pp p

i i i ii i
i 1 i 1 i 1 i 1

x y x y x y

n p
i i

i 1

x y 0

1
n qp

i i
i 1

x y 0

1 1 1
n n n nq p pp p p p

i i i i i i
i 1 i 1 i 1 i 1

x y x y x y

          

1 1 1
1

n n nq p pp p p
i i i i

i 1 i 1 i 1

x y x y

1 1
1

q p

1 1 1
n n np p pp p p

i i i i
i 1 i 1 i 1

x y x y        ………(4.14)
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1 1 1
n n np p pp p p

i i i i
i 1 i 1 i 1

x y x y

 1. ix 0 i 1,2,..., n

2. iy 0 i 1,2,..., n     

3. 0 i iy x i 1,2,..., n

( )

1 1 1
n n np p pp p p

i i i i
i 1 i 1 i 1

x y x y ix

jy

1 1 1
n n np p pp p p

i i i i
i 1 i 1 i 1

x y x y

        

1 1
n n np qp 1 pp

i i i i ii
i 1 i 1 i 1

x x y x x y

1 1
n n np qp 1 pp

i i i i ii
i 1 i 1 i 1

y x y y x y

0
p p

i iix (x y ) i 1,2,..., n

         

1

p
i i ix x y

1 1

p p
i i i iy x x ( 1)x

p

i

i i

x

x y
p 1

0 1

1

p 1

1

p 1 0 i iy x i 1,2,..., n

1. ix 0 i 1,2,..., n

2. iy 0 i 1,2,..., n

3. 0 i iy x i 1,2,..., n

1 1 1
n n np p pp p p

i i i i
i 1 i 1 i 1

x y x y

1 ix 0 i 1,2,..., n
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1 1 1
n n np p pp p p

i i i i
i 1 i 1 i 1

x y 0 y y

     

1 1 1 1
n n n np p p pp p p p

i i i i
i 1 i 1 i 1 i 1

x y 0 y y    

1 1 1
n n np p pp p p

i i i i
i 1 i 1 i 1

x y x y

2 iy 0 i 1,2,..., n        

      

1 1 1
n n np p pp p p

i i i i
i 1 i 1 i 1

x y x 0 x

      

1 1 1 1
n n n np p p pp p p p

i i i i
i 1 i 1 i 1 i 1

x y x 0 x    

1 1 1
n n np p pp p p

i i i i
i 1 i 1 i 1

x y x y

3 0 i iy x i 1,2,..., n

1 1 1
n n np p pp p p p

i i i i
i 1 i 1 i 1

x y 1 x 1 x

1 1 1 1 1
n n n n np p p p pp p p p pp

i i i i i
i 1 i 1 i 1 i 1 i 1

x y x x (1 ) x

1 1 1
n n np p pp p p

i i i i
i 1 i 1 i 1

x y x y

1 1 1
n n np p pp p p

i i i i
i 1 i 1 i 1

x y x y

 1. ix 0 i 1,2,..., n

2. iy 0 i 1,2,..., n

3. 0 i iy x i 1,2,..., n
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4.3.3  : (Power-mean  inequality)

1 2 na ,a ,..., a r,s r s

1 1
r r r s s sr s
1 2 n 1 2 na a ... a a a ... a

n n

1 1
r r r s s sr s
1 2 n 1 2 na a ... a a a ... a

n n
1 2 na a ... a

s
p

r

s
q

s r
p 0,q 0

1 1
1

p q

r r r
1 2 na ,a ,...,a 1,1,...,1

1 1
n n np p qr r q

i i
i 1 i 1 i 1

a (1) a 1                                              ………….(4.15)

r
1 1 1s sn n n n np p qr r r q r qr

i i i i
i 1 i 1 i 1 i 1 i 1

r r
s r s r

n ns ss ss s
i i

i 1 i 1

a a (1) a 1 a (n)

a (n) (n) a

r
n n sr sr r

s r ri in n1 s ss si 1 i 1s s
i i

i 1 i 1

a a

n a n a
n n

1 1
n nr sr s

i i
i 1 i 1

a a

n n

1 1
r r r s s sr s
1 2 n 1 2 na a ... a a a ... a

n n
1 2 na a ... a

1 2 na a ... a

1 1
r r r s s sr s
1 2 n 1 2 na a ... a a a ... a

n n

1 1
r r r s s sr s
1 2 n 1 2 na a ... a a a ... a

n n
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1 1
n n np p qr r q

i i
i 1 i 1 i 1

a (1) a 1 ia

0 r
ia 1 i 1,2,..., n 1 2 na a ... a

1 1
r r r s s sr s
1 2 n 1 2 na a ... a a a ... a

n n
1 2 na a ... a

4.3.4  : x, y, z 2 2 2x y z 0

2 2 2 2 2 2

2 2 2

x y x z y z
2 6

x y z

x, y, z 2 2 2x y z 0

1, 1, 1 2 2 2 2 2 2x y , x z , y z

2
2 2 2 2 2 2

2 2 2 2 2 2 2 2 2

(1) x y (1) y z (1) z x

(1 1 1 ) (x y ) (y z ) (z x )

             
2 2 26(x y z )

2 2 2 2 2 2

2 2 2

x y x z y z
6

x y z
                      …………..(4.16)

2 4 2 2 2 2 2 2x x x x (x y )(x z )

2 4 2 2 2 2 2 2y y y y (y x )(y z )

2 4 2 2 2 2 2 2z z z z (z x )(z y )

2 2 2 2 2 2 2 2 2 2 2 2 2 2 2x y z (x y )(x z ) (y x )(y z ) (z x )(z y )

2 2 2 2 2 2 2 2 2 2 2 2 2 2 22(x y z ) 2 (x y )(x z ) (y x )(y z ) (z x )(z y )

2 2 2 2 2 2 2 2 24(x y z ) 2(x y z ) 2(x y z )

2 2 2 2 2 2 2 2 2 2 2 2 2 2 22(x y z ) 2 (x y )(x z ) (y x )(y z ) (z x )(z y )
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2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2(x y ) (y z ) (z x ) 2 (x y )(x z ) (y x )(y z ) (z x )(z y )

2
2 2 2 2 2 2x y y z , z x

2 2 2 2 2 2 2 2 22 x y z x y y z z x

         

2 2 2 2 2 2

2 2 2

x y y z z x
2

x y z
               …………(4.17)

(4.16) (4.17)
2 2 2 2 2 2

2 2 2

x y x z y z
2 6

x y z

4.3.5  : a 0 b 0

2 2 21) (a b) 2(a b )

3 3 32) (a b) 4(a b )

4 4 43) (a b) 8(a b )

n n 1 n n4) (a b) 2 (a b ) n 5,6,7,...

a 0 b 0

1) a,b 1,1 p 2,q 2
1 1 1 1

1
p q 2 2

1 1

2 2 2 22 2(a)(1) (b)(1) (a b ) (1 1 )

1

2 2 2a b 2(a b )

2 2 2(a b) 2(a b )

2) a,b 1,1
3

p 3,q
2

1 1 1 2
1

p q 3 3

1 23 3

3 3 3 32 2(a)(1) (b)(1) (a b ) (1 1 )

2 1

3 33 3a b 2 (a b ) 3 3 3(a b) 4(a b )

3) a,b 1,1
4

p 4,q
3

   

1 1 1 3
1

p q 4 4

4 41 3

4 4 3 34 4(a)(1) (b)(1) (a b ) (1 1 )

3 1

4 44 4a b 2 (a b ) 4 4 4(a b) 8(a b )
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4)    n 5,6,7,... a, b 1,1
n

p n,q
n 1

1 1 1 n 1
1

p q n n

1 n n n 1

n n n n 1 n 1 n(a)(1) (b)(1) (a b ) (1 1 )

n 1 1

n nn na b 2 (a b ) n n 1 n n(a b) 2 (a b )

4.3.6  : a,b,c

2 2 2 21) (a b c) 3(a b c )

3 3 3 32) (a b c) 9(a b c )

n n 1 n n n3) (a b c) 3 (a b c ) n 4,5,6,7,...

a, b,c

1) a,b,c 1,1,1 2 2 2(a)(1) (b)(1) (c)(1) a b c 1 1 1

2 2 2a b c 3 a b c 2 2 2 2(a b c) 3(a b c )

2) a,b,c 1,1,1
3

p 3,q
2

1 1 1 2
1

p q 3 3

2
3 3 31 3

3 3 3 2 2 23(a)(1) (b)(1) (c)(1) a b c 1 1 1

1 2
3 3 3 3 3a b c a b c 3

3 3 3 3(a b c) 9(a b c )

3) n 4,5,6,7,... a, b,c 1,1,1
n

p n,q
n 1

1 1 1 n 1
1

p q n n

1 n n n n 1
n n n n n 1 n 1 n 1 n(a)(1) (b)(1) (c)(1) (a b c ) (1 1 1 )

n 1 1
n n nn na b c (3) (a b c )

n n 1 n n n(a b c) 3 (a b c )
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4.3.7  : x, y, z xyz 1    

2 2 2x y z x y z

x, y, z xyz 1

x, y, z r 1,s 2

1
2 2 2 2x y z x y z

3 3

2 2 2 2(x y z) x y z

9 3

2 2 2

x y z 3

x y zx y z
                 …………(4.18)

 – 
1 1 1

, ,
x y z

3
3 1 1 1

1 1 1 x y z

1 11

x zy

33
3 1 1

1
x y z xyz 1

               ..…………(4.19)

(4.18) (4.19)
2 2 2

x y z
1

x y z

2 2 2x y z x y z

4.4 (Jensen’s Inequality)

4.4.1  :

(subset) R R

x y 2 I

f A B (x, f (x))

(y, f (y)) f A B
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x y f (x) f (y)
,

2 2

x y

2

x y I
x y x y

, f
2 2

f

f (x) f (y)

2

x y
f

2

x y f (x) f (y)
f

2 2
                       ………….(4.20)

x y f (x) f (y)
f

2 2
       ………….(4.21)

f 4.1 4.2

4.4.2  : (4.20) x y I f

(convex function) I (4.21) x y

I f (concave function) I

4.4.3  : f f (x) ln(x) x (0, )

f

f f (x) ln(x) x (0, )

x, y (0, )  – 

x y
xy

2
ln

x y x y ln(x) ln(y) f (x) f (y)
f ln ln xy

2 2 2 2

f                        

x
x y

2
y x

x y

2
y

(x, f (x))

(y, f (y))
1

(f (x ) f ( y))
2

x y
f

2

x y
f

2

(y, f (y))

(x, f (x))

1
(f (x ) f ( y))

2

4.1 4.2
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4.4.4  : f xf (x) e x

f

f xf (x) e x

x y  – 

e

x yx y
x y 2

f (x) f (y) e e x y
e e e f

2 2 2

f                                                 

4.4.5  :

I R f : I R

f I

1. f I f (x) 0 x I

2. f I f (x) 0 x I

4.4.6  : f f (x) tan x x 0,
2

f

f f (x) tan x x 0,
2

x y 0,
2

2f (x) sec x

2f (x) 2(sec x)(tan x) 0 x 0,
2

f
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(4.20)

(4.21) x, y I

1 2 n 1 2 nx x ... x f (x ) f (x ) ... f (x )
f

n n

1 2 n 1 2 nx x ... x f (x ) f (x ) ... f (x )
f

n n

n 2 1 2 nx , x ,..., x f

4.4.7  : (Jensen’s Inequality)

f f

1 2 n 1 2 nx x ... x f (x ) f (x ) ... f (x )
f

n n
          …………..(4.22)

n 2 1 2 nx , x ,..., x I

f

f f

(4.22) n 2

(1)  “ (4.22) m 2 (4.22)

2m ”

1 2 m 1 2 mx x ... x f (x ) f (x ) ... f (x )
f

m m

m 1 m 2 2m m 1 m 2 2mx x ... x f (x ) f (x ) ... f (x )
f

m m

1 2 2m 1 2 m m 1 m 2 2mx x ... x x x ... x x x ... x1
f f

2m 2 m m

        1 2 m m 1 m 2 2mx x ... x x x ... x1
f f

2 m m

1 2 m m 1 m 2 2mf (x ) f (x ) ... f (x ) f (x ) f (x ) ... f (x )1

2 m m

       1 2 2mf (x ) f (x ) ... f (x )

2m
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(1) (4.22) n 2

(1) m 2 (2)

(2)  “ (4.22) n

2 ” (3)

(3)  “ (4.22) n

2 ”

n 2

m 2 m 1 m2 n 2

mk 2 n k

1 2 n
1 2 k

x x ... x
y y ... y

n

1 n 1 kx ,..., x , y ,..., y I m mn k n 2 n 2

(2) (4.22) mn k 2

      

1 n 1 k 1 n 1 k
m m

x ... x y ... y f (x ) ... f (x ) f (y ) ... f (y )
f

2 2

1 2 n
1 2 k

k(x x ... x )
y y ... y

n

mk 2 n

1 n 1 n
1 n 1 k

m m

k
x ... x (x ... x )

x ... x y ... y nf f
2 2

m
1 n 1 n

m

n(x ... x ) (2 n)(x ... x )
f

2

1 2 nx x ... x
f

n

1 2 n 1 n 1 k
m

x x ... x f (x ) ... f (x ) f (y ) ... f (y )
f

n 2

1 n
1 n

m

x ... x
f (x ) ... f (x ) kf

n

2
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m m1 2 n 1 2 n
1 n

x x ... x x x ... x
2 f f (x ) ... f (x ) (2 n)f

n n

1 2 n 1 2 nx x ... x f (x ) f (x ) ... f (x )
f

n n

(4.22) n 2

4.4.8  :
cos x cos y cos z

3
2cos ycos z 2cos z cos x 2cos x cos y

0 x, y, z
2

x y z  ( x, y, z

)

0 x, y, z
2

x y z

 – 

3
1 cos x cos y cosz (cos x)(cos y)(cosz)

3 2cos ycosz 2coszcos x 2cos xcos y (2cos ycosz)(2coszcos x)(2cos xcos y)

               3
1

8(cos x)(cos y)(cos z)

3
1

3 3
8(cos x)(cos y)(cos z)

3
1

1
8(cos x)(cos y)(cos z)

1
(cos x)(cos y)(cos z)

8
                                …………(4.23)

x y z
2

x y z

2

(cos x)(cos y)(cos z) (4.23)

x, y, z
2

x, y, z

cos x,cos y,cos z ln

4.4.3

 f f (t) ln(cos t) t 0,
2

1 x y z 1
ln(cos x cos ycos z) ln cos ln cos ln

3 3 3 2
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3
1 1 1

ln(cos x cos y cos z) 3ln ln ln
2 2 8

1
(cos x)(cos y)(cos z)

8

x y x y a x a y

(x, f (x)) (y, f (y)) x a

(a, f (a)) x a y
a x

t
y x

0 t 1

a (1 t)x ty t 0 t 1 a (1 t)x ty

a x t(y x) x (y x) y t(y x) 0 x a

x a y  “ f I

x y f (x) f (y)
f

2 2
x, y I ”

(A)  “ f I f ((1 t)x ty) (1 t)f (x) tf (y)

0 t 1”

f (y) f (x)
Y f (x) (X x)

y x
(x, f (x))

(y, f (y)) XY x (1 t)x ty y

f (y) f (x)
Y f (x) ((1 t)x ty x) (1 t)f (x) tf (y)

y x

((1 t)x ty, (1 t)f (x) tf (y)) (x, f (x))

(y, f (y)) f ((1 t)x ty) (1 t)f (x) tf (y)

(A)

(B)  “ f I 1 2 1 2f (t x t y) t f (x) t f (y)

1 2t , t 1 2t t 1 x, y I  ” 

B
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4.4.9  :

f I
n n

i i i i
i 1 i 1

f t x t f (x )

1 2 nt , t ,..., t 1 2 nt t ... t 1 1 2 nx , x ,..., x I

n 2

B n 2 n n 1

       
n 1

i i
i 1

f t x
n

i i n 1 n 1
i 1

f t x t x

n

n 1 n 1 n 1 i i
i 1n 1

1
f t x (1 t ) t x

(1 t )

n

n 1 n 1 n 1 i i
i 1n 1

1
t f (x ) (1 t )f t x

(1 t )
A

n
i

n 1 n 1 n 1 i
i 1 n 1

t
t f (x ) (1 t )f x

(1 t )

n n
i

i i i
i 1 i 1n 1 n 1

t1
t x x

(1 t ) (1 t )

n

n 1 n 1 i i
i 1

t f (x ) t f (x )

n n
i n 1 i

n 1 i i
i 1 i 1n 1 n 1

t (1 t )t
(1 t ) x x

(1 t ) (1 t )

n 1

i i
i 1

t f (x )

n 1

4.4.10  :

2 2 2
1 1 1 100

a b c
a b c 3

a,b c a b c 1

f

2
1

f (x) x
x

x

2

2

1
f (x) x 2

x

3f (x) 2x 2x
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4

4

3
f (x) 2 6x 2 1 0

x
x

4.4.5 f

n 3

1 2 3

1
t t t

3

a b c 1 1 1 1
f f (a) f (b) f (c) f (a) f (b) f (c)

3 3 3 3 3

a,b c

a,b c a b c 1

2
a b c 1 1 100

f f ( ) 3
3 3 3 9

2 2 2
1 1 1 1 100 100

a b c 3 f (a) f (b) f (c) 3
a b c 3 9 3

                             

4.4.11  :
p q p qa b (1 a) (1 b) 1 a,b,p

q 0 a,b 1,p 0,q 0 p q 1

a,b,p q 0 p 1,q 1 p

p p
p q p q p 1 p p 1 p a 1 a

a b (1 a) (1 b) a b (1 a )(1 b) b 1 b
b 1 b

f pf (x) x x

p 1f (x) px p 2f (x) p(p 1)x p p 2x

x p 1 0 f (x) 0 x

f

n 2 1t b

2t 1 b 1

a
x 0

b
2

1 a
x 0

1 b
p p

p q p q a 1 a a 1 a
a b (1 a) (1 b) b 1 b bf (1 b)f

b 1 b b 1 b

                                           

p

a 1 a
f b (1 b)

b 1 b

f (a (1 a)) f (1) 1 1
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4.4.12  :
2 2 2

a b c

1 a 1 b 1 c
a,b c

1 ab bc ca 1

a,b c 1

tan ,
2 2

A,B C a tan A, b tan B c tan C

0 a,b,c 1 0 A,B,C
4

ab bc ca 1 tan A tan B tan B tan C tan A tan C 1

tan A tan B tan B tan C 1 tan A tan C

tan A tan C
tan(A C)

1 tan A tan C

1 tan A tan C tan A tan B tan Btan C tan B(tan A tan C)

(1 tan A tan C) tan(A C) tan B

tan(A C) tan B 1

tan x tan y
tan x tan y 1

tan(x y)

tan(A C) tan B
1 tan(A C) tan B 1

tan(A B C)

tan(A C) tan B
0

tan(A B C)
0 A,B,C

4

A B C
2

2

2 tan x
tan 2x

1 tan x

2 2 2

a b c

1 a 1 b 1 c 2 2 2

1 2a 2b 2c

2 1 a 1 b 1 c

                           
2 2 2

1 2 tan A 2 tan B 2 tan C

2 1 tan A 1 tan B 1 tan C

1
(tan 2A tan 2B tan 2C)

2
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4.4.6 f f (x) tan x

x 0,
2

f

f (x) tan x    

(tan 2A tan 2B tan 2C)
tan 2A tan 2B tan 2C

3
3 3 3

               

1 1 1
3 f (2A) (2B) (2C)

3 3 3

2A 2B 2C
3 f

3

               
2(A B C)

3 f 3 f 3 tan 3 3
3 3 3

2 2 2

a b c 3 3

21 a 1 b 1 c

3 3

2

0 a,b,c 1
2 2 2

a b c 3 3

21 a 1 b 1 c

3 3

2 2 2 2

a b c

1 a 1 b 1 c

A B C
6

1
a b c tan

6 3

2 2 2

a b c 1
(tan 2A tan 2B tan 2C)

21 a 1 b 1 c

1 1 3 3
(tan tan tan ) (3 3)

2 3 3 3 2 2
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2

1 : a,b c

1.1) a b c a c b

1.2) a b ca cb

1.3) a b a c b c

1.4) b a c a b c

2 : a ( a) a

3 : a a0 0 0a 0

4 : a b

4.1) a( b) (ab)

4.2) ( a)b (ab)

4.3) ( a)( b) ab

5 : a b

5.1) ( 1)a a

5.2) (a b) a b

5.3) (a b) b a

6 : a b ab 0 a 0 b 0

7 : a b

7.1) a b ab

          

7.2) a b ab
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8 : a

8.1) a 1a

8.2) a 1a

10 : x R x | x |

x x 0
| x |

x x 0

11 : x | x | 0

12 : x | x | x | x |
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R

R

R
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