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INTRODUCTION
Throughout this paper we use the following notation:
R=(-00,0), R,=[0,0) and R, =(0,0).
The following definitions are well known in the literature.
Definition 1. A function f:/ c R — R is said to be convex on [ if
f(Ax+(1=-D)y)SAf()+A-)f()
holds for all x,y el and A €[0,1].

Definition 2. A function f:/ c R — R, is said to be logarithmically convex if

f(Ax+A=2)y) SV LSO
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holds for all x,y el and 4 €[0,1].
Definition 3 [1]. A function f:/ < R — R, is said to be P-convex if
S (Ax+1=2)y) < f()+f(»)
holds for all x,y el and 4 €[0,1].
Definition 4 [1]. A function f:/ c R — R, is said to be quasi-convex if
S (Ax+(1=A)y) <max{f(x), f(»)}
holds for all x,y el and 4 €[0,1].
Definition 5 [2]. For f:[0,b] > R and m €(0,1], if
f(tx+m(1-0y) <tf () +m(1-0) f()
is valid for all x, y €[0,b] and ¢ €[0,1], then we say that f(x) is an m -convex function on [0,5].
Definition 6 [3]. For f:[0,b] > R and (a,m) € (0,11, if
f(tx+m(l—t)y) <t f(x)+m(1-t*)f(y)
is valid for allx,y €[0,b] and ¢ €[0,1], then we say that f(x) is an (a,m)-convex function on
[0,h].
Definition 7 [4]. Let s<(0,1]. A function f :[a,b]c R, = R, is said to be s -convex (in the
second sense) if
S(Ax+1=)y) <A f()+(1=2)" f()
holds for all x,y el and 4 €[0,1].
Definition 8 [5]. A function f :[a,b]— R is said to be strongly convex with modulus ¢ >0 if
[+ (1=0p) <t () +A=0) f(y)—ct(=1)(x~y)’
is valid for all x, y €[a,b] and ¢ €[0,1].

Definition 9 [6]. A function f:/ c R— R, is said to be strongly logarithmically convex with
modulus ¢ >0 if

[+ (A=0)p) S[LTTLS D] —et1=1)(x = )
holds for all x,y e and ¢ €[0,1].
Remark 1. If a function f:/ < R— R, is strongly logarithmically convex, then it is also a
strongly convex function, and so it is integrable on 7 .
Remark 2. Forall x<[0,1] and 0<c<e™, it is easy to obtain that 1—cx >e™*. For all x, y €[0,1]

and 0<c<e’', we acquire

S S P ct(1—£)(x — y)z <1- ct(l _Zf)(x _2 y)z
etx +(1-t)y
for all £€[0,1]. As a result, when 0<c<e', the function f(x) = e is a strongly logarithmically
convex functions on [0,1].

In recent decades, a number of inequalities of Hermite-Hadamard type for different kinds of
convex functions have been established. Some of them may be reformulated as follows.
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Theorem 1 [1]. Let f:/°cR— R, be a P-convex mapping on / ,a,bel with a<b, and
f e L([a,b]). Then

1 b
—— [ f(x)dx < f(a)+ ().
b—a’a
Theorem 2 [7]. Let f,g:[a,b] > R, be a convex functions on [a,b] = R with a <b . Then

[ F (g < M @)+ N (@b,

where

M(a,b)= f(a)g(a)+ f(b)g(b) (D
and

N(a,b)= f(a)g(b)+ f(b)g(a). )
Theorem 3 [8]. Let f,g:[a,b] > R, and fg € L([a,b]) with 0<a<b<oo. If f is convex and
nonnegative on [a,b] and g is s-convex on [a,b] for some fixed s € (0,1], then

b I” F(x)g(x)dx SLM(a,bH 1 (a,0),
b—a“e s+2

— N
(s+D(s+2)
where M (a,b) and N(a,b) are defined by (1) and (2).

In recent years, some inequalities of Hermite-Hadamard type for other kinds of convex
functions were established [9, 10, 11, 12, 13, 14, 15, 16, and closely related references therein]. It
was reported that some kinds of Hermite-Hadamard type inequalities have applications in statistics
and other mathematical sciences [17]. The goal of this paper is to establish some new integral
inequalities of Hermite-Hadamard type for the product of strongly logarithmically convex functions
and other convex functions such as P-convex, quasi-convex, m-conveX, (o,m) -convex and s-

convex functions.
INTEGRAL INEQUALITIES OF HERMITE-HADAMARD TYPE

Now we start out to establish some new integral inequalities of Hermite-Hadamard type for the
product of strongly logarithmically convex functions and other convex functions.

Theorem 4. For —o<a<b<o, let f,g:[a,b] >R, . If f and g? are strongly logarithmically
convex functions on [a,b] with modulus ¢ >0 for ¢ >1, then

5 -Va q
]! g < {f(b)G(f (“)] -4o2d) } {f(b)g‘f(b)@[&{@} ]

f(b) 6 ()| g(b)
1/q
by S@Y, ol [g@] ]|, CO-a)
0= {f (b)F(f(m}g (b)Fﬁg(bJ ]} 0 [
where
1 =1 l u=1
5 u=1, 6’ =1,

Gu)=yu-1 1 and F'(u) = 3)

— (u+1)lnu—32(u—l)’u¢1.
(Inu)
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Proof. Taking x=ta+(1-#)b for £€[0,1], v, z% and u :%{%} , and using Holder's
g

inequality and the strongly logarithmic convexity of the functions f and g7, the following is
figured out:

#Lbf(x)g(x)dx = Iolf(ta +(1=0)b)g (ta+(1-1)b)dt

< UO] fta+(1- t)b)dt} Uol f(ta+(1-1)b)g* (ta+(1- t)b)dt}l/q
1 1-1/q
<L @r @ =er - - Jar)
><{ f; [ f1 (@) f " () —ct(1-1)(b-a)’ ][ 8" (@)g""" (b) —ct(1—1)(b - a)z]dz}]/q
1 1 1-1/q 1
= [ £(b) jo v dt—c(b-a)’ jo t(1- t)dt} { F(b)g(b) jo u'dt

1 1 g
—c(b—a)’ [ [ /(@)™ (b)+g"(@)g"" () j(1-1)dt + F(b-a)' | £(1 —t)zdt}

c(b-a)’ A(b-a) }1/(,.

6

1-1/q
} {f(b)g"(b)G(u) —cb=ay [ fOIF () +g OF (") [+ ——

{f(b)G(vf)—

Theorem 4 is thus proved.

Corollary 1. Under the conditions of Theorem 4,
1) when ¢=0, we have

Lo o[ L@ ) | S@[ 2@ [
— dx <f(b)g(b)G"" —]G/q —{ } ;
[, S0 </ (b)g(b) [ o) { 70| 1) ]

2) when ¢=0 and ¢ =1, we have
Lo f(a)g(a)
— | f(x)g(x)dx <f (b)g(b)G(— :
b-a j “ f(b)g(b)
Theorem 5. For a,be R, with a<b,let f,g:[a,b] > R, .If f is an s-convex function on [a,b]

for some se(0,1] and g7 is a strongly logarithmically convex function on [a,b] with modulus
c2>0 for g=>1, then

[ gl < [ }f (a)

s+1 s+2 s+1

f(a)+f(b)}'_'/" {g‘f(a)—g"(b) N0

{g‘f(a)—g‘f(bhgq(b)}f py__cb=ay

/g
(s+D)(s+2) s+1 (S+2)(S+3)[f(a)+f(b)]}.

Proof. Employing the conditions that f is s-convex and g? is strongly logarithmically convex on

q
[a,b], let x=ta+(1-¢t)b for t €[0,1] and u :{%} . Then making use of Holder's inequality
g

the following is generated:

ﬁf f(x)g(x)dx = I()l f(ta+(1-1)b)g(ta+(1-1)b)de
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< UO] f(ta+(1- t)b)dt]_vq Ul f(ta+(1=1)b)g* (ta+(1- t)b)dt}l/q
1 1-1/q
< {J.o[ff(a) + (1 —f)sf(b):'dl} {J‘ ':t f(a) +(1 l) f(b)}[gq'(a)gq“ t)(b)
—ct(1-1)(b-a)’ | dt}
1-1/q ]
= [ﬁ[f (a)+f (b)]} {g‘f(b) [ [rur@+a=0uf(b)]dr

1/q
c(b—a)’
—[f(a)+ (b )
(S+2)(S+3)[f( )+ f( )]}
Since u' <(u—1)t+1 for all 0<¢<1, we obtain
Itudt<f !
s+2 s+1
and
1 1 u—1 1
I-'u'de<| A=-0)’[(u—-Dt+1)dt = + )
J.O( Vu J.O( =1 M (s+1)(s+2) s+1
Accordingly,

b -1/ 1
[ fg < [M} L) [ru @+ a-oru o) Jar
—a-e s+1 0

__cb- a)’
(s+2)(s+3)

f@+r®)T"
S[ s+1 } {(b)K +2 +l]f()

g
s _clb-ay
((S+1)(S+2)+s+l]f( >} e @ f(b)}

:[f(a)+f(b)}' v { g'(a)-g"(b) g(b)

s+1 S+2

I/q
[f @)+ f (b)]}

}f()

c(b-a)’
(s+2)(s+3)

+{g‘f(a)—g‘f(b) L&'®

Va
(s+D(s+2) s+l [f(a)+ f(b)]} :

}f(b)—

The proof of Theorem 5 is thus complete.

Corollary 2. Under the conditions of Theorem 5,
1) if ¢=0, then

b 1-1/q
ﬁL F(0)g(x)dx < @SB

(s+1)(s+2)"

(s +1)f(a)g" (@) + f(a)g"(b)+ [ (b)g*(a) + (s + 1) f (b)g* (b)]";

2) if c=0 and g=1, we have
[ g s

(s+1)f(a)g(a) + f(a)g(D) + f(D)g(a) + (s + 1)/ (b)g(D) .
(s+D(s+2)

3) if c=0,9=1 and s =1, then
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L[ gt s L QL@ [@h) 1/ Grgla) 12/ Brgth)

Theorem 6. For a,be R witha<b, let f,g:R,—> R . If f is an (a,m)-convex function on
[0,6/m] for (a,m)e(0,1]

and g7 is a strongly logarithmically convex function on [a,b] with
modulus ¢ >0 for ¢ >1, then

1 {f(a)+maf(ﬁﬂ}_ { g@-g70) g(b)}f()
+1 m oa+2

4 g(a) ’
+m{2(a+l)(a+2)[3+0¢+(1+0{){ (b)H]f( ] (b)

l/q
B c(b-a) ma(a+5) (b
(a+2)(a+3){f(a)+ 6 f(mm '

q
Proof. Let x=ta+(1—-1¢)b for t€[0,1] and u = {%} . By making use of the (a,m) -convexity
g

[ rgde s {
—a-“? [04

of f and the strongly logarithmic convexity of g7, and applying Holder's inequality, the following
is brought out:

ﬁfabf(X)g(X)dx = Iolf(ta +(1=0)b)g (ta+(1-1)b)dt

< UO] fta+(1- t)b)dt} UOI f(ta+(1-1)b)g* (ta+(1- t)b)dt}l/q

1-1/q
< {J‘;{t“f(a) m(1- t”‘)f(%ﬂdt}

/q
x{ jo {z“ Fa)+m(1-1*)f &ﬂ[ 2" (a)g" " (b) - ct(1-1)(b - a)z]dt}

1-1/q
= {L{f(a) +ma f (ﬁﬂ} {g"(b)jl {t”‘f(a) +m(l—t*)f (ﬁﬂu'dt
a+1 m 0 m

2 g
__cb-a) ma(a+5)
—(a+2)(a+3)[f(a) — (= )}} :

By virtue of the inequality u’ <(u—1)t+1 for all 0<¢<1, we have

g0 {t”‘ fl@)+m(1—1%)f (%ﬂu’dt <g'(h)], {t“ fl@)+m(1-1)f (%ﬂ[(u “1ye+1]de
oy u—-1 1 a(B3+u+a+ou) b
-8 (b){(a+2+a+1]f(a)+m{ 2a+1)a+2) }f(mj}

gia)—g (b) g (b) a(B+u+a+au) by,
{ a+2 }f( )* { 2a+1)(a+2) }f(m]g ®).

Theorem 6 is thus proved.

Corollary 3. Under the conditions of Theorem 6,
1) when ¢ =0, we have
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1-1/q
1 e 1 b
EL J()g(x)dv < 2% (a + 1) (o +2)" {f(a) omf (Zﬂ

/g
X{z[(a+1)gq(a)+gq(b)]f(a)+am[(a+3)g‘1(b)+((x+1)g‘1(a)]f(%)} ;

2) when ¢=0 and ¢ =1, we have

1 J-b F(9)g(x)dr < 2[(a+1Dg(a)+g(b)]f(a) + am[(a+3)g(b) + (a+1)g(a)]f (b/ m)
. 2a + 1) +2)

3) when ¢=0, g=1 and m=1, we have

% J-b F(0g(x)dr < 2[(a+1D)g(a)+g(b)]f(a)+al(a+3)g(b) +(a +Dgl(a)]f (b)
ey 2(a+ (e +2)

4) when ¢=0, g=1 and m=a =1, we have
L[* (g < 2@ T8OV @)+ 2()+ @)/ ()
_gda 6

Theorem 7. For a,be R with a<b,let f,g:R—> R . If f is a P-convex function on [a,b] and
g? is a logarithmically convex function on [a,b] for ¢ >1, then

Vq
L q g(a) ! c(b—a)’
b_aL f(x)g(x)dx<[f(a)+f(b)]{g (b)G[{g(b)} ]_ = } ’

where G(u) is defined by (3).

Proof. Taking x =ta+(1-1)b for ¢ €[0,1] and denoting u = {gibﬂ lead to
8

b;rf(x)g(x)dxz Ilf(ta+(1—t)b)g(ta+(1—t)b)dt
—ada 0

< Uo'f(m (- t)b)dt}
1 1/q
<@+ N[ 1@+ FOg" @ (®) - et(1 -6 - )Y |

1-1/q

1 I/q
Uof(ta+(l—t)b)g"(ta+(1—t)b)dt}

<@+ 1) {g w0 }

=[f(a)+f(b>]{g‘f(b)G(u>—@} .

Theorem 7 is thus proved.

Corollary 4. Under the conditions of Theorem 7,
1) when ¢ =0, we have

Lo wl[g@]].
[ /(g <[f (@) + [B)lg ()G [{g (b)} J
2) when ¢=0 and g =1, we have
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Theorem 8. For a,be R with a<b, let f,g:R—> R_. If f is a quasi-convex function on [a,b]

and g? is a logarithmically convex function on [a,b] for ¢ >1, then

/g
c(b-a)’ }

%ajabf(x)g(x)dx <max{ f(a), f(b)} {gq (b)G[{ g(a)} ]_ 6

g(b)

where G(u) is defined by (3).

Proof. Let x=ra+(1-t)b for 1 €[0,1] and u {g( )} This gives

#Lbf(x)g(x)dx = Iof(ta +(1=0)b)g (ta+(1-1)b)dt

< UO] fta+(1- t)b)dt} Uol f(ta+(1-1)b)g* (ta+(1- t)b)dt}]/q
1 /g
<[max {f(a), f(b)}]™" Uo max { f(a), f(b)}[g"(a)g"" ™" (b) —ct(1-1)(b— a)z]dt}

2 Ve
< max{f(a),f(b)}{gq(b)G(”)_@}

Theorem 8 is thus proved.

Corollary 5. Under conditions of Theorem 8,

1) when ¢ =0, we have

L | " f(0)g(x)dx < max{ f(a), £(b)} g(b)G" {M} :
e g(b)
2) when ¢=0 and q:l

j f(x)g(x)dx < max{f(a), f(b)}g(b)(;( Ezn
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