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1. Introduction

Let H be a real Hilbert space with inner product (-,-) and norm ||-}}, and let C be a nonempfy
subset of H. A mapping T : C — H is said to be nonexpansive if

ITx-Ty||<|lx-y|| Vx,yeC. (1.1)

We denote by F(T) the set of all fixed points of T. If C is bounded closed convex and T is a
nonexpansive mapping of C into itself, then F(T) is nonempty (see [1]). We write x, — x
(xn — x, resp.) if {x,} converges strongly (weakly, resp.) to x. There are many methods
for approximating fixed points of a nonexpansive mapping. Xu and Ori [2] introduced the
following implicit iteration process to approximate a common fixed point of a finite family of

nonexpansive mappings {T;}~;: an initial point xp € C,
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x1 = ar1xp + (1 - 1) Thxy,

X2 = X1 + (1 - txz)TQXQ,

(12)
XN = anxn-1 + (11— an)Tnxn,

xna = ana Xy + (1 - ane ) Tixna

where {a, | is a sequence in (0, 1). The iteration above can be written in the following compact
form:

Xy = OpXy-1 + (1 - an)Tnxnr n>1, (1.3)

where T;, = T, mod N, here the mod N function takes valuesin {1,2,..., N} .They proved that
this process converges weakly to a common fixed point of {T;}2;. Recently, to obtain a strong
convergence theorem, Zhang and Su [3] modify iteration processes (1.3) by the implicit
hybrid method for a finite family of nonexpansive mappings {T;}~,: an initial point xp € C,

xo € C is arbitrary,
Yn = OnXy + (1 - an)Tan
Z2n = ﬁnyn + (1 " ,Bn)Tnynr (1 4)
Co= (26 € flyw—zl <l 2]l |
Q= {Z eC: <xn —Z,Xg —xn> 2 0}1
Xn41 = Pc,ng,X%0, n=0,1,2,...,
where T, = Ty mod N, {a@n} and {f,} are real sequences in (0,1] with a,, < 1.

In this paper, we establish weak and strong convergence theorems for finding common
fixed points of a countable family of nonexpansive mappings in a real Hilbert space. Our
results include many convergence theorems by [2, Theorems 2] and [3, Theorems 2.4] as
special cases. The new iteration introduced in this paper is applied to find a common element
to the set of fixed points of a nonexpansive mapping and the set of solutions of an equilibrium

problem. We also propose an iteration to obtain convergence theorems for a continuous
monotone mapping.

2. Preliminaries

Let H be a real Hilbert space. Then,

lx = yli* = x| ~ Iyl - 2{x - v, y), (2.1)
[lAx + (1= D)y = Alxl? + 1 - DIyl - A0 - Dlx -yl (2.2)

forallx,y € H and A € [0,1]. It is also known that H satisfies the following.
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(1) Opial’s condition [4], that is, for any sequence {xn} with x,, — x, the inequality
lim inf || x,, — x|| < liminf {|x, - y|| _ (2.3)
n-— 0 n—o0

holds for every y € H wi‘th y#X.

(2) The Kadec-Klee property [1], that is, for any sequence {x,} with x, — x and
llcall = |lx|| together implies |jx, — x[| — 0.

Let C be a nonempty closed convex subset of H. Then, for any x € H, there exists the nearest
point Pcx in C such that

|lx - Pex|| < lx -yl VyeC (2.4)

Such a mapping, Pc is called the metric projection of H onto C. We know that Pc is
nonexpansive. Furthermore, for x € Hand z € C,

z=Pex iff (x-z,z-y)20VyeC (2.5)

Lemma 2.1 (see [5, Lemma 1]). Suppose that {a,} and {by | are two sequences of nonnegative real
numbers such that

Aps1 S Ay + b, Vn>1, ] (26)

and 32..b, < oo, then limy, -, ,,an eXists. In particular, if liminf, . ,a, =0, then limy,—, oy = 0.
Lemma 2.2 (see [6, Lemma 2.2]). Suppose that {a,} and {by} are two sequences of nonnegative
real numbers such that 35 ay = oo and Y52, @nby < 0. Then, liminf,, ., »b, =C.

Lemma 2.3 (see [7, Lemma 3.2]). Let C be a nonempty closed convex subset of a real Hilbert space
H. Let (x,} be a sequence in H such that

|l =yl € lxn-yll VyeC nel (2.7)
Then, the sequence {Pc(x,)} converges strongly to some z € C.

To deal with a family of mappings, the following conditions are introduced. Let C be
a subset of a Banach space, let (T,} and T be families of mappings of C with N2 F(Ty) =
F(T) # @, where F(T) is the set of all common fixed points of all mappings in C.

(a) {T,) is said to satisfy the AKTT-condition [8] if for each bounded subset B of C,

Zsup{]]Tn+1z—I',,z|| : z € B} <§o. (2.8)

n=1

(b) {T,) is said to satisfy the NST-condition (I) with T [9] if for each bounded sequence
{zy}inC,

lim ||z, = Tnzu|| = 0 implies lim |zo = Tzal| =0 VT €T. (29

n— 00

In particular, if T = (T}, that is, T consists of one mapping T, then (T, } is said to
satisfy the NST-condition (I) with T.
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(c) {Tu} is said to satisfy the NST-condition (II) [9] if for each bounded sequence {z,}
inC,

nlim ||2ns1 = Tuza|| = 0 implies nlim |zn = Timza|| =0 VmeN. (2.10)

Inspired by conditions above, we introduce the following one.

(d) {T.,} is said to satisfy the NST *-condition with T if for each bounded sequence {z,}
in C,

nlgl‘;g”z,, —Tuza|| =0, nl'_l{r;o”z,l —Zya1|| =0 (211)

imply that lim,, [|zn — Tz,l| = 0 for all T € T. In particular, if T = {T}, then we
simply say that {T,} satisfies the NST *-condition with T.

Remark 2.4. (i) If {T,} satisfies the NST-condition (I) with T, then {T,} satisfies the NST*-
condition with T.

(i) If {T,} satisfies the NST-condition (II), then {T,} satisfies the NST*-condition with
{Th}.

Lemma 2.5 (see [8, Lemma 3.2]). Let C be a nonempty closed subset of a Banach space, and let
(T} be a family of mappings of C into itself which satisfies the AKTT-condition, then there exists a
mapping T : C — C such that

Tx=1limT,x VxeC, (2.12)

H-c0

and limy, _, o sup{||Tz — T,,z|| : z € B} = 0 for each bounded subset B of C.

Lemma 2.6. Let C be a nonempty closed subset of a Banach space, and let (T, } bea family of mappings
of C into itself which satisfies AKTT-condition and (2. F(T,) # @. Let T be the mapping from C into
itself defined by Tz = lim,,_, T,z for all z € C and suppose that F(T) = Moz F(Ty). Then, (T}
satisfies the NST-condition (I) with T. This implies that (T, ) satisfies the NST *-condition with T.

Proof. Let {z,} be a bounded sequence in C such that lim,, )| zn — Tuzall = 0. We apply
Lemma 2.5 to get

”Zn - TZn” < ”Zn - TnZn” + "TnZn - Tzn” (2 ]3)
< ||2n = Tnza|| +sup {||T,z-Tz|| : z € {z,}) — 0. o

Hence, we obtain that {T}} satisfies the NST-condition (I) with T. This completes the proof.
a

Lemma 2.7. Let C be a nonempty subset of a Banach space, and let {T,}N, be a finite family
of nonexpansive mappings of C into itself with a common fixed point. Then, (T,) satisfies NST*-
condition with T = (T, Ty, ..., Tn}, where Ty, = Ty mod N-

Proof. Let [z, ) be a bounded sequence in C such that

lim ||z, - T,z,|| =0, "li_r’r;o"z,m - z,] =0. (2.14)

n—oe
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Obviously, it is easy to see that lim,, , || Znsi — 2]] = 0 for eachi = 1,2,..., N. Consequently,

“zn - Tn+1‘zn” < ”Zn - zn+i” + ”Zn+i - Tn+i2n+i” + ”Tn+izn+f - n+izn” (2.15)

< 2”211 - Zn+i“ + ”Zrm' - Tn+izn+i“ — 0 asn-— oo

This implies that limy, _, ||z, — T;nz,|| = 0 for each m = 1,2,..., N. This completes the proof.
O

Remark 2.8. There are families of mappings {T,} and T such that

(1) [T} satisfies the NST*-condition with T;
(2) (T} fails the NST-condition (I) with T and the NST-condition (1L).

The following example shows that the NST *-condition with T is strictly weaker than
NST-condition (I) with T and the NST-condition (Il).

Example 2.9. Let H := R? and C := [0,1] x [0,1]. Define T;, T» : C — C as follows:
h(x,y)=(x1-y), Txy)=01-x7y) (2.16)

forall (x,y) € C. Hence, Ty and T are nonexpansive mappings with

Fmynr@y= (0 () e({2h o) -{E )]s e

Let T, = Tyy(mod 2)- By Lemma 2.7, we have {T ) satisfies NST*-condition with {T;, T»}.

(@) (Ty} fails the NST-condition (I) with T = (T3, T»). In fact, let 2y, ; = (1,1/2) and
Zop = (1/2, 1) for all n € N. Then, Zon-1 € F(Tzn_l) = F(T]) and Zn € F(Tz,,) = P(Tz)
In particular, ||z, ~ T,z,|| = 0. Clearly,

|22 =Taza]l » 0, ||zn = Tzl = O. (2.18)

Hence, {T,} fails the NST-condition (1) with {T3, T»}.

(b) {T,} fails the NST-condition (II). To this end, let Zan-3 = (1/4,1/4), z4po =
(1/4,3/4), z4n1 = (3/4,3/4), and zs, = (3/4,1/4) for all n € N. Then, ||z,.1 —
Tuzy]l = 0. But,

”Zn -Tiz, ” -» 0, ”Zn - TZZn” - 0. (219)
Hence, {T,} fails the NST-condition (I1).

Lemma 2.10 (see [10]). Let C be a nonempty closed convex subset of a strictly convex Banach space,
S and T be two nonexpansive mappings of C into itself with a common fixed point, and 0 < B <1 Let
U be a mapping defined by

U=T(pI+(1-p)S), (2.20)

where 1 is the identity mapping. Then, U is a nonexpansive mapping from C into itself and F(U) =
F(T)NF(S).
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Lemma 2.11. Let C be a nonempty closed convex subset of a strictly convex Banach space. Let {T,}
and T be two families of nonexpansive mappings from C into itself such that (.2, F(T,) = F(T) # @,
and suppose that {T,} satisfies the NST”-condition with T. Let {U,} be a family of nonexpansive
mappings from C into itself defined by

Uy =T, (Pul + (1 - ) Ty) (2.21)

for all n € N, where I is the identity mapping, and {f,} is a sequence in [a,1] for some a € (0,1].
Then, (U} satisfies the NST*-condition with T.

Proof. By Lemma 2.10, we have F(U,) = F(T,) for all n € N and so,

ﬁF(un) =F(T)#0. (2.22)

n=1

Let {z,} be a bounded sequence in C such that

Ji_xg}”zn ~U,z,|| =0, '}i_r'r;o"z,,.,.l -z = 0. (2.23)
Since
20 = Tuzal| < |20 = Unzall + | T (Buzn + (1 = Bu) Tuzn) = Tzu|
< llzn = Unzal| + (1= fa) | 20 = Tuza| (224)
< ||za = Unza|| + (1 = @) ||z = Tuzal,
it follows that

1 ,
|20 = Tnzy| < - | zn = Unza|| — 0. (2.25)
Since {T,,} satisfies the NST *-condition with T, we have

lim ||z, ~Tz,|| =0 YT €T (2.26)

n—o0

Hence, we obtain that {U, ] satisfies the NST *-condition with T. This completes the proof. O

3. Weak convergence theorems

Lemma 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let {T,} be a family
of nonexpansive mappings from C into itself with a common fixed point. Let {x,} be a sequence in C
defined by xo € C and

Xn = OpXp-1 + (1 - an)Tnxn (3])
forall n € N, where {a,} is a sequence in (0,1). Then,

(i) imy . o ||x, — pl| exists for each p € N F(T);

(ii) Z:T;l (1- an)”xn—l - Tnxn”2 < oo.
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Proof. Observe that if C is a nonempty closed convex subset of a real Hilbert space H and
T : C — C is a nonexpansive mapping, then for every u € C, a € (0,1], the mapping
S =S : C — Cdefined by

Sx=au+(1-a)Tx (xeC) (3.2)
is a (1 — a)-contraction, that is, forall x, y € C,
[Sx - Syl =(1-a)Tx - Tyl < (1 - a)|x - yll. 33)
Consequently, S has a unique fixed point x* € C. Thus, there exists a unique x* € C, that is,
x"=au+ (1 -a)Tx". (34)

This implies that the implicit iteration scheme (3.1) is well defined. To see (i), we let p €
N1 E(T5). It follows from (2.2} that

llen = pII” = lan (02 = p) + (1= @) (Taxa = p) |
= talxns — Pl + (L= @) | Tuxa = pII° = (1= @) |21 = Toal|* - (35)
<z =pl* + (1= @) 0 = pII* = 2 (1 = @) et — T |
Since a,, > 0, we have
llen = pI1* < s = pI1* = (1 = ) s = T (36)
In particular,

llxn =Pl < |02 = |- (3.7)

So, lim, _,  ||x, — p|| exists. Furthermore, from (3.6), we have

(1 @) %1 - Tuxall? < 2ot = I - 1 - (38

Summing from 1 to m and tending to infinity for m, we have (ii). This completes the proof.
O

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let (T, } and
T be two families of nonexpansive mappings from C into itself such that (;_,F(T,) = F(T)#2,
and suppose that (T, } satisfies the NST*-condition with T. Then, the sequence {x,} in C defined by
(3.1), where {a, | is a sequence in (0, b] for some b € (0,1), converges weakly to w € F(T). Moreover,
lirnnﬁmPF(C)xn = w.

Proof. 1t follows from Lemma 3.1(i) that {x,} is bounded. By Lemma 3.1(ii) and a,, < b, we
have

3 ||2tn-1 = Tt | < 0. (3.9)
n=1



8 Fixed Point Theory and Applications
It follows that lim,, _, o, ||lx4—1 — Tyx,|| = 0. From (3.1), we immediately have
nli_rér;”x,, = Tox|| = hlj;r’rlcan”x,,_l - Tuxy| =0, (3.10)
and so,
Jim |, — 21| = 0. (3.11)
Since {T,,} satisfies the NST*-condition with T, we have
nli}}:o“x,, -Tx,||=0 VIeT (3.12)

We now extract a subsequence {x,,} of {x,} such that x,, — w. So, by the demiclosedness
principle, w € F(T). To prove that x,, — w, suppose that there exists another subsequence
{xm,;} of {x,} such that Xm; — w'#w. So, we have w' € F(T). It follows from Lemma 3.1(j)
and Opial’s condition that

im [, = w]] = lim [z, -] < Jim 1, =]

= lim ||x, ~w'|| < Jim, [|%m, — w]] (3.13)

]-—-)
= lim [|x, - w||,
n—oo
arriving at a contradiction. Hence, x, — w € F(T). Finally, we prove that lim, ..z, = w,

where z, = Prryx, for each n € N. By (3.7) and Lemma 2.3, there is wy € F (T) such that
Zy — wy. From z, = Pryx, and w € F(T), we have

(Xn=2p,2y—w) 20 VYneN. (3.14)

It follows from z,, — wg and x,, — w that
(w — wo, wo — w) >0, (3.15)
and then wy = w. This completes the proof. a

Using Theorem 3.2 and Lemma 2.7, we have the following result.

Corollary 3.3 (see [2, Theorem 2]). Let C be a nonenipty closed convex subset of a real Hilbert
space H, and let {T, } 0., be a finite family of nonexpansive mappings of C into itself with a common
fixed point. Then, the sequence {x,,} in C defined by (1.3), where {a,} is a sequence in (0, b] for some
b € (0,1), converges weakly to w = lim,, h,ooPn’r’v:] F(T,)%n-

In the presence of the stronger condition than NST*-condition with T, we are able to
weaken the restriction on {a,}.

Theorem 3.4. Let C be a nonempty closed convex subset of a real Hilbert space H, and let {T,}
be a family of nonexpansive mappings of C into itself which satisfies the AKTT-condition and
Mt F(Tn) # 9. Let T be the mapping from C into itself defined by Tz = lim,, _, o, T,z for all z € C, and
suppose that F(T) = ;21 F(T,). Then, the sequence in C defined by (3.1), where {a,} is a sequence
in (0,1) with 372, (1 — &) = oo, converges weakly to w = limy, - oo Pr(ry Xn-
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Proof. By Lemmas 2.2 and 3.1(ii) and 3,2, (1 - a,) = oo, we have

ligrl)inf ||%n-1 = Tuxn|| = O, (3.16)
and hence,

n—

liminf ||x, - Tuxa|| = li,fn inf a, ||x,-1 - Tux,|| = 0. (3.17)
oo — 0

Next, we prove that the limit lim,, _, || x, = Ty, x,,|| exists. Since {x,, } is bounded, it follows from
AKTT-condition that

> sup {[|Tuz = Tuaz|| : z € {x4}} < 0. (3.18)
n=1
Notice that
o o) = 1= ) s Ton
< (1 - an) ("xn—l = Ty-1Xn ” + "Tn~1xn—1 < Tn—lxn” + ”Tn—lxn - Tnxn”)
< (l - an) ”xn-—l = Tyu-1%p-1 ” + (1 = an) ”xn—l —Xn “

+ (1= ay) sup { || Twz = Tu-1z]| : z € {x4}},
(3.19)

so we have

'xn”xn = Xn-1 ” < (1 - an) ”xn—l = T-1Xp1 ” + (l M an) sup { “T'nz - Tn—lz” 1z € {xn } }

(3.20)
It follows that
e = Totall = 275l = 0| o)
< |xen1 = Tac1xna || + sup { || Tnz - Turz|| : 2 € {2}
By Lemma 2.1 and (3.18), we have lim,, _, ,||x;; = T, || exists. Thus, we have
im ||x, — Tyxa]| = 0. (3.22)

n—o

From the definition of T, we have T is nonexpansive. By Lemma 2.6, we have (T} satisfies
the NST*-condition with T. As in the proof of Theorem 3.2, {x,} converges weakly to w =
limy; , oo Pr(1yX- ' O

Remark 3.5. Since the NST *-condition is implied by the AKTT-condition, Theorem 3.4 still
holds under the same condition of {a,} as in Theorem 3.2.

As in [8, Theorem 4.1], we can generate a family {T,} of nonexpansive mappings
satisfying the AKTT-condition by using convex combination of a general family {Sx} of
nonexpansive mappings with a common fixed point.



10 Fixed Point Theory and Applications

Corollary 3.6. Let C be a nonempty closed convex subset of a real Hilbert space H. Let {a,) be a
sequenice in (0,1) with 3,2, (1 — &) = co. Let { B} be a family of positive real numbers with indices
n, k € Nwith k < n such that

(1) Sp Bk =1foreveryneN;
(ii) lim,— 0B~ > 0 for every k € N;

(i) Sy S lBr,, — BEl < oo,

Let {Sk} be a family of nonexpansive mappings from C into itself with a common fixed point.
Then, the sequence {x,} in C defined by (3.1), where T, = Y7_,pkSk, converges weakly to
w = lim,,_,an;c]p(Sk)x,,.

4. Strong convergence theorems

We next use the hybrid method from mathematical programming to obtain several strong
convergence theorems.

Theorem 4.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let {T,} and T
be two families of nonexpansive mappings from C into itself such that (Y, F(T,) = F(T)# @, and
suppose that {T, | satisfies the NST"-condition with T. Let {x,,} be a sequence in C defined as follows:
xg € C is arbitrary,
Yn = AyXy + (1 - “n)Tnynr
Co={zeClyu=z|| < Jlx - 2[l}, (41)
Qn '~ [Z eC: (xn —Z,X0 ""xn) 2 0}/

Xne1 = Pe,ng,x0, n=0,1,2,...,

where {ay } is a sequence in (0,b] for some b € (0,1). Then, {x, | converges strongly to Pr)xo.

Proof. We first prove that C, and Q,, are closed and convex for each n € NU {0}. From the
definitions of C,, and Q,,, it is obvious that C,, is closed and @, is closed and convex for each
n € NU {0}. We prove that C, is convex. Since ||y, - z|| < ||lx, - z|| is equivalent to

9 = %n|* + 2(yn = %, %0 - 2) <0, (4.2)
(by (2.1)) it follows that C,, is convex. Next, we show that
F(©)cC, VYneNu{0}. (4.3)
Letp € F(T) and n € NU {0}. Since

|y =Pl = lawxn + (1= an) Toyn - pl|
< tull2tn = pl + (1~ @a) || Tayn - p| 44)
< anllxn = p|| + (1= an)||ya - pl|,
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it follows that
ly= =Pl < llxn - pll, (4.5)
and hence, p € C,,. Therefore, we obtain (4.3). Now, we show that
F©Q)cQ, vneNu|{0}. (4.6)

We prove this by induction. For n = 0, we have F(T) ¢ C = Qo. Suppose that F(T) C Qy. Then,
@+#F (T) € CoNQ, and there exists a unique element x,.; € C,NQ, such that x,.1 = Pc,ng,Xo-
Then,

(%n1 = 2, %0 — Xpu11) 20 (4.7)
for each z € C, N Q,. In particular,
<xn+1 —p, %0 — Xpe1) 20 (4.8)
for each p € F(T). It follows that F(T) € Qn.1, and hence (4.6) holds. Therefore,
F(©QycC,nQ, YneNuU{0}. 4.9)

This implies that {x,} is well defined. It follows from the definition of Q, that x,, = Pg,xo,
that is,

|%n = xol} < ||z = x0]] ¥z € Qs and all n € NU {0}. (4.10)
In particular,
[l - xo]| < |z - x0|| ¥z € F(T) and all n € NU {0}. (4.11)
On the other hand, from x,,.1 = Pc,ng, X0 e Q,, we have
lcn = xo| < [|Jxner — x0]| Ym €N {0} : (4.12)

Therefore, {||x,—xo||} is nondecreasing and bounded. So, limy, _, o[| X —xol| exists. This implies
that {x,} is bounded. Since xp41 = Pe,ng,Xo € Qn, we have

(%n — Xps1, X0 — Xn) > 0. (4.13)

It follows from (2.1) that

o

01 = xull* = | Gonar = x0) = (= x0) I
= ||ons1 — x0]|2 = Jfoen = xo||2 = 2{Xya1 = X, Xy — X0) (4.14)
< [loewa = xo|* = [|o6n = 2o

foralln e NU {0}. Th“is implies that

lim || x40 = x4]| = 0. (4.15)

"0
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Since x4, € C,, we have

lyn = 2all < [lyn = 2o ] + |20 = 2|

(4.16)
< 2”xn — Xn+1 ” — 0.
It follows from a,, < b < 1 that
“xn - Tnxn“ < ”xn - Tnyn" + “Tnyn = Tuxn ”
< Ml = Tyl + |y = x|
1 417
= o =l + v - @17
1
< v =l + 19~ 3] — 0.
Since {T,} satisfies the NST *-condition with T, we have
lim ||x, - Tx, =0 VT eT. (4.18)

1—cc

Finally, we show that x,, — w, where w = Pryxo. Since {x,} is bounded, let {xn,} be a
subsequence of {x,} such that x,, — w'. Since I - T is demiclosed and by using (4.18), we
have w' € F(T). By (4.11), we have

I = 20| < | ~ o). (4.19)
It follows from w = Pr(r)xo and the lower semicontinuity of the norm that

lw - xo|| < [lw' = x0]| < liminf l| %, = xo|| < limsup ||x,,, - xg| < |lw - x| (4.20)
k—o ko

Thus, we obtain that limy _, o[, —Xol| = ||w' =x0|| = lw - |- Using the Kadec-Klee property
of H, we obtain that limg ., oo Xp, = W' = w. Since {x,, } is an arbitrary subsequence of {x,,},
we can conclude that the whole sequence {x,} converges strongly to Pr(c)xo. O

Using Theorem 4.1 and Lemmas 2.7 and 2.11, we have the following result.

Corollary 4.2 (see [3, Theorem 2.4]). Let C be a nonempty closed convex subset of a real Hilbert
space H, and let {T,,}). be a finite family of nonexpansive mappings of C into itself with a common
fixed point. Then, the sequence (x,} in C defined by (1.4), where {a,} is a sequence in (0, a] for some
a € (0,1), and {p,} is a sequence in [b, 1] for some b € (0,1}, converges strongly to P g, \Xo.

5. Applications
5.1. Equilibrium problems

Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a bifunction of
Cx Cinto R, where R is the set of real numbers. The equilibrium problem for f:CxC—>R
is to find x € C such that

flx,y)>0 VyeC. (5.1)
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The set of solutions of (5.1) is denoted by EP(f). Numerous problems in Physics,
optimization, and economics are reduced to find a solution of (5.1). Some methods have
been proposed to solve the equilibrium problem [11-17]. In 2005, Combettes and Hirstoaga
[12] introduced an iterative scheme of finding the best approximation to the initial data when
EP(f) is nonempty, and they also proved a strong convergence theorem.

For solving the equilibrium problem, let us assume that the bifunction f satisfies the
following conditions (see [11]).

(Al) f(x,x) =0forallx € C; —
(A2) f is monotone, that is, flx,y) + f(y,x) <0 for any x,y€C;

(A3) f is upper-hemicontinuous, that is, for each x, y,z€C,

limsup f(tz+ (1-t)x,y) < f(x,y); (52)
t—0*

(A4) f(x,-) is convex and lower semicontinuous for each x € C.
The following lemma is shown in [11, Corollary 1] and [12, Lemma 2.12].

Lemma 5.1. Let C be a nonempty closed convex subset of a real Hilbert space H, let f be a bifunction
from C x C into R satisfies (A1)~(A4), and let r > 0 and x € H. Then, there exists a unique x* € C
such that

f(x*,y)+%(y——x*,x‘—x> 20 VyeC (5.3)
Moreover, let T, be a mapping of H into C defined by
T, (x) = J;* Vx € H. (5.4)
Then, the following conditions hold:
(i) T is firmly nonexpansive, that is, for any x,y € H,
ITox = Toy|l” < I =yl - [ Tox - x = (Toy - ) |5 (55)
(i) F(T,) = EP(f); '
(iii) EP(f) is closed and convex.

Lemma 5.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let S be a
nonexpansive mapping of C into H, and let T be a firmly nonexpansive mapping from H into C
such that F(S) N F(T) # @. Then, ST is a nonexpansive mapping from H into itself and

F(ST) = F(S)nF(T). (5.6)

Proof. Since T is firmly nonexpansive, there exists a nonexpansive mapping U such that T =
(1/2)(I + U) and F(U) = F(T). As in the proof of Lemma 2.10, the conclusion holds. a

Motivated by Tada and Takahashi [16] and S. Takahashi and W. Takahashi [17], we
prove weak and strong convergence theorems for finding a common element of the set of
fixed points of a nonexpansive mapping and the set of solutions of an equilibrium problem
in a Hilbert space. Using Theorem 3.4 and Lemmas 5.1 and 5.2, we have Theorem 5.3.
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Theorem 5.3. Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a
bifunction from C x C into R satisfying (A1)-(A4), and let 5 be a nonexpansive mapping of C into H
such that F(S) NEP(f) #@. Let {x,} and {u,} be two sequences generated by xy € H and

1
f(un,y) + E@ — Uy, Un—X,) 20 Yy eC,

Xp = ApXp-1 + (1 - an)sun

(5.7)

for all n € N, where {a,} is a sequence in (0,1y with 3;2,(1 - a,) = oo, and {r,} is a sequence
in (0,00) with iminf, _, 7, > 0 and 3,771 |tpe1 — 1] < oo. Then, {x,} converges weakly to w €
F(S) N EP(f). Moreover, limy, ., o Pr(s)nEP(f) Xn = W.

Proof. Ttis noted that the iteration scheme is well defined. As in the proof of [14, Theorem 16],

it follows from liminf, -, .7 > 0 and >, |fw41 — u| < oo that

N sup {||T,,..z2~Tnz|| : 2€ B} < 0 (5.8)

n=1

for any bounded subset B of H. Moreover, by Lemma 2.5, the mapping T defined by

Tx=1limT, x VxeH (5.9)
satisfies
E(T) = (\F(T,,) = EP(f). (5.10)
n=1

It is easy to see that T is a firmly nonexpansive mapping of H into C. Write T,, = ST,, then,
by Lemima 5.2, we have T, is a nonexpansive mapping from H into itself, and

F(T,) = F(ST,,) = F(S)NF(T,,) = F(S) NEP(f) = F(ST) (5.11)
for all n € N and so,
ﬁF(T,,) = F(ST) = F(S) nEP(f). (5.12)
n=1
Since § is nonexpansive, (5.8) and (5.9), we have
isup {|Twr1z = Tuz|| : z€ B} < 00 (5.13)
n=1

for any bounded subset B of H, and

STx = S< lim T,"x> = lim ST, x = limT,x Vx e H. (5.14)
n—aoe

n—on n—o

Applying Theorem 3.4, {x,} converges weakly to w = limy, _, .o PF(5)nEP(f) Xn- O
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Similarly, we have the following strong convergence theorem. We safely suppress the
proof.

Theorem 5.4. Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a
bifunction from C x C into R satisfying (A1)-(A4), and let S be a nonexpansive mapping of C into H
such that F(S) NEP(f) # @. Let {x,} and {u,} be two sequences generated by xo € H and

1
f(unly) + r_n<y_u'n/u11 _yn) >0 Vy eC,

Yn = AnXp-1 + (1 — o) Suty,
Cu= (2 C: flyn=z] < o =zI]), 6515)
Qu={z€C:{(xy-2,% —x,) 20},
Xne1 = Peyng,x0, mn=0,1,2,...,

where {a,} is a sequence in (0, a) for some a € (0,1), and {r,} is a sequence in (0,00) with
liminf, 7y > 0and 307 |tn — 1a] < 00. Then, {x,} converges strongly to Pr(synep(f)Xo-

5.2. Convergence theorem for monotone mappings

Let H be a real Hilbert space, and C be a nonempty closed convex subsetof H.Let A: C — H
be a mapping. The classical variational inequality is to find x € C such that

(Ax,y-x)>0 VYyeC (5.16)

The set of solutions of classical variational inequality is denoted by VIP(C, A). The variational
inequality has been extensively studied in the literatures (see [7, 18-23] and the references
therein). We recall that a mapping A : C — H is said to be

(a) monotone if

(Au-Av,u-v)20 VuveC (5.17)
(b) a-inverse-strongly monotone if there exists a constant « > 0 such that
(Au—-Av,u-v)2 a)|Au - Av|)®? Yu,veC; (5.18)
(c) r-strongly monotone if there exists a constant r > 0 such that
(Au-Av,u-v)>rllu-v|*> YuveC; (5.19)
(d) relaxed (y, r)-cocoercive if there exist constants y, r > 0 such that
(Au- Av,u-v) 2 —yl|Au - Av|* +rlu-vlf* VYu,veC; (5.20)

(e) p-Lipschitzian if there exists a constant y > 0 such that

HAu - Av|| < pllu-»| YuveC (5.21)
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Remark 5.5. (1) Every a-inverse-strongly monotone mapping is monotone and 1/a-Lipschit-
Zian.
(2) Every r-strongly monotone is monotone.

(3) Every relaxed (y,r)-cocoercive and p-Lipschitzian mapping with yu? < r is
monotone.

Lemma 5.6. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A be a
continuous monotone mapping of C into H. Define a bifunction f : C x C — R as follows:

flx,y)=(Ax,y-x) Vx,yeC (5.22)
Then,

(i) [14, Lemma 19] f satisfies (A1)—(A4) and VIP(C, A) = EP(f);
(ii) [14, Lemma 20] If x e H, u € C, and r > 0, then

f(u,y)+%(y—u.,u.—x)20 Yy € C & u = Pe(x —rAu). (5.23)

Using Theorem 5.3 and Lemma 5.6, we have Theorem 5.7.

Theorem 5.7. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A be a
continuous monotone mapping of C, and let S be a nonexpansive mapping of C into H such that
F(S)NVIP(C, A) # @. Let {x,} and {u,} be sequences generated by xo € H and

Uy = PC(xn - rnAu«n)t
(5.24)
Xn = ApXy-1 + (1 = an)sun

forall n € N, where {a,} is a sequence in (0,1) with 372, (1 — a,) = oo, and {ry,} is a sequence
in (0, 00) with liminf, 7 > 0 and 352, [Fue1 = 1| < oo. Then, {x,} converges weakly to w €
F(S) n VIP(C, A). Moreouver, limn_,mPp(g)nwp(c,A)x,, = w.

Using Theorem 5.4 and Lemma 5.6, we also have Theorem 5.8.

Theorem 5.8. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A be a
continuous monotone mapping of C, and let S be a nonexpansive mapping of C into H such that
F(S)nVIP(C,A)# 2. Let {x,) and {u, ) be sequences generated by x, € H and

Uy = PC (yn - rnAun)l

Yn = 0yXna + (1 - a"n)su'n/

Co={z€C: flyu—zl| < -2}, (525)

Qu={z€C:(xs~2x0 - x) 20},

Xn+1 = PC,,ﬁQ,,xOI n= O/ 1/21 ey

where {(an} is a sequence in (0,a] for some a € (0,1), and {r,} is a sequence in (0, 00) with
Hminf,— o7y > 0and 3o |tne1 ~ | < 0o. Then, {x,} converges strongly to Pr(s)nvip(c,a)Xo-
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Remark 5.9. (1) By Remark 5.5, we obtain a strong convergence theorem for a-inverse-
strongly monotone mappings, r-strongly monotone and continuous mappings and relaxed
(y,7)-cocoercive and u-Lipschitzian mappings with yp? < r.

(2) Some weak and strong convergence theorems for monotone Lipschitzian mappings
were established by several authors [7, 18-23]. However, there is a monotone continuous
mapping which is not Lipschitzian (see [14, Remark 23]). Therefore, Theorems 5.7 and 5.8
provide a new convergence theorem for a wider class of mappings.
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1. Introduction

Let C be a subset of a real Banach space E. Amapping T : C — E is said to be Lipschitzian if there exists a positive constant
L such that

ITx — Ty|| < L|]x—y| forallx,y e C.

In this case, T is also said to be L-Lipschitzian. Clearly, if T is L,-Lipschitzian and L, < L,, thenT is L,-Lipschitzian. Throughout
the paper, we assume that every Lipschitzian mapping is L-Lipschitzian with L > 1.If L = 1, then T is known as a
nonexpansive mapping. We denote by F(T) the set of fixed points of T. If C is a nonempty bounded closed convex subset
of a uniformly convex Banach space and T is a nonexpansive self-mapping of C, then F(T) # & (see [1]). There are many
methods for approximating fixed points of a mapping. In 1953, Mann [2] introduced the iteration as follows: a sequence
{x,} defined by

X1 = anXp + (1 — an)TXy (1.1)

where x; € C and {«,} is a sequence in [0, 1]. Recently, Aoyama [3] extended iteration (1.1) to obtain weak convergence to
a common fixed point of a countable family of nonexpansive mappings {T,}52, by the following iteration:

Xni1 = Xy + (1 —ap)Tyx, foralln e N, (1.2)

* Corresponding author.
E-mail addresses: nweerayuth@sci.ubu.ac.th (W. Nilsrakoo), saejung@kku.ac.th (S. Saejung).
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where x; € C and {«,} is a sequence in [0, 1]. Recently, the present authors [4] proved that the iteration (1.2) converges
weakly to a common fixed point of a countable family of Lipschitzian mappings in a real Hilbert space.

In this paper, we establish weak convergence theorem for finding common fixed points of a countable family of
Lipschitzian mappings in a uniformly convex Banach space. We also establish weak convergence of iterative sequences
for finding a common element of the set of fixed points, the set of solutions of an equilibrium problem, and the set of
solutions of a variational inequality. With an appropriate setting, we obtain the corresponding results due to Moudafi [5],
Tada-Takahashi [6], and Plubtieng-Kumam [7]. Some of our results are established with weaker assumptions.

2. Preliminaries

A real Banach space E is said to be uniformly convex if for any ¢ > 0, there exists § > 0 such that
+Y

Ixll = llyll = 1and [lx—y|l > ¢ imply |[—| <1-38.

We need some facts and tools in a uniformly convex Banach space which are listed as lemmas below.

Lemma 2.1 ([8]). Let E be a uniformly convex Banach space, let {1,} be a sequence in [a, b] for some a, b € (0, 1), and let {x,}

and {yn} be sequences in E such that lim sup,,_, , [|X,]l < d, lim sup,_, « [Iynll < dand lim,_, oo [|AnXn + (1 = An)ynll = d. Then
limy, o [|Xn — yall = 0.

Lemma 2.2 (/9], Theorem 2). Let E be a uniformly convex Banach space and B; := {x € E : ||x|| < r}, wherer > 0. Then there
exists a continuous strictly increasing convex function g : [0, 00) — [0, oo) with g(0) = 0 such that

A% + (1= 0ylI? < AP+ (1= Myl? = A = Dgdlix -y, (2.1)
forallx,y € B, and A € [0, 1].
We write x, — x (x, — x, resp.) if {x,} converges strongly (weakly, resp.) to x.
Lemma 2.3 ([10], Lemma 1.1). Let C be a nonempty bounded closed convex subset of a uniformly convex Banach space E. Then

there is a strictly increasing and continuous convex function y : [0, 00) — [0, 00) with y(0) = O such that, for every L-
Lipschitzian mapping T : C — E and, the following inequality holds

1 1
14 (leth + (1- 0Ty — T(tet (1~ t)y)ll) <lx=yll - I ITx — Tyll,

forallx,y € Candt € [0, 1].

We also need the following lemma (see [11], Lemma 1).

Lemma 2.4. Suppose that {a,}, {b,} and {c,} are sequences of nonnegative real numbers satisfying the inequality
Ony1 < (1 4+ bp)a, +c,, foralln € N.
If Y p2 by < 00and Y2 | ¢, < 00, then lim,_, @y exists. In particular, if lim inf,_, o @, = O, then lim,_, o @y = 0.

Recall that a mapping T : C — E is demi-closed at y, if x, — x and Tx, — y, then Tx = y.
To deal with a family of mappings, the following conditions are introduced: Let C be a subset of a real Banach space E, let

{Ta} be a family of mappings of C into E with (32, F(T,) # @ and w, {z,} denotes the set of all weak subsequential limits
of a bounded sequence {z,} in C. {T,,} is said to satisfy

(a) the AKTT-condition (I) [12] if for each bounded subset B of C,
o
ZSUP{HT,.HZ — Tzl : z € B} < o0.

n=1

(b) the AKTT-condition (II) [3] if for each bounded subset B of C and each increasing sequence {n;} of N, there exists a mapping
T :C — E withI — T is demi-closed at 0 and a subsequence {n,~j} of {n;} such that

(o]
lim sup{|ITyz —Tzl| : 2 € B} =0 and F(T) =[")|F(Ty).
10 e n=1
(c) the NST-condition [13] if for each bounded sequence {z,} in C,

[e¢]
lim ||z, — Tozall =0 implies  w,{za) € (| F(Ty).
n—-o0o

n=1

Remark 2.5. If {T,} satisfies the NST-condition and T,z — z € C,thenz € ﬂﬁi, F(T,).
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Lemma 2.6 ([12], Lemma 3.2). Let C be a nonempty closed subset of a Banach space E and let {T,} be a family of mappings of C
into E which satisfies the AKTT-condition (1), then the mapping T : C — E defined by

Tx= lim T,x forallx € C (2.2)
“n—>oo

satisfies
lim sup{||Tz — T,z :z€ B} =0
n—o0o ,
Jfor each bounded subset B of C. In particular, if I — T is demi-closed at 0 and F(T) = ﬂ;";] F(T,) # @, then {T,} satisfies the
AKTT- —condit_ion ().
From now on, we will write ({T,,}, T) satisfies AKTT-condition (I) if {T,,} satisfies AKTT-condition (I} and T is defined by (2.2).

Lemma 2.7 ([14], Theorem 10.4). Let C be a nonempty closed convex subset of a uniformly convex Banach space E and let T be
a nonexpansive mapping of C into itself. Then I — T is demi-closed at 0.

Lemma 2.8. Let C be a nonempty closed convex subset of a uniformly convex Banach space E and let {T,} be a family of L,-
Lipschitzian mappings of C into itself with L, — 1and ﬂ;";, F(T,) # @. Suppose that ({T,}, T) satisfies AKTT-condition (I) and
F(T) = ﬂ;";] F(T,). Then {T,} satisfies the AKTT-condition (II).

Proof. It follows from the definition of T and Lemma 2.7 that T is nonexpansive and I — T is demiclosed at 0, respectively.
Applying Lemma 2.6, {T,} satisfies the AKTT-condition (II). O

Lemma 2.9. Let C be a nonempty closed convex subset of a Banach space E and let {T,} be a family of mappings of C into itself
with ﬂn 1 F(Ty) # . If {T,} satisfies AKTT-condition (Il), then {T,} satisfies the NST-condition.

Proof. Let {z,,} be a bounded sequence in C such that lim,_ o |12y — Tazy|| = 0 and 2y € wy,{z,}. Then 2y — zo for some
subsequence {n;} of {n}. Since {T,} satisfies AKTT-condition (II), there exists a mapping T : C — E with[ — T is demi-closed
at 0 and a subsequence {n, } of {n;} such that

o0
lim sup{||Ty, z — Tzl : 2 € {z,)} =0 and F(T) = ﬂp(r,.).
j—ooo -

Then z,, — zp and
”zn,-j - Tn,-jzn,-j ” < ||Zn;j "‘ Tn;jzn;j ” + “Tn,-jzn,-j - Tzn;j ”
= ”Zn,-. - Tn,‘.zn,'. ” + Sup{llTn"Z - TZ” Z € {Zn}} - 0,

asj — oo.Sincel —T is demi-closed at 0,2y € F(T) and hence wypf{za} CF(T) = ﬂ;";] F(T,). This implies that {T,} satisfies
the NST-condition. 0O

Lemma 2.10. Let C and K be nonempty closed convex subsets of a real Banach space E. Let 8 = {S,} be afamily of L,-Lipschitzian
mappings of C into K with L, — 1and F(8) = ﬂ;”;l F(Sp) # @ and let W := {W,} be a family of nonexpansive mappings of
K into C with F(W) := (e, F(W,) # @ and

IWax — ul® < [x — u))® — a,|Wox — x|)? forallx € K,u € F(W)andn € N,
where {a,} is a sequence in [a, 00) C (0, co). Let {T,} be a family of mappings defined by
T, =SpW, foralln e N.

If {Su} and {W,} satisfy NST-condition and F(8) N F('W) £ @, then {T,} is a family of L,-Lipschitzian mappings of K into itself
satisfies NST-condition and (oo, F(T,) = F(8) N F(W).

Proof. It is easy to see that {T,} is a family of L,-Lipschitzian mappings of K into itself. To show that {T,} satisfies NST-
condition, let {zn} be a bounded sequence in K such that

lim ||z, — T,z,]| = 0.
n—o0

Let u € F(8) N F('W) be given. Then
ITozn — ull® = 1S, Wazy — ull?
< LWz, — ul)?
< Llzg — ull® — @uL2 Wz, — 2,

< Blizn — ull? — al|Wazy — z4])°.
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This implies that
allWazo = zall* < (L5 = Dllza = ul® + (120 — ull® — | Tazo — ul?)
= (L5 — Dliza — ull® + (120 — ull = (Taza — ull) (|20 — ull + [ Taza ~ ull)
< (@ — Dllza — ull® + 120 = Tazall (120 — ull + 1 Tuz — ufl).
Since {z, — u} and {T,z, — u} are bounded,
lim ||Wpz, — z,]| = 0.
n—oo
So, we get
SaWnzn — Waznll < [1SsWazn — zall + |Wazn — za]l
= |[Tazn = 24|l + |Whz, — z4|| = O.

Since {S,} and {W,} satisfy the NST-condition, we have w,{z,} C F($)NF(W).It easy to see that F()NF(W) C ﬂf,’°=1 F(T,).
To see the reverse inclusion, let z € ﬂ;’ij F(Ty,). Follow the first part of the proof above but now let 2z, = z.Then
z € F(8) N F('W), This implies that {T,} satisfies the NST-condition. This completes the proof. O

Lemma 2.11. Let C be a nonempty closed convex subset of a uniformly convex Banach space E. Let {T,} be a family of L,-
Lipschitzian mappings of C into itself with L, — 1and (52, F(T,) # @. If {T,} satisfies the NST-condition, then N2, F(T,) is
closed and convex,

Proof. It follows from the continuity of T, that F (T;) is closed and so is ﬂ;";, F(T,). Now we prove that ﬂ:‘;l F(T,) is convex.

To this end, let x,y € (32, F(T,). Putz = tx + (1 — t)y, where t € (0, 1). LetX, = t(T,z — x)andy, = (1 — )y — Ty2).
Then

Xl = ¢ Taz — XI| < tLollz — x|l = £(1 = £)Lg[Ix = y|I,

I¥all = (1 = O)lly = Tazll < (1 = O)Lally = zll = t(1 = £)Lyllx — y|I,
and

11 = % + tVall = 11 = )t (Taz = X) + (1 — )y — Ta2)|| = £(1 = O)]Ix — yI.
This together with L, — 1 gives

lim sup [[%,|| < ¢(1 = t)|Ix — y]l, lim sup I¥all < £(1=)lix =yl

n—>oo

and
lim |(1 = 6%, + £yall = (1 = O)lIx — y|l.
n-»oo

By Lemma 2.1, we have

lim T,z ~ z|j = lim [[X, — ¥,/ = 0.
n—o00 n—-oo
Thenz € (2, F(T,) and hence (e F(Ty) is convex. This completes the proof. O

3. Main results

In this section, we prove several weak convergence theorems. We first prove a weak convergence theorem of the
sequence {x,} which defined by (1.2) in a uniformly convex Banach space satisfying Opial’s condition. Recall that E satisfies
Opial’s condition [15] if x, — x and x  y imply that

limsup [|x, — x|| < limsup {|x, — y]|.
n—oo n—oo

It is well known [15] that all Hilbert spaces and £” spaces, 1 < p < oo, have this property, while all L? spaces do not have
this property unless p = 2.

Lemma 3.1. Let C be a nonempty closed convex subset of a Banach space E and let {T,} be a family of L,-Lipschitzian mappings
of C into itself with Z;";, Ly — 1) < ocoand ﬂ‘f:, F(Ty,) is nonempty. Let {x,} be a sequence in C defined by (1.2). Then

(i) limp— o0 [IXn —pll exists for each p € (52, F(Ty),

(ii) there exists a continuous strictly increasing convex function g : [0, o0) — [0, 0o) with g(0) = 0 such that Z;,"ﬁ__, an(1 —
a@n)g(lIxn — Taxpll) < oo.
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Proof. To see (i), let p € (72, F(Ty). Then

IXne1 — Pll < eallxs —pll + (1 — an)||Taxn — pll
o llxn = pll + (1 = an)Lalix — pll
a+Qa- an)(Ly — Ix, — pll
< (1+ Ly — D)X — p, (3.1)
foralln € N.From Y o2 (L, — 1) < oo and Lemma 2.4, we have (i). Note that {x, — p} and {T,x, — p} are bounded. We may

assume that such sequences belong to B, where r > 0. By Lemma 2.2, there exists g : [0, 00) — [0, 0o) is a continuous
strictly increasing and convex function with g(0) = 0 such that (2.1) is satisfied. Then

Xn41 _P“2 < apllxp — P”z + (1 — ap)iTaXs — P||2 — (1 — ap)g(liX, — Taxnll)
< apllxa = pI? + (1 — )21, — pI* — an(1 — @n)g (1% — Tnxn )
< (1 + (1 = o)L = 1))Ixy — plI* — (1 — @n)g(|IXn — TuXn ).

it IA

A

That is,
ttn(1 = om)E (1% — Taxal) < I%a — PI? = Xns1 — pI* + (1 — an) (L = DM,

where M = sup{||x, — pli? : n € N}. Summing from 1tom and tending to infinity for m, we have (ii). This completes the
proof. 0O

Theorem 3.2. Let C be a nonempty closed convex subset of a uniformly convex Banach space E which satisfies Opial’s condition.
Let {T,} be a family of L,-Lipschitzian mappings of C into itself with Y me Ly — 1) < oo and Mie.; F(Ty) is nonempty. If {Ty}
satisfies the NST-condition, then the sequence {x,} in C defined by (1.2), where {e,} is a sequence in [a, b] C (0, 1), converges
weakly to z € (g F(Tn). :

Proof. It follows from Lemma 3.1(i) that {x,} is bounded. By Lemma 3.1(ii) and a, € [a, b] C (0, 1), we have
00
Y 8(lIxa — Taxall) < 00
n=1

In particular, ]im,._,Aoog(llx,I — TuXsll) = 0 and so
lim {jx; — TaXall = 0.
n—»oo
Since {T,) satisfies the NST-condition, we have wy {X,} C ﬂﬁi, F(T,). Since {x,} is bounded, there exists a subsequence {xn,)

of {x,} such that x,, — z for some z € C.Thenz € ﬂff;] F(T,). It follows from Opial’s condition and limy-, o fiXa — pi for
allp € N2, F(T,) thatx, — z € (72, F(T,). This completes the proof. O

In the presence of the stronger condition than NST-condition, a variable control sequence {a;} is taken into consideration.

Theorem 3.3. Let C be a nonempty closed convex subset of a uniformly convex Banach space E which satisfies Opial’s condition.
Let {T,,} be a family of Ly-Lipschitzian mappings of C intoitselfwith )2 (L,—1) < ooand N2 | F(Ty) isnonempty. If ({Ta}, T)
satisfies AKTT-condition (1) and F(T) = ﬂ‘;‘;l F(T,), then the sequence {x,} in C defined by (1.2), where {a,)} is a sequence in
[0, 1] with Z;";l an(1 — ay) = 00, converges weakly toz € ﬂ‘,’;] F(T,).

Proof. By Lemma 3.1(ii) and }_po ; an(1 — az) = 00, we have
liminfg(||x, — Taxall) = 0.
n—o0
This implies that
liminf||x, — Toxall = 0.
n—»oo

We next prove that the limit limp_, 0 |Xn — TnXnll actually exists. Since {xa} is bounded, it follows that

o
Y sup{iiTuz — Taazll : 2 € {xa}} < 0. - (32)
n=1
Notice that
%041 — Tng1Xng1ll = flatn (X — TnXn) + (TnXn — Tog1 X))l
< anll*n — TaXall + ITaXn — Tus1Xns 1|l
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< anllXn = TaXnll + Taxn — ToXns 1]l + 1 TaXns1 — ToprXngall

< onllxXn = Tuxnll + LallXn — Xn1ll + 1 ToXns1 — Tng1Xnas

(1 + (1 = an)Ln = D) Ixn — ToXnll + §TaXnss — Tag1Xngall

< (14 @@ = an)a — Mxn — Taxall + sup{liTaz — Togazll : z € {Xa}}.

By Lemma 2.4 and (3.2), the limit lim,,,  ||X, — TyXa|| exists. Thus

lim ||x, = Tuxafl = 0.

n—-oo
By Lemmas 2.8 and 2.9, {T,} satisfies the NST-condition. As in the proof of Theorem 3.2, {x,} converges weakly to z €
(ney F(Ty). This completes the proof. 0

Secondly, we prove a weak convergence of the iteration (1.2) in a uniformly convex Banach space E whose dual E* has
the Kadec~Klee property. Most of the weak convergence theorems are proved in a uniformly convex Banach space and the
presence of Opial’s condition or the Fréchet differentiability of the norm (see e.g., [3,11]). Before going on, let us recall some
additional geometric properties. A Banach space E has

(a) the Kadec-Klee property [14] if for every {x,} in E, X, — xand ||x,|| — |[x]| together imply x, — x.
(b) a Fréchet differentiable norm if, for any x € Sg, the limit

im lix + oyl = lix|
t—0 t

exists and is approached uniformly as y varies over Sg, where Sg denotes the unit sphere of E.

It is known that if E is reflexive and has a Fréchet differentiable norm, then E* has the Kadec-Klee property (see also [16,
Lemma 1]). However, there exist uniformly convex Banach spaces which have neither Opial’s condition nor a Fréchet
differentiable norm but their duals do have the Kadec-Klee property (see also [17,14]).

The following lemma is our main tool for proving the weak convergence theorem.

Lemma 3.4 ([17], Lemma 3.2). Let E be a uniformly convex Banach space such that its dual E* has the Kadec-Klee property.
Suppose {x,} is a bounded sequence in E such that

lim ||tx, + (1 —t)p — ql|
n—>oo
exists forall t € [0, 1]and p, q € w,,{x,}. Then w,,{x,} is a singleton.
Lemma 3.5. Let C be a nonempty closed convex subset of a uniformly convex Banach space E. Let {T,} be a family of L,-

Lipschitzian mappings of C into itself with Z;’L(L,, - 1) < oo and ﬂ;’; F(T,) is nonempty and let {x,} be a sequence in
C defined by (1.2). Then the limit

lim j{tx, + (1 —t)p — q|
n— 00

exists forallt € [0, 1]and p, q € (22, F(Ty).

Proof. By Lemma 3.1, {x,} is bounded, so we let R > 0 be such that {x,} ¢ K := BxNC.ThenK isa nonempty closed convex
bounded subset of E. Let p, g € (oo, F(T,) and set

an(t) = ||tx, + (1 — t)p — qll.

Then limy—00 a,(0) = |lp — q||, and from Lemma 3.1, limy— 00 a,(1) = lim, (|x, — g|| exists. Now, we consider the case
t € (0, 1). Hence, we can define S, : C — C by

Six =oapx+ (1 —ay)Tx, xeC.
Then S, is an L,-Lipschitzian mapping. In fact, for all x, y € C,
1Sax = Sayll < anlix —yll + (1 — an) I Tox — Toyli

anlix =yl + (1 — ap)Lallx — yl|
onlnllx = yll + (3 = ap)Lplix — yli = Lallx — y}.

Moreover, X, 11 = SpX, and (oo, F(To) C (52, F(Sa). Set
Unm = Sn4m—1Sntm—2+++Sn, n,meN.

Then UnmXn = Xptm and (72, F(Ta) C (7ozy F(Un,m). Moreover,
1UnmX = Upmyll < Lamlix—yll, xye€K,

IAIA TA
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where L, = I'[}'.':n"'_1 L;. We note that limy ;s 0 Lnm = 1. Set

bam(t) = 1tUnm¥s + (1 = £)p = Unm(tXa + (1 = OP)II.

By Lemma 2.3, we have

1 1 1
Y ( bn,m(t)> < % —pll = {Un,m%n = Unmpll = %2 — Pl — 1Xp+m — P,
Ln'm Ln.m Ln,m
where y : [0,00) — [0, 00) is strictly increasing continuous convex and y(0) = 0. By using Lemma 3.1 and

limy 00 Lnm = 1, we have limy m—s 00 ¥ (#bn,m(t)) = 0, and hence lim, m 00 bnm = 0. Observe that

,m

Gtn(t) = |wm + (1= Op =gl
= [[tUn,m¥n + (1 = 0)p — i
= bn,m(t) ‘|" ”Un,m(txn + (1 - f)P) - q”
= bn,m(t) +lo+(A—-0p—ql= bn.m(t) + an(t).
Consequently,

limsupa,(t) < lim by ,(t) + liminfa,(t) = liminf a; ().
=00 n,m—>00 n—oo n—00

This implies that lim,_, o @ (t) exists for any t € (0, 1) and the proofis finished. O

Theorem 3.6. Let C be a nonempty closed convex subset of a uniformly convex Banach space E such that its dual E* has the
Kadec—Klee property. Let {T,} be a family of L,-Lipschitzian mappings from C into itself with Z;’i‘, (L,—1) < ocoand ﬂ;";l F(T)
is nonempty. If {T,} satisfies the NST-condition, then the sequence {x,} in C defined by (1.2), where {&} C [a, b] for some
a, b € (0, 1), converges weakly to z € (oe.; F(Tn).

Proof. As in the proof of Theorem 3.2, we have @y {X,} C ﬂ;’il F(T,). Then, by Lemma 3.5, the limit
lim (|, + (1 —6)p —qll
n—oo

exists forall t € [0, 1]and p, ¢ € wy{x,}. Hencex, — z € ﬂ;’; F(T,) by Lemma 3.4. This completes the proof. O
Similarly, using the same arguments as in Theorems 3.3 and 3.6 yields the following.

Theorem 3.7. Let C be a nonempty closed convex subset of a uniformly convex Banach space E such that its dual E* has the

Kadec—Klee property. Let {T,} be a family of L,-Lipschitzian mappings of C into itself with Zﬁ‘;, (L, — 1) < ocoand ﬂ‘f:‘ F(T,)

is nonempty. If ({T,,}, T) satisfies AKTT-condition (1) and F(T) = ﬂ‘;‘;l F(T,), then the sequence {x,} in C defined by (1.2), where
{aen} is a sequence in [0, 1) with Z;’i] an(1 — ) = oo, converges weakly to a common fixed point of {T,}.

Setting L = 1, we have the following.
Theorem 3.8. Let C be a nonempty closed convex subset of a uniformly convex Banach space E. Let {T,} be a family of
nonexpansive mappings of C into itself such that ﬂ;’; F(T,) # @ and satisfy one of the following control conditions:

(i) {T,} satisfies the NST-condition and {oz} C [a, b] for somea, b € (0, 1);
(ii) ({Ta}, T) satisfies AKTT-condition (I), F(T) = (oo, F(Ta) and >_p2 | an(1 — o) = 0.

If, in addition, E satisfies Opial's condition or E* has the Kadec-Klee property, then the sequence {xn} in C defined by (1.2),
converges weakly to a common fixed point of {T,}.

Remark 3.9. Theorem 3.8(i) extends and improves Lemma 3.2 of {3] in the following ways:

(i) The geometric property imposed on a Banach space is weakened.
(ii) The AKTT-condition (II) is weakened and replaced by the more general NST-condition (see Lemma 2.9).

4. Common solutions of a fixed point problem and an equilibrium problem

In this section, we present several related results which can be deduced by corresponding convergence theorems
obtained in Section 3. Let H be a real Hilbert space with inner product {-, -) and norm || - |. Then

lIx — 1% = %2 + [yII* = 2(x, ) (4.1)
for all x, y € H. It is also known that H satisfies Opial's condition and has the Kadec-Klee property.
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Let C be a nonempty closed convex subset of H. Then, for any x € H, there exists a unique nearest point in C, denoted by
Pcx, such that

] = Pcx}] < lix—yl forally e C.

Such a mapping P¢ is called the metric projection of H onto C. We know that P¢ is nonexpansive. Furthermore, for x € H and
zeC,

z=Pcx ifandonlyif (x—z,z—y)>0 forallyeC.

Lemma 4.1 ([4], Lemma 4). Let C be a nonempty closed convex subset of a real Hilbert space H. Let {x,} be a sequence in H and
let {8,} be a sequence in [0, oo) such that Z;";, 8 < oo and

I¥%ps1 =yl < (14 8)|1% — yll forally e Candn € N.

Then the sequence {Pc(x,)} converges strongly to some z € C.

Theorem 4.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let {T,,} be a family of Ln-Lipschitzian mappings
of Cinto itself with 3 o (L, — 1) < oo such that Moo, F(Ta) # @ and satisfy one of the following control conditions:

(i) {T,] satisfies the NST-condition and {a,} C [a, b] for some a, b € (0, 1);
(ii) [4, Theorem 5] ({T,}, T) satisfies AKTT-condition (I), F(T) = ﬂ;’i] F(T,) and Z;";l ap(1 — o) = o0
Then {x,} in C defined by (1.2), converges weakly to z € ﬂﬁ; F(T,), where z = lim,,_, o Pn;-; F(ry (Xn).
Proof. By Theorems 3.2, 3.3, 3.6 and 3.7, we have x, — z for some z € ﬂ;’il F(T,). We prove that lim,_, o 2, = 2z, where
Zn = Pro p(ryy(Xn). By (3.1) and Lemma 4.1, there is 2’ € ﬂ;";l F(Ty) such that z, — Z’. From z;, = Proo k(1) (Xa) and
z € (o F(Ty), we have
(Xn — Zn, 2y, —2z) > 0, foralln e N.
It follows from z, — 2’ and x, — z that
(z—~2',7 —2)>0
and then z’ = 2. This completes the proof. 0O

Let C be a nonempty closed convex subset of a real Hilbert space H. Let f : C x C — R be a bifunctionandletA: C — H
be a nonlinear mapping. Then, we consider the following equilibrium problem:

Findz € Csuchthatf(z,y) + (Az,y —z) >0 forally € C. (4.2)
The set of such z is denoted by EP(f, A), i.e.,
EPf,A)=1{ze€C:f(z,y)+ (Az,y —z) > Oforally € C}.

In the case of A = 0, EP(f, A) is denoted by EP(f). In the case of f = 0, EP(f, A) is denoted by VI(C, A). The problem
(4.2) is very general in the sense that it includes, as special cases, optimization problems, variational inequalities, minimax
problems, the Nash equilibrium problem in noncooperative games (see [ 18-20]).

A mapping A : C — H is said to be

(1) monotone if
(Ax — Ay, x—y) >0 forallx,y € C;
(2) a-inverse-strongly-monotone, where @ > 0, if
(Ax — Ay, x —y) > a||Ax — Ay||*> forallx,y € C.

Note that every a-inverse-strongly-monotone mapping is monotone and (1/«)-Lipschitzian.

Recently Tada and Takahashi [6] considered iterative methods for finding an element of EP(f) N F(S), whereS : C - H
is a nonexpansive mapping. On the other hand, Takahashi and Toyoda [21] introduced an iterative methods for finding an
element of VI(C, A) N F(S), where A : C — H is an a-inverse-strongly-monotone mapping. Very recently Moudafi [5]
introduced an iterative methods for finding an element of EP(f, A) N F(S) and then proved a weak convergence theorem.

Motivated by Tada-Takahashi [6] and Moudafi [5], we prove a weak convergence theorem for finding a common element
of a common element of the common fixed point set for a countable family of mappings and the set of solutions of an
equilibrium problem in a Hilbert space.

For solving the equilibrium problem, let us assume that the bifunction f satisfies the following conditions (see [18]):

(A1) f(x,x) =0forallx € C;
(A2) f is monotone, i.e., f(x,y) +f(y,x) < Oforanyx,y € C;
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(A3) f is upper-hemicontinuous, i.e., foreach x,y,z € C,

limstpf(tz + (1 = 6)x,¥) < f(x,y);

t—->0t
(A4) f(x, -) is convex and lower semicontinuous for each x € C.
By [18, Corollary 1} and [22, Lemma 2.12], we have the following lemma.

Lemma4.3. Let C be a nonempty closed convex subset of a real Hilbert space H, let f be a bifunction from C x C into R
satisfying (A1)-(A4) and let r > 0 and x € H. Then there exists unique x* € C such that

1
f& D+ —x"x" —x) 20 forallyeC.

Let T, be a mapping of H into C defined by
T, (x) =x*
for all x € H. Then, the following hold:
(i) T, is firmly nonexpansive, i.e., for any x,y € H,
ITex ~ Toyll? < llx = yI> = 10 = T)x = (I = Tyl

(ii) F(T,) = EP(F);
(iii) EP(f) is closed and convex.

We need the following lemmas.

Lemma 4.4. Let C be a nonempty closed convex subset of a real Hilbert space H, let f be a bifunction from C x C into R
satisfying (A1)-(A4) and let r > 0. Let « > 0 and let A be an «a-inverse-strongly-monotone mapping of C into H with
EP(f,A) # @, then

200 —r1
» 1T = rA)x — x||? - (4.3)

forallx € Cand u € F(T,(I — rA)) = EP(f, A). Furthermore, if 0 < r < 2a, then T,(I — rA) is a nonexpansive mapping of C
into itself.

0T — rA)x — u))® < [Ix — u|)® —

Proof. Forr > 0, we note thatu € EP(f, A) if and only if u = T, (I — rA)u. That is, F(T.(I — rA)) = EP(f, A). Letx € C and
u € EP(f, A). Since T, is firmly nonexpansive, A is ¢-inverse-strongly-monotone and (4.1), we have
AT = rAX —ull? < (|( = rA)x = (= rAyul)* — [ = T)({ = rA)x — (I = T,)( — rA)uj?
= |(x —u) — r(Ax — Au)||* — || (x — T, — rA)X) — r(Ax — Au)||®
= (lIx — ul® — 2r(x — u, Ax — Au) + r*||Ax — Au]|*)
= (Ix = T, = rA)XI* = 2r(x — T,(I — rA)x, Ax — Au) + r?[|Ax — Aul|*)
= [[x — ull®> = 2r{x — u, AX — Au) + 2r(x — T, (I — rA)x, Ax — Au) — [|x — T, (I — rA)x||?
< |Ix — ul|® = 2ar||Ax — Au||? + 2r||x — T,(I — rA)x|[|Ax — Au|| — ||Ix — T;(I — rA)x})?

—-r
2 D x = To( = A2

1 2 2
= |Ix — ul)® = 2ar (lle —Aul| - —|Ix =T, — rA)xl]) -
2a 2a

20 —r

< llx=u)? - lix — T.(I — rA)x||°.

2a
Hence (4.3) holds. Filnally, let 0 <r < 2e. Since T, is nonexpansive and (4.1), we have

IT: (I — rA)x = T.(I — rA)Y|* < || — rA)x — (I — rA)y||?
= |lx —yl|* — 2r{Ax — Ay, x — y) + r?||Ax — Ay||?
< lIx = yl* = 2reflAx — Ay||® + r*||Ax — Ay|)?
= [lx —ylI> — r(2a — r)||lAx — Ay||?
| < lx—yl?

' forall X,y € C and hence T, (I — rA) is nonexpansive. QO
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Lemma 4.5. Let C be a nonempty closed convex subset of a real Hilbert space H, let f be a bifunction from C x C into R
satisfies (A1)-(A4). Let @ > 0 and let A be an a-inverse-strongly-monotone mapping of C into H with EP(f,A) # @. Let
{W,} be a sequence of mappings of C into itself defined by

W, = Tr,. (I - TnA),
foralln € N, where {r,} is a sequence in (0, co) satisfying liminf,_, ., ry > 0. Then {W,} satisfies NST-condition.

Proof. We note that ﬂﬁil F(Wp) = EP(f, A) # 2. Let {z,} be a bounded sequence in C such that lim,_, oo (|25 — Wyzsll = 0
and z € wy{2,}. Then z,; — z for some subsequence {n;} of {n}. For each n € N, lety, = W,z,. Then Yo, — 2. Since
liminf,_, o ry > 0and A is (1/«)-Lipschitzian, we have

Zp — 1
lim [ 22" = fim = 1z, — Wiz, || = 0 (4.4)
n—o00 I'n n—00 Iy,
and
. .1
lim ||Az, — Ayn{l < lim —|lz, — ys)l =0, (4.5)
n—o0 n—o00 ¢

respectively. Notice that

1
fOny) + }—(y—yn,yn — (20 —13AZy)) > 0 forally € C.
n

So, from (A2) and A is monotone,

Yn — Zn
n

Yn —Zn
n

Yn — Zn

n

fO.yn) < <y-ym >+(y—yn,Azn>

= <.V"‘yn, >+ (Y = ¥n, Azg — Ayn) + (Y ~ Yn, Ayn — AY) + (¥ — yn, Ay)

=< <y—ym >+(v—yn,Azn—AynH(y—yn,Ay)-

In particular,

Ynj — zn,*

ni

f(yv.Vni) = <y _.Vn,-’ >+ (y —Yn,-,AZn.' _Ayn,') + (.V _YHisAY>-

This together with (4.4), (4.5), (A4) and y,, — z gives

fO,2) =y —z,Ay). (4.6)
Putz; =ty + (1 —t)zforallt € (0, 1]andy € C. Then, we have z, € C. So, from (4.6) we have

fz,2) < (2 —z,Az). (4.7)
It follows from (A1), (A4) and (4.7) that

0 =f(z,2z)

<@,y + 1 -0f(z,2)
< @,y + (1 —t)z —z,Az)
= tf(ztvy) + (1 - t)t(y —Z,AZt)

and hence
0<f@z.y)+0—-0y—2zAz)
Letting t — 0 and using (A3), we get
0<f@z,y)+(y—2z,Az) forallyeC
and hencez € EP(f,A) = ﬂ:‘;, F(W,). This implies that {W,} satisfies NST-condition. This completes the proof. O

Theorem 4.6. Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a bifunction from C x C into R
satisfying (A1)-(A4). Let @ > 0 and let A be an a-inverse-strongly-monotone mapping of C into H. Let {S,} be a family of
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L,-Lipschitzian mappings of C into itself with Y po(Ln — 1) < cosuch that My F(S2) NEP(f, A) # 2. Let {xx} be a sequence
generated by x; = x € C and

" 1
FOn,y) + (Axn, y —Ya) + r—(y — VY, Yn— %) =20 forally € C, (4.8)
n .
Xny1 = opXn + (1 — Qn)Sn¥n»
for every n € N, where {an} C [a,b] for somea,b € 0,1) and {ra} C I[c,d] for some c,d € (0,2a). If {S,} satisfies
NST-condition, then {x,} converges weakly to z € ﬂ;’i, F(S,) NEP(f, A), where z = lim,_, Pn;’--;1 Fspner(,a) Xa)-

Proof. For each n € N, we have y, = T, (I — raA)x,. By Lemmas 2.10 and 4.5, {SnT;,, (I — rpA}} is a family of Ly-Lipschitzian
mappings of C into itself satisfying NST-condition. Applying Theorem 4.2,{x,} converges weaklytoz € ﬂ,j";] F(S,)NEP(f, A),
where z = lim, Png?__] F(Sn)NEP(f .A) (xy). 0O

From Theorem 4.6, letting L, = 1 gives

Corollary 4.7. Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a bifunction from C x C into R
satisfying (A1)-(A4). Let « > 0 and let A be an a-inverse-strongly-monotone mapping of C into H. Let {S,) be a family of
nonexpansive mappings of C into itself such that Mie; F(S) NEP(f, A) # @. Let {x,} be a sequence defined by (4.8), where

{ota} C [a,b] forsomea, b € (0, 1) and {ry} C [c, d] forsomec,d € (0, 2a). If {Sn} satisfies NST-condition, then {x,} converges
weakly toz € (32, F(Sa) NEP(f, A), where z = limn00 P22 | Fispnep(r,4) (Xn)- '

From Corollary 4.7, letting S, = S gives
Corollary 4.8 ([5], Theorem 3.1). Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a bifunction from

C x C into R satisfying (A1)-(A4). Let « > 0 and let A be an a-inverse-strongly-monotone mapping of C into H. Let S be a
nonexpansive mapping of C into itself such that F(S) NEP(f, A) # @. Let {xy} be a sequence generated by x; = x € C and

1

fOnY) + (Axn,y —yn) + F‘(y —YnYa— %) 20 forally €C,
n

Xnt1 = nXp + (1 — &n)SYn,

forevery n € N, where {an} C [a, b] forsomea, b € (0,1) and {r,} C [c, d] for some c, d € (0, 2«). Then the sequence {xn}
converges weakly to z € F(S) N EP(f, A), where z = limn_, o0 Pr(s)ner(r,4) (Xp).

We obtain [6, Theorem 4.1] from Corollary 4.8 by letting A = 0.

Corollary 4.9. Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a bifunction from C x C into R
satisfying (A1)-(A4). Let S be a nonexpansive mapping of C into H such that F (S)NEP(f) # @. Let {x,} be a sequence generated
byx; =x € Hand

1
fOm)+ = =Y In —Xa) 20 forally €C,
n
Xn41 = OnXp + (1 — o) Syn,
foreveryn € N, where {a,} C [a, b]forsomea, b € (0, 1) and {r,} C (0, 00) satisfying lim inf,_, 00 In > 0. Then {x,} converges

weakly to z € F(S) N EP(f), where z = liMy_, o0 Pr(syner(r) (Xn)-

Theorem 4.10. Let C be a nonempty closed convex subset of a real Hilbert space H. Let & > Oand let A be an a-inverse-strongly-
monotone mapping of C into H. Let {S,} be a family of L,-Lipschitzian mappings of C into itself with S o2 (Ly — 1) < ocosuch
that ﬂ?-; F(Sp) NVI(C, A) # @. Let {x,} be a sequence generated by x; = x € C and

Xnt1 = opXp + (1 — otg)SaPe (Xn — TnAXp), (4.9)
for every n €N where {a,} C [a, b] for some a,b € (0,1) and {r,} C [c,d] for some c,d € (0, 2a). If {S,} satisfies
NST-condition, then {x,} converges weakly to z € N3, F(S,) N VI(C, A), where z = lim; 00 Pnﬁo;] F(spynvicc,a)(Xn)-

Proof. Setting f = 0 in Theorem 4.6, we have EP(f,A) = VI(C,A) and T, = Pc forallr > 0. O

We immediately obtain [7, Theorem 4] from our Theorem 4.10 by letting L, = 1 and applying Lemmas 2.8 and 2.9.
Corollary 4.11. Let C be a nonempty closed convex subset of a real Hilbert space H. Let a > 0 and let A be an a-inverse-strongly-
monotone mapping of C into H. Let {S,} be a family of nonexpansive mappings of C into itself such that Moc, F(Sn)NVI(C, A) #
@. Then the sequence {x,} defined by (4.9), where {a,,} C [a, b] forsomea, b € (0, 1) and {r;} C [c, d] forsomec,d € (0, 2a).

If ({Sa}, S) satisfies AKTT-condition and F(S) = ;";, F(Sp). then {x,} converges weakly to z € N2, F(S,) N VI(C, A), where
z = liMpo 00 Pre | Fismnvicc,a) (%n)-

n=1
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Remark 4.12 ([7, Theorem 4]). (See Corollary 4.11) is also a direct consequence of [3, Lemma 3.2] since {S,Pc(I — r,A)}is a
family of nonexpansive mappings satisfying AKTT-condition (II). In fact, by Lemma 2.10,

o0 o0

[(YF(SaPc = 1aA)) = (()F(S)) NVI(C, A) = F(S) NVI(C, A) # 2.

n=1 n=1
Let {n;} be a subsequence of {n}. Since {r,;} C [c, d], there exists a subsequence {n;j} of {n;} such that r,.,j —> 1 € [c, d]. Then
SPc(I — rA) is a nonexpansive mapping of C into itself and

F(SPc(I —rA)) = F(S)NVI(C, A) = m F(SyPc(I — 1zA)).

n=1

Let Bbe a bounded subset of C. Since A is (1/a)-Lipschitzian and Pc (I — rA) is nonexpansive of C into itself, {Az : z € B} and
B = {Pc(I —rA)z : z € B} C C are bounded, By Lemma 2.6, we have

lim sup{||Sy — Swyll : y € B} = 0.
n—oo
Let M = sup{||Az|| : z € B}. Then
[ISPc(I — rA)z — Snich(l - r,,ijA)z“
ISPc(I — rA)z — Sn Pl = 1A)z|| + llSn,»ch(l —1A)z — Sn,-ch(I = Azl
sup{|ISy + Syl y € B} + IPc(l = rA)z — Pe(l — rnijA)Z”
sup(ISy ~ Su ¥ll 1y € B} + (1 = 1)z = (I =y, A1z

IANIA A

IA

M

sup(llSy = Su, ¥l ¥ € Bl + |r =1y
forallz € Bandj € N. So, we get
lim sup{||SPc(I — 1A)z — S,,UPC(I — r,,ijA)zll :ze€B}=0.
J—=o0
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1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H. A mapping T : C — H is said to be Lipschitzian if
there exists a positive constant L such that

ITx Ty <Ljx—yll forallx,yeC.

In this case, T is also said to be L-Lipschitzian. We denote by F(T) the set of fixed points of T. A mapping T is said to be
quasi-Lipschitzian if F(T) # ¥ and there exists a positive constant L such that

ITx -yl <Lllx—yll forallxeC and y e F(T).

In this case we say that T is quasi-L-Lipschitzian.

Remark 1.1. It follows directly from the definitions above that:

(1) If T is L-Lipschitzian with F(T) # @, then T is quasi-L-Lipschitzian.
(2) If T is quasi-Lq-Lipschitzian and L < Ly, then T is quasi-L,-Lipschitzian.
(3) T is (quasi-) 1-Lipschitzian if and only if T is (quasi-) nonexpansive.

* Corresponding author.
E-mail addresses: nweerayuth@sci.ubu.ac.th (W. Nilsrakoo), sacjung@kku.ac.th (S. Saejung).
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Throughout the paper, we deal with quasi-L-Lipschitzian where L > 1. There are many methods for approximating fixed
points of a nonexpansive mapping. In 1953, Mann [10] introduced the iteration as follows: a sequence {xn} defined by

Xny1 = 0nXn + (1 — an)Txy (11)

where x; € C and {an} is a sequence in [0, 1]. Mann iteration has been extensively investigated for nonexpansive mappings.
One of the fundamental convergence results is proved by Reich [16]. In an infinite-dimensional Hilbert space, strong con-

vergence of Mann iteration is not guaranteed [5]. To obtain strong convergence results, Nakajo and Takahashi [13] proposed
the following modification of Mann iteration method (11)

X1 € C s arbitrary,

Yn=0anXn + (1 — an)Txn,

Co={zeC: [lyn -2zl < xn — 2|1}, (1.2)

Qn={z€C: (Xn—2,% —x,) >0},

Xn+1 = Pc,ng,X1, n=1,2,3,...,
where Px denotes the metric projection from H onto a closed convex subset K of H. Recently, the present authors [14] ex-
tended iteration (1.2) to obtain strong convergence to a common fixed point of a countable family of Lipschitzian mappings
{Ta)p2, by the following iteration:

X1 € C s arbitrary,

Yn =0nXn + (1 — 0tn) TnXp,

Cr={z€C: llyn —2I* < lI%n — 2II> + 61}, (13)

n={zeC: (X —2,% — xy) 20},

Xn+1=Pc,noaX1, n=1,2,3,...,

where
b =(1—an)(LE — 1)(diamC)? > 0 asn — oo.

The main result of [14] is based on the condition introduced by Aoyama et al. [1].

In this paper we introduce a new condition, so-called the NST*-condition, for a class of mappings and use this condi-
tion to obtain strong cohvergence theorem for finding common fixed points of a countable family of quasi-L,-Lipschitzian
mappings in a real Hilbert space. As a consequence, several convergence theorems for quasi-nonexpansive mappings and
asymptotically i -strict pseudo-contractions are deduced. We also establish strong convergence of iterative sequences for
finding a common element of the set of fixed point, the set of solutions of an equilibrium problem, and the set of solutions
of a variational inequality. With an appropriate setting, we obtain the corresponding results due to Tada and Takahashi [18]
and Nakajo, Shimoji, and Takahashi {11].

2. Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm | - ||. Then
lIx = Y12 = 1xI2 — Iy — 2(x— y, ) (21)
and
_ 2 2 _ 2 _ _ Y 22
2%+ (1 =0y [ = axI2 + (1 = DlyI2 =20 = Dix -yl (22)

for all x, y € H and A.€ [0, 1]. We write x, — x (x, — x, resp.) if {xn) converges strongly (weakly, resp.) to x. It is also known
that H satisfies:

(1) The Opial’s condition [15], that is, for any sequence {x,} with x, — x, the inequality
liminf ||Ix, — x|j < liminf||x, — y||
n—o00 n->o00

holds for every y € H with y # x.
(2) The Kadec-Klee property [7,19), that is, for any sequence {x,} with x, — x and 1%z} — {|x|| together imply x, — x.

Let C be a nonempty closed convex subset of H. Then, for any x € H, there exists a unique nearest point in C, denoted by
Pcx, such that

fx— Pexll < lx—yll forall yeC.
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Sucﬁ‘ a mapping Pc is called the metric projection of H onto C. We know that P¢ is nonexpansive. Furthermore, for x € H
and zeC,

‘z=ch if and only if {(x—2z,z—y)>0 forallyeC.

To deal with a family of mappings, the following conditions are introduced: Let C be a subset of a Banach space, let {Tp}
be a family of mappings of C into H with M52, F(Tn) # @ and ww{za} denotes the set of all weak subsequential limits of a
bounded sequence {zp} in C. {Tp} is said to satisfy: 1

(a) The AKTT-condition {1} if for each bounded subset B of C,

x
Zsup{HT,,Hz'— Tazll: z€ B} < o0.

n=1

(b) Ttie NST-condition [11] if for each bounded sequence {z,} in C,

o0
lim 1zo — Tazoll=0 = wwiza} C [ | F(Ta).
n—->o0 n=1

Inspired by conditions above, we introduce the following one:

(c) {T.} is said to satisfy the NST*-condition [12] if for each bounded sequence {zp} in C,

oo
i 20 — Tozall = lim zn — zn1l =0 = w2} € [ F(Tw).
n=1

Remark 2.1. It follows directly from the definitions above that:

(i) If {T,) satisfies the NST-condition, then {Tn} satisfies the NST*-condition.
(i) If {T,) satisfies the NST*-condition and Toz — z € C, then z € (52 F(Tn).

Lemma 2.2. Let C be a nonempty closed convex subset of a real Banach space and let {Tp} be a family of mappings of C into itself with
N2, F(Tn) # 0. Let {Sp)} be a family of mappings of C into itself defined by

Sn=ﬂn’+(1_ﬂn)Tm o
foralln e N, where {fn} is a sequence in [0,b] C [0, 1). Then (5o F(Tn) = Ny F(Sy) and the following statements hold:

(i) If {Tn) satisfies the NST-condition, then {Sy} satisfies the NST-condition.
(ii) If {Ta} satisfies the NST*-condition, then {Sy} satisfies the NST*-condition.

Proof. It is easy to see that (e, F(Tn) = N2, F(Sn). To see (i), let {za} be a bounded sequence in C such that
limyp—s 0ollZn — Snznll = 0. It follows from S, < b <1 that ’

. . 1
nlL"Qo"Z" —Tnzall = nl_l_)n;) 1—4 lzn — Snznfl = 0.

n

Since {T,) satisfies the NST-condition, we have ww{za} C N2, F(Tp) = N2, F(Sn). This implies that {Sq} satisfies the
NST-condition. ‘ |
(i) Since the proof is almost the same as (i), it is omitted: O

Lemma 2.3. Let C and K be nonempty closed convex subsets of a real Banach space. Let {Sn} be a family of Ln-Lipschitzian mappings
of Cinto K with Ly 2 1, Ln — 1 and F(S) := ﬂ,‘,"; F(Sn) # @ and let {Wy) be a family of mappings of K into C with FW) :=
(Mre, F(Wp) # @ and

(Wax — u? < IX—ull? — aplWax — x> forallxe K, ue FOV)andn €N,
where {an} is a sequence in [a, 00) C (0, oc). Let {T,} be a family of mappings defined by
Tp=SaW, forallneN.
Then the following statements hold:

() IfFF ==, F(Tn) = F(S)NF(W) # 0, then {Ty} is a family of quasi-Ly-Lipschitzian mappings of K into itself, that is, for every
neN,xeKandueF, || Tpx — ull < Lallx — ul} holds.
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(ii) If {Sn} and (W} satisfy NST-condition and F(S) N F(W) # @, then {T,) satisfies NST-condition and N2, F(Tp) = F(S)N
FOW).

(iit) If {Sa)} and {W,} satisfy NST*-condition and F(S) N F(W) # @, then {T,} satisfies NST*-condition and N F(Tn) =F(S)N
FON).

Proof. (i) is obvious.
(ii) Let {z,) be a bounded sequence in K such that
lim {|zp — Tpzplf = 0.
n-—>o0
Let u € F(S) N F(W) be given. Then

1Tazn — ull? = S Wn2zn — ull? < L2|Wazp — ulj?
<Lz — ull? — anL2 |\ Wnzo — 2a11? < L2120 — 1) — al| Wazy — zoli%.
This implies that
alWnzn ~ zal® < (L7 = 1)lizn = ul® + (z0 — ull® = Tnza — u]?)
= (L2 = W)lizn — ul® + (120 = ull — N Tazn = ) (120 — ull + [ Tnzn — ull)
< (L3 = 1)z = ull® + 1zn = Tazall(l1z0 — ull + | Tazn — ul)).
Since {z; — u} and {T,z, — u} are bounded,
nl_ing [IWazn — zpf| = 0.

So, we get

1SnWnzn — Wizpll < 1SaWnzn — Zpll + |Wnzn — Zall = ITnzn — zall + |Wnzq — zn|| = 0.

Since {Sp} and {W;) satisfy the NST-condition, we have wy{z,} C F(S) N F(W). It easy to see that F(S)N F(W) C
Mhei F(Tn). To see the reverse inclusion, let z € (32, F(Ty). Follow the first part of the proof above but now let z, = z.
Then z € F(S) N F(W). This implies that {T,)} satisfies the NST-condition.

The proof above does not invoke condition limp— o llZn41 — zn|| at all. So assertion (iii) holds for the NST*-condition as
well. This completes the proof. 0O

Lemma 2.4. (See [1, Lemma 3.2].) Let C be a nonempty closed subset of a Banach space and let {Ty,} be a family of mappings of C into
itself which satisfies the AKTT-condition, then the mapping T : C — C defined by

Tx= lim Tpx foralixeC, (2.3)
n—>o00
satisfies
nl_iglosup(]sz —Tnz|: ze B} =0

for each bounded subset B of C.

From now on, we will write ({T,}, T) satisfies AKTT-condition if {T,} satisfies AKTT-condition and T is defined by (2.3).
Recall that a mapping T is demi-closed at y, if X, — x and Tx, — y, then Tx=y.

Lemma 2.5. Let C be a nonempty closed convex subset of a Banach space and let {T,,} be a family of quasi-Ly-Lipschitzian mappings
of C into itself with L, — 1 and (32, F(Ty) # . Suppose that ({Ty}, T) satisfies AKTT-condition, F(T) = (32, F(Tp) and I — T is
demi-closed at 0. Then {T} satisfies the NST-condition. Consequently, {T,} satisfies the NST*-condition.

Proof. Let {z;) be a bounded sequence in C such that limp—, oollZy — Tnzn|| = 0. We apply Lemma 2.4 to get
zn = Tznll < 20 ~ Taznll + I Tazn — Tznll < 120 — Taznll + sup{iTaz — Tz|: z € {za}} - 0.

Since I — T is demi-closed at 0, ww{z,} C F(T). This implies that {T,} satisfies the NST-condition. O

Lemma 2.6. (See [7, Theorem 10.3].) Let C be a nonempty closed convex subset of a reflexive Banach space which satisfies Opial’s
condition and let T be a nonexpansive mapping of C into itself. Then I — T is demi-closed at 0.
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Lemma 2.7. Let C be a nonempty closed convex subset of a reflexive Banach space which satisfies Opial’s condition and let {T,} be a
family of L,-Lipschitzian mappings of C into itself with L, — 1 and (52, F(Ty) # 9. Suppose that ({T,}, T) satisfies AKTT-condition
and F(T) =521 F(Tn). Then {T,} satisfies the NST-condition.

Proof. From the definition of T, we have T is nonexpansive. By Lemma 2.6, we have | — T is demi-closed at 0. Applying
Lemma 2.5, {T,} satisfies the NST-condition. O

Lemma 2.8. Let C be a nonempty closed convex subset of a real Hilbert space H. Let {T,} be a family of quasi-Ly-Lipschitzian mappings
of C into itself with L, — 1 and (3o F(Ty) # @. If {T,) satisfies the NST*-condition, then (2, F (T} is closed and convex.

Proof. To see that (32, F(Ty) is closed, let {z;} be a sequence in (52, F(Tp) with z, — z. Since

1Tnz — 2l < 1Tnz — Znll + 20 — 2Il < (L + Dlizn — 21,
we get

lim ||Thz — z|| = 0.

n—»x

By Remark 2.1(ii), we have z'€ (N2, F(T,) and hence (32, F(Ty) is closed. Now we prove that (32, F(T,) is convex. To
this end, let x, y € (32 F(Tn). Put z=tx+ (1 —t)y, where t € (0, 1). From (2.2), we have

1Tnz =22 = [t(Tnz =0 + (1 = )Tz - y)|*
=tTaz ~x|> + (1 = I Taz = y|I> = t(1 = OlIx = y|I°
<tlgllz =X + (1 = OLFz =y =t = 0)lx = yI?
=t(1=02L3Ix = yI? + 20 — DL Ix = yI? —t(1 —Olx = yI?
=t(1 = (L3 = 1)lIx = yI*.
This together with L, — 1 gives
"&ngollTnz —z[j=0.
Then z € (po; F(Tx) and hence (2, F(Ty) is convex. This completes the proof. 0
We also need the following lemma:
Lemma 2.9. (See [9, Lemma 2.2].) Let C be a nonempty closed convex subset of a real Hilbert space H. Given x, y, z € H and also given
aeR, theset
(veC:ly-vIZ<lx=vi? +(zv)+a}

is convex (and closed).

3. Strong convergence theorems

Theorem 3.1. Let C be a nonempty closed éonvex subset of a real Hilbert space H. Let {Tn} be a family of quasi-L,-Lipschitzian
mappings of C into itself with L, > 1 and F := (32, F(Ty) is nonempty and bounded (that is, foreveryne N,xe Cand u € F,
ITax — ull € Lyllx — u]] holds). Assume that {o,} is a sequence in [0, 1). Let {x,} be a sequence in C defined as follows:

xy € C is arbitrary,

Yn=0tnXq + (1 — an)Trxn,

Cn={z€C: llyn—2I* < 1% — 201 — an(1 — &) llXe — Taxal® + (1 — &)t }, (€R)

Qu={zeC: (xg—z,%1 — Xp) 20},

Xn+1=Pc,ng, X1, n=1,2,3,...,
where

(i,,:A%(Lﬁ—l)—)O, Anp=sup{lx, —zll: z€ F} < 0.

If {Tn) satisfies the NST*-condition, then {x,} converges strongly to Prx,.
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Proof. We first prove that C, and Q, are closed and convex for each n € N. From the definition of C, and Q,, it is obvious
that C, is closed and’ Q, is closed and convex for each n € N. it follows from Lemma 2.9 that C, is convex. Next, we prove
that

FcC, forallneN. (3.2)
Let p € F. Then

1yn — PI% = [|ctnxn + (1 = &) Tk — p|”
< nllxn — pI® + (1 = )| Taxn — pI* — an(1 — @n)ll%n — TuXall®
< nllxa — pI? + (1 = an) L2 1%0 = PI? = atn(1 = o) X0 — Tnxn i
= [I%n — P> — (1 — an)l1%n = TaXall® + (1 — ata) (L2 — 1) 1%y — pII?
<Hxn = pI? = ot (1 — an)lixn = TaXnll + (1 — on)Bn,

from which p € C, and hence (3.2) holds. Next, we show that F ¢ Q, for all ne N. For n =1, we have F C C = Q;.
Suppose that F C Qi for some k € N. Then @ # F € Cx N Qi and there exists a unique element xx;.; € Cx N Q such that
Xk+1 = Pc,noX1. Then

(X1 — 2, %1 —Xy41) 20
for each z € C, N Q. In particular,

(X1 — D, X1 — Xg41) 20
for each p e F. It follows that F C Q41 and hence, by induction,

FcQ, forallneN. (3.3)
Now, from (3.2) and (3.3), we have

FcCinQ, forallneN.

This implies that the sequence {x,} is well defined. It follows from x, = Pq,x; that
1% —x1ll < llz—x1]] forallze Q, and all n e N.

Let z € F C Q, for all n € N. Then
I —x1 k< llz—x;|| forallneN.

On the other hand, from xp41 = Pc,ng,X1 € Qn, we have

flXn — x1)| < liXa41 —x11l forallneN.

Therefore, {||x, — x1]|} is nondecreasing and bounded. So limp—woliXn — x|l exists and {xp} is bounded. Since xp41 =
Pc,nqq%1 € Qn, we have

(Xn — Xn41,X1 — Xp) > 0.
It follows from (2.1) that
2
(Xn+1 = Xa [l = || a1 — %1) — (%0 — x1) |
= lXo41 = X117 = X0 — X1 i = 2(%n41 — Xn, Xn — X1)
< Ixng1 = X112 = 1% — x1 |17
for all n € N. This implies that
nl—i>ngo”x"+1 —Xall =0. (3.4)
Since xpt1 €:Cy, it follows that

Iyn = Xn1 112 < 1% — Xng1 1% ~ ot (1 ~ &) llxn — TnXall® + (1 — ctn)6n. (3.5)

Moreover, since y¥n = anXp + (1 — &tn) TpX,, We have

1¥n = Xn1 12 = e liXn — X111 + (1 — &) Tadn — Xn111% = &n( — &) 1xn — Tnxnll®. (3.6)
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Substitute (3.6} into (3.5) to get

ITXn = Xn 1112 < X0 — Xn41 1% + 65 — 0.
This together with (3.4) gives

lim ||x; — Taxp|| = 0.
n—oco

Finally, we show that x, — w, where w = Prx;. Let {x,,} be a subsequence of {x,) such that x,, — w’. It follows from the
NST*-condition of {T,) that w’ € F. Since x, = Pg,x; and w € F C Q,, we have

llxn = X101 < lw — X1l

- It follows from w = Pgx; and the lower semi-continuity of the norm that
lw —x1ll < |W' — 1| < liminf][xy, — x1 ]| < limsup|lxy, — X1 [ < [|W — X1
k—o0 k—> 0

That is,

Hm (Xn, — x1{ = 1w —x ]l = lw = xq.
k— o0
‘Using the Kadec-Klee property of H, we obtain that
lim X, =w' =w.
k— o0
Since {x,,} is an arbitrary subsequence of {x,}, we can conclude that {x,} converges strongly to Prx;. O

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let {T,} be a family of quasi-L,-Lipschitzian
mappings of C into itself with L, > 1 and F := (72, F(Ty) is nonempty and bounded (that is, for everyn e N, x e Cand u € F,
[{Tax — ulf < Lplix — ul| holds). Assume that {,} is a sequence in [0, b] C [0, 1). Let {x,} be a sequence in C defined as follows:

x1 € C isarbitrary,

Yn = Bnxn + (1 — Bn)Tnxn,

Cn={z€C: llyn —2l® < llxn — 21> +6a}, ' (37)
Qn={zeC: (X — 2,1 = x,) 20}, '

Xnt1 = Pc,ng1, n=1,2,3,...,

where
bn=A2L2—-1) >0,  Ap=sup{lix, —z|: z€ F) < oo.

If {Tn} satisfies the NST*-condition, then {x,} converges strongly to Pgx;.

Proof. Let S; be a mapping defined by
Sn=PFnl+ (1 —=B)T, forallneN.
It is clear that S, is quasi-Lp-Lipschitzian and (72 F(Tn) ={neq F(Sn). By Lemma 2.2(ii), we have {S,} satisfies the NST*-

condition. Applying Theorem 3.1 for the case a,; =0, we have {x,} converges strongly to Prx;. O

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H. Let {Ty} be a family of Ln-Lipschitzian mappings of
C into itself with L, > 1and (32, F(Ty) is nonempty and bounded. Suppose that {Tp} satisfies the NST*-condition. Then the following
statements hold:

(i) If {otn} is a sequence in [0, 1), then {x,} defined by (3.1) converges strongly to Pﬂ.?L F(TX1-
(i1) If {Bn) is a sequence in [0, b] C [0, 1), then {x,)} defined by (3.7) converges strongly to Pﬂ.?ix F(TmX1-

Remark 3.4. Corollary 3.3(ii) includes |14, Theorem 10] as a special case siﬁce the AKTT-condition implies the NST*-condition
(see Lemma 2.7). .
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4. Deduced theorems
4.1. Convergence theorems for a countable family of quasi-nonexpansive mappings

It is not difficult to see from the proof of the preceding theorems in Section 3 that the boundedness of a common fixed
point set can be discarded if {T,} is a sequence of quasi-nonexpansive mappings. So, from Theorem 3.1, we immediately
obtain the following theorem.

Theorem 4.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let {Ty} be a family of quasi-nonexpansive mappings
of C into itself with a nonempty common fixed point set. Let {x,} be a sequence in C defined as follows:

X1 € C s arbitrary,

Yn = oinkn + (1 — ap) TnXn,

Cn={z€C: llyn — zI* < lIxn — zII* — otn (1 — &) 1% — TXall?},
Qn={z€C: (X —2,%1 — xa) 2 0},

Xn41=Pc,ng, X1, n=1,2,3,...,

where {ay) is a sequence in [0, 1). If {T,} satisfies the NST*-condition, then {x,} converges strongly to Pﬂﬂiu F(TX1-

Corollary 4.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let {T,} be a family of quasi-nonexpansive mappings
of C into itself with a nonempty common fixed point set. Let {x,} be a sequence in C defined as follows:

x1 € C s arbitrary,

Yn = BnXn + (1 — Bp) Tnxn,
Co={zeC: llyn—zl <fxn —zl},
Qn={zeC: (Xn —2z,%1 —xa) 20},

Xn+1 = PeyngeX1, n=1,2,3,...,

where {fn} is a sequence in [0, b) C [0, 1). If {T,} satisfies the NST*-condition, then {xn} converges strongly to me;‘ F(TmX1-
4.2. Strong convergence theorems for an asymptotically « -strict pseudo-contraction

Let C be a subset of a real Hilbert space H and « € [0, 1). A mapping T : C — C is said to be an asymptotically k -strict
pseudo-contraction if there exists a sequence {k} of real numbers such that k, > 1, k; — 1, and
2 2
[T =Ty | <kallx = y 2 + k[ (1= T")x = (1= T")y |

for all x,y € C and n € N. Note that the class of asymptotically «-strict pseudo-contractions strictly includes the class of
asymptotically nonexpansive mappings, a concept introduced by Goebel and Kirk [6] in 1972. We note that T is asymptoti-
cally nonexpansive if and only if T is asymptotically 0-strict pseudo-contraction. In 1991, Schu [17] introduced the modified
Mann iteration: a sequence {x,} defined by

Xn41 = 0nXp + (1 —an)T"x, forallneN,
where x1 € C and {ay) is a sequence in [0, 1]. In 2008, Kim and Xu [9] introduced the hybrid method as follows:
x1 € C s arbitrary,
Yn = 0nXp + (1 — otp) T xp,
Co={2€C: llyn—2I? < I — 212 + (K — (1 — @n)) |%a — T"%a > + 6}, (41)
Qn={z€C: (Xn—2,% —xq) >0},
Xn41 = PcynoaX1, n1=1,2,3,...,
where
bo=01—an)tkn—1) >0 (n—>00), Ap=sup|llx, —z|: ze F(T)} < o0

and proved that if {a,) is a sequence in [0,b] C [0,1—«) and F(T) is nonempty and bounded, then {x,} defined by (4.1)
converges strongly to Pg(r)x1.

We present a convergence theorem for an asymptotically x-strict pseudo-contraction with a new control parameter
which is complementary to Kim and Xu's result {9, Theorem 4.1). Let us start with some auxiliary lemmas.
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Lemma 4.3. (See [9, Proposition 2.6].) Let C be a nonempty closed subset of a real Hilbert space H and let T be an asymptotically
Kk -strict pseudo-contraction of C into itself with 0 < k < 1 and a sequence {k,} C [1, 00) satisfying kn — 1.
(i) Foreachne N, T" saﬁsﬁes the Lipschitz condition:
[T"x = T"y| < tallx =yl forallx,yeC,
where £, ;= e /THT® -1

T-k

(ii) I — T is demi-closed at 0.

Lemma 4.4. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T be an asymptotically k -strict pseudo-contraction
of C into itself for some 0 < k < 1 and asequence {k,} C |1, co) such thatk, — 1. Assume that F(T) £ 0. Let S, be a mappmgdeﬁned

by
=Ml 4+ (1 —=2A)T" forallneN,
where kK < Ay < b < 1. Then {S,) is a family of /kn-Lipschitzian mappings of C into itself satisfies the NST*-condition and
e F(Sn) = F(T).
Proof. We first observe that, since « < A,

ISnx = Sayl? = [An(x = ¥) + (1 = A) (T = T"y) |
=l = Y12+ (A=A [T = Ty |* = 2@ = A) | (1 = T — (1 = T")y |
< Anllx = Y12+ (1 = M) (knllx = y12 + k|| (1 = T")x — (1 = T")y )
= A1 =) (1 = T"x = (1 = T")y|®
= (An+ (1 = A)kn) % = Y12 = (1 = An)(hn = )| (T = T")x = (1 = T")y||?
<kallx — yII2,

for all x,y € C. That is, S, is v/kp-Lipschitzian. We now prove that {S,} satisfies the NST*-condition, let {z,} be a bounded
sequence in C such that

lim [|zn — Snzall =0 and  lim [zq — Zp4e || = 0.
n->o0 n—o0

Since zp — Suza = (1 — Ap)(Zn — T"2,) and A, < b < 1,
lim ||z, — T"z, |} = 0.
n—-oo

Note that {£,} defined in Lemma 4.3(i) is bounded and

1zn41 = TZog1 Il € |za4r = T zngt | + | T 2ns = Tzoga |
< znps = T znga | + 64| T 2041 — 2o |
<lzntr = Tz | + & (| T 2041 = T"2a]| + [ T"20 — za | + U120 — Zasa 1)
< lzner = Tzt | + &4 + Dllznsr — zall + 64| T"20 — 2a ).
Then
im 1zn — Tzn || = 0.

By Lemma 4.3(ii), we have ww{z;} € F(T). It is easy to see that F(T) =2, F(Sn). It follows that {S,} satisfies the NST*-
condition. O

Theorem 4.5. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T be an asymptotically «-strict pseudo-
contraction of C into itself for some 0 < k < 1 and a sequence {k,} C [1, 00) with k, — 1. Assume that {ay} is a sequence in [k, 1)
and F(T) is nonempty and bounded. Let {x,) be a sequence generated by

x1 € C isarbitrary,
Yn=0nxn + (1 — an)Tanv
2 -
Cn={z€C: llyn —2I* < I%n — 2II* + (& — o)1 — ) [0 — T"xn | + 6n }, (42)
Qn={z€C: (Xn —2z,%1 —xa) > 0},
“Xn+1=PcineeX1, n=1,2,3,...,
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- 1-
fn =A§( 5 j:)(k" -1)=>0 (n—>00), Ap=sup{lix,—z|: ze F(T)} <oo.

Then the sequence {xn} defined by (4.2) converges strongly to Pr(1yx;.

Proof. Let S, be a mapping defined by

Spn=kl+1—-x)T" forallneN.
By Lemma 4.4, we have {S,} is a family of +/k,;-Lipschitzian mappings of C into itself satisfies the NST*-condition and
F(T)=(r2, F(Sn). For a given sequence {o} in {«, 1), we define g, = %=X €10, 1). Then

Yn =0nXn + (1 — o) T"xp = (ﬂn +(1~ ﬂn)’f)xn + (1= B)(1 —k)T"xy

= fpxn + (1 — ﬂn)("xn +(1- K)Tnxn) = BnXn + (1 ~ fn)SnXn,
and
n, {2 2
(k —ap)(1 —an)"xn =T % ” = —fn(1 = fn)llXn — Snxn .

Applying Theorem 3.1, we have {x,} converges strongly to Pr(ryx; as desired. 0O
Setting k =0, we have the following.

Corollary 4.6. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T be an asymptotically nonexpansive mapping
with a sequence {kn} C [1, 00) and kn — 1. Assume that {an} is a sequence in [0, 1) and F(T) is nonempty and bounded. Let {x,} be
a sequence generated by

x1 € C s arbitrary,
Yn=tnXn + (1 — o) T"xy,
Cn={z€C: lyn~ 217 < In — 20 — an (1 — &) X0 = T"xa|* + G}, “
Qn={zeC: (X —2z,x1 — xa) >0},
X1 =PenguX1, n=1,2,3,..,
where
bn =051 — o)y —=1) >0 (n—>00).  Ap=sup{lix, —z:: z& F(T)} < o0,
Then the sequence {xn) defined by (4.3) converges strongly to Pr(r)X1.

Remark 4.7. Corollary 4.6 is an improvement of [9, Corollary 4.3]. More precisely, the condition limsup,_, o <1 is
dropped away.

4.3. Common solutions of a fixed point problem and an equilibrium problem

Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a bifunction of C x C into R, where R is
the set of real numbers. The equilibrium problem for f:C x C — R is to find x € C such that

f(x,y)>0 forallyeC. (44)

Numerous problems in physics, optimization, and economics reduce to find a solution of (4.4). The set of solutions of (4.4)
is denoted by EP(f). Some methods have been proposed to solve the equilibrium problem (see [2-4,14,18]). In 2005, Com-
bettes arid Hirstoaga [3] introduced an iterative scheme of finding the best approximation to the initial data when EP(f) is
nonempty and they also proved a strong convergence theorem.

For solving the equilibrium problem, let us assume that the bifunction f satisfies the following conditions (see [2]):

(A1) f(x,x)=0forall xeC;
(A2) f is monotone, ie., f(x,y)+ f(y,x) <0 for any x, y € C;
(A3) f is upper-hemicontinuous, i.e., for each x, y,z€ C,

limsup f(tz+ (1 —1)x,y) < f(x, y);
t—0t
(A4) f(x,-) is convex and lower semicontinuous for each x € C.

By [2, Corollary 1] and [3, Lemma 2.12], we have the following lemma.
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Lemma 4.8. Let C be a nonempty closed convex subset of a real Hilbert space H, let f be a bifunction from C x C into R satisfies
(A1)-(A4) and let r > 0 and x € H. Then there exists unique x* € C such that

1
fxy)+ ;(y —x*x*—x)>0 forallyeC.
Let T, bea mapping of H into C defined by
T (x) = x*
for all x € H. Then, the following hold:
(i) Ty isfirmly nonexpansive, i.e., forany x, y € H,

ITrx = Ty < X — yI2 = [ (Tox =) — (Try = 0|5

(ii) F(Ty) =EP(f):
(iii) EP(f) is closed and convex.

In order to apply Theorem 3.1, we first prove the following lemmas.

Lemma 4.9. Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a bifunction from C x C into R satisfying
(A1)-(A4) and EP(f) # . If {ra} is a sequence in (0, oo) satisfying liminf,_, oo rn > O, then {T;,} is a family of firmly nonexpansive
mappings of H into C and satisfies NST-condition.

Proof. It easy to see that {T;,} is a family of firmly nonexpansive mappings of H into C and (52, F(Tr,) = EP(f). Let {z;}
be a bounded sequence in H such that lim;_, o0 lZn — Tr,2nl| =0 and w € ww{za). Then z,, — w for some subsequence {n;}
of {n). For each n e N, let wp = Ty, zy. Since liminf, o rq > 0, it follows that

Zn — Wp
n

lim
n—oo n-oo

1
= lim —”Zn I Tr"Zn “ =0. (4.5)
n
Notice that
1
fwn, y)+ —{y = Wn, Wn —21) >0 forall y e C.
n

So, from.(A2) we have

Wn —2Zp

(y;~wn, >> fly,wn) forallyecC.

In particiixlar,
<y - Wn;, W"T_'Z"'> 2 f(y,wy,) forallyeC.
This together with (4.5), (A4) and z;;, — w gives
0> f(y,w) forall yeC.
Then, for t € (0,1] and y € C,
0=f(ty+ 1 —Hw,ty+ (1 -t)w)
tfty+Q-0w,y) + (1 -0 f(ty + (1 —tyw, w)
<ty +(1-tw,y)
hence .
flty+(-0w,y)>0.
Letting t — 0% and using (A3), we get
fw,y)>0 forall yeC,
and hence w € EP(f) = ﬂ;’,‘;] F(Ty,). This implies that {T;,} satisfies the NST-condition. This completes the proof. O

Using Theorem 3.1, we have the following theorem.
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Theorem 4.10. Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a bifunction from C x C into R satisfying
(A1)-(A4) and let {Sp} be a family of Lp-Lipschitzian mappings of C into H with Lp > 1 such that F := (32, F(Sp) N EP(f) is
nonempty and bounded. Assume that {ay} is a sequence in [0, 1) and {r,} is a sequence in (0, 0o) satisfying liminf,_, o 1y > 0. Let
{xn} and {uy} be sequences generated by x; € H and

1
uneCsuchthatf(un,y)+r—(y—u,,,u,,—x,,) 20 forallyeC,
n

Yn = QnXp + (1 — &) Spin,

Cn={z€C: llyn — 2I? < Ixn — 2l — ot (1 — ) 1% — Snttall® + (1 = 2n)bn},
Qu={2€C: (X —2,% —Xp) 20},

Xn+1 = PcongaX1, n=1,2,3,...,

where
6n=Aﬁ(L,E—1)—>O, An=sup{llxa —z||: z€ F} < o0.
If {5} satisfies NST*-condition, then {x,} converges strongly to Prx;.

Proof. For each n € N, we have u; = Ty, x;. By Lemmas 4.9 and 2.3, we have {5;T,,} is a family of quasi-L,-Lipschitzian
mappings of H into itself satisfies NST*-condition. Applying Theorem 3.1, we have {x,} converges strongly to Pr(x1). O

Using Corollary 4.2, we have the following theorem.

Theorem 4.11. Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a bifunction from C x C into R satisfying
(A1)-(A4) and let {Sn} be a family of nonexpansive mappings of C into H such that F := (72, F(Sz) N EP(f) # @. Assume that {f,)
is a sequence in [0, b] C [0, 1) and {r,} is a sequence in (0, 0o) satisfying liminf,—, o > 0. Let {x,} and {u,} be sequences generated
by x; € Hand

1

up € Csuch that f(un, y) + r—(y —Un,Up—Xg) =0 forallyeC,
n

Yn = BnXn + (1 — Bn)Snun,

Cn={zeC:llyn— 2zl < lIxa - zIl},

Qu={z€eC: (X —2,x1 — xa) 20},

Xn41 = PcongeX1, n=1,2,3,....

If {Sn} satisfies NST*-condition, then {xn} converges strongly to Prx;.

Corollary 4.12. (See [ 18, Theorem 3.1].) Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a bifunction from
C x C into R satisfying (A1)-(A4) and let S be a nonexpansive mapping from C into H with F(S) N EP(f) # @. Assume that {8,} isa
sequence in [0, b] C [0, 1) and {r,} is a sequence in (0, co) satisfying liminfy—, oo n > 0. Let {x,) and {un) be sequences generated by
X1 € Hand

1

up € C such that f(up, y) + ;—(y—u,.,u,, —xp) =0 forallyeC,
n

Yn = Bnxn + (1 — Bp)Sup,

Co={z€C: llyn—zll < lIxa — 2Ii},

Qn={z€C: (n—2,% —X) >0},
Xn41 = PcyngaX1, n=1,2,3,....

Then {x,} converges strongly to P synep(f)(X1).
Proof. Setting S, = S in Theorem 4.11. O
4.4. Common solutions of a fixed point problem and a variational inequality problem

In this subsection, we apply Corollary 3.2 to the problem of approximating a common element of the common fixed
point set for a countable family of mappings and the set of solutions of the variational inequality for an inverse strongly
monotone mapping.

Let C be a nonempty closed convex subset of a real Hilbert space H and A a mapping of C into H. The classical
variational inequality is to find x € C such that

(Ax,y —x)>0 forall yeC.
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The set of solutions of classical variational inequality is denoted by VI(C, A). We know that
CUEVIC,A) & u=Pc(u—AAu)
for all A > 0, where [ is the identity mapping (see [8,20]). A mapping A of C into H is said to be

(1) monotone if
(Ax— Ay, x—y)20 forallx,yeC;
(2) a-inverse-strongly-monotone, where « > 0, if
(Ax — Ay, x—y) > a||Ax — Ay||2 forall x,y eC.

Note that every a-inverse-strongly-monotone mapping is monotone and (1/a)-Lipschitzian.
We need the following lemma.

Lemma 4.13. (See [11, Lemma 2.3].) Let C be a nonempty closed convex subset of a real Hilbert space H. Let a > 0 and let A be an

a-inverse-strongly-monotone mapping of C into H with VI(C, A) # 0, then

2a— A
2a

forallx >0, xeCandz e VI(C, A). Furthermore, if 0 < A < 2, then Pc (I — AA) is a nonexpansive mapping of C into itself.

|Pct —2Ax —z|* < IIx — z)1? — [Pc(r —AA)x x|

Lemma 4.14. Let C be a nonempty closed convex subset of a real Hilbert space H and let « > 0. Let A be an «-inverse-strongly-
monotone mapping of C into H such that VI(C, A) # @. Let {W,} be a sequence of nonexpansive mappings of C into itself defined
by

Wn = Pc(l — AnA), /
foralln e N, where {\,} is a sequence in [c,d] C (0, 2a). Then {W} satisfies NST-condition.

Proof. We note that ﬂ;’,; F(Wp) =VI(C, A) # @. Let {z,} be a bounded sequence in C such that limps oollzn — Waznll =0
and w € wy{z,). There exists a subsequence {n;} of {n} such that z;, — w and X;; > A € [c,d]. Then Pc(I — AA) is a
nonexpansive mapping of C into itself and

F(Pc(l = AA)) = VI(C, A) = () F(Wa).

n=1

Since A is (1/a)-Lipschitzian and {z,} is bounded, let M = sup{||Azy,||: i € N}. Then

”PC(I = AA)zn; — Pc(l — A A)zn, u < "G — AA)zp; — (I — An; A) 2y ” =X — Ap; | AzZp; || € [ — Apy|M — 0.

So, we get

|Pc( = XA)zy, — zn, || < | Pl = AA)zn; — Pc(l — Any A)zn, | + W, 2n, — 2o, ]| = O.

By Lemma 2.6, we have w € F(Pc(I — AA)) and hence ww{z,} C (52, F(Wy). This implies that {Wy} satisfies the NST-
condition. 0O [

Using Corollary 3.2, we have the following theorem.

Theorem 4.15. Let C be a nonempty closed convex subset of a real Hilbert space H and let o > 0. Let A be an «-inverse-strongly-
monotone mapping of C into H and let {Sp} be a family of L,-Lipschitzian mappings of C into itself with L, > 1 such that F :=
N2, F(Sa) NVI(C, A) is nonempty and bounded. Assume that {$,} is a sequence in [0, b] C [0, 1) and {An} is a sequence in [c,d] C
(0, 2x). Let {x,} be a sequence generated by x, € C and

Yn = Bnxn + (1 = Bn)SnPc(Xn — AnAkn),
Cn={z€C: llyn—2IP* < lixn — 2iI* + 6},
Qn={z€C: (xn—2,% —x3) 20},
Xn+1=Pcng,%1, n=1,2,3,...,
where
bo=A%(L2—1) >0, Ap=sup{lix,—zl: ze F} <.
If {Sn} satisfies NST*-condition, then {x,} converges strongly to Pgx;.
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Proof. For each n e N, let Tp = SpPc(I — AyA). By Lemmas 4.13, 414 and 2.3, we have {T,} is a family of quasi-
Lp-Lipschitzian mappings of C into itself satisfying NST*-condition. Applying Corollary 3.2, {x,} converges strongly to
Pe(x1). O

Using Corollary 4.2 and Lemmas 4.13 and 4.14, we have the following theorem.

Theorem 4.16. Let C be a nonempty closed convex subset of a real Hilbert space H and let « > 0. Let A be an «-inverse-strongly-
monotone mapping of C into H and {S,} be a sequence of nonexpansive mappings of C into itself such that (32, F(Sp) NVI(C, A) # @.
Let {x,} be a sequence generated by x; € C and

Yn =SnPc(Xn — AnAxn),
Co={z€C: llyn—zll < lIxa — zll},
Qn={z€C: (X —2,x1 —x3) 2 0},
Xn1 = Pc,nQqX1,

Jor every n € N, where {An} is a sequence in [c,d] C (0,2c). If {Sp} satisfies NST*-condition, then {x,} converges strongly to
P Fsmnvice, aX1-
n=1 n ’

Setting S, = S in Theorem 4.16, we have the following result.

Corollary 4.17. (See [11, Theorem 3.9].) Let C be a nonempty closed convex subset of a real Hilbert space H and let & > 0. Let A be an
a-inverse-strongly-monotone mapping of C into H and S be a nonexpansive mapping of C into itself such that F(S) N VI(C, A) # 0.
Let {x,} be a sequence generated by x; € C and

Yn=SPc(xn — MAxn),
Co={zeC: lya—zll < lIxn —zII},
Qu={zeC: (s —z,x1 — x3) 20},
Xn+1 = PeinQaXi,

forevery n € N, where {Ay} is a sequence in [c, d] C (0, 2cr). Then {xy} converges strongly to Pr(s)nvi(c,4)(X1)-
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vergence theorems. This new condition is implied by many previous known conditions
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pings and asymptotically nonexpansive mappings and we immediately obtain convergence
theorems proved by Song-Chen, Kimura-Takahashi, Tan-Xu, and many others.
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1. Introduction
A real Banach space E is said to be uniformly convex if for any ¢ > 0, there exists ¢ > 0 such that
. X+ -
Il =yl =1 and fx-y|>¢ imply S5 <1-5

Let C be a subset of a real Banach space E. A mapping T : C — E is said to be Lipschitzian if there exists a positive constant L
such that

ITx — Ty|| < L||x —y|| forall x,y € C.

In this case, T is also said to be L-Lipschitzian. Clearly, if T is L;-Lipschitzian and L, < L,, then T is L,-Lipschitzian. Throughout
the paper, we assume that every Lipschitzian mapping is L-Lipschitzian with L > 1.If L = 1, then T is known as a nonexpan-
sive mapping. We denote by F(T) the set of fixed points of T. If C is a nonempty bounded closed convex subset of a uniformly
convex Banach space and T is a nonexpansive self-mapping of C, then F(T) #  (see |10]). There are many methods for
approximating fixed points of a nonexpansive mapping. In 1953, Mann | 1 3] introduced the iteration as follows: a sequence
{xn} defined by

Xni1 = OnXn + (1 — oty) TXy, (1.1)

where x; € C and {a,} is a sequence in [0, 1]. Song and Chen [22] extended iteration (1.1) to obtain weak and strong conver-
gence theorems for finding common fixed points of a countable family of uniformly asymptotically regular nonexpansive
mappings {T,} by the following iteration:

Xni1 = OpXn + (1 — 0tn) TrXn, (1.2)

* Corresponding author.
E-mail addresses: nweerayuth@sci.ubu.ac.th (W. Nilsrakoo), saejung@kku.ac.th (S. Saejung).
! The corresponding author was supported by the Thailand Research Fund and the Commission on Higher Education (MRG5180146).
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where x; € C and {a,} is a sequence in [0,1]. Recently, the present authors [17] proved that the iteration (1.2) converges
weakly to a common fixed point of a countable family of L,-Lipschitzian mappings in a Hilbert space.

In this paper we introduce a new condition, so-called the NST -condition, for a class of mappings and use this condition to
obtain weak and strong convergence theorems for finding common fixed points of a countable family of L,-Lipschitzian map-
pings in a uniformly convex Banach space. Consequently, we immediately obtain the corresponding results recently proved
by Song-Chen [22], and Kimura-Takahashi {12]. It is noted that the NST -condition is weaker than the additional condition
on the mappings studied:in [22]. Moreover, we also apply our results for asymptotically nonexpansive mappings.

2. Preliminaries

We need some facts and tools in a uniformly convex Banach space which are listed as lemmas below.

Lemma 2.1 [20]. Let E be a uniformly convex Banach space, let {1,} be a sequence in [a, b] for some a,b € (0,1), and let {x,} and
{yn} be sequences in E such that limsup,_||xs| < d,limsup,_ |y, < d and limp_co||AnXn + (1 — 23)y,)| =d. Then
limp_.o[}%n — ¥l = O.

By Xu's inequality [27, Theorem 2], we have the following lemma.

Lemma 2.2. Let E be a uniformly convex Banach space and B, := {x € E : ||x|| < r},r > 0. Then there exists a continuous strictly
increasing convex function g : {0, 00) — [0, 0c0) with g(0) = 0 such that

1% + (1 = DyII* < 20x]1* + (1 = Iyl ~ AT = Dg(lix - yl)
forallx,y € B, and 4 ¢ [0,1].
Lemma 2.3 [2, Lemma 1.1]. Let C be a nonempty bounded closed convex subset of a uniformly convex Banach space E. Then there

is a strictly increasing .and continuous convex function 7 : [0, 00) — [0, 00) with y(0) = O such that, for every L-Lipschitzian map-
ping T : C — E and, the following inequality holds, for all x,y € C and t € [0, 1],

1 1
?(z IeToe+ (1= )Ty - T(ex+ (1 - t)y)u) < lle=yll = 7 ITx = Tyl
We write x, — x (x, — x, resp.) if {x,} converges strongly (weakly, resp.) to x.

Lemma 24 [11, Lemma 2.2}. Let C be a nonempty bounded closed convex subset of a uniformly convex Banach space E. Then
there is a strictly increasing and continuous convex function h : [0, co0) — [0, 0o) with h(0) = 0 such that, for every nonexpansive
mapping T : C — E and x, — x with x, € C,

h(jlx — Tx}}) € liminf (1Xn — Tn]|-
To deal with a family of mappings, the following conditions are introduced: Let C be a subset of a real Banach space E, let

{Tx} and 7 be families of mappings of C with F(77) = 32, F(Tx) # 0, where F(Z) is the set of all common fixed points of all
mappings in 7. {T,} is said to satisfy

(a) the AKTT-condition [1] if for each bounded subset B of C,
o0
> sup{||Tns1z - Tuz|| : 2 € B} < 0.
n=1
(b) the NST-condition (I) with 7 [14] if for each bounded sequence {z,} in C,
,!im [1zn — Tazql| = O implies rllim |zo — Tzp|| =0 forallTe 7.
In particular, if 7 = {T},i.e., 7 consists of one mapping T, then {T,} is simply said to satisfy the NST-condition (I) with T.
(c) the NST-condition (1I) {14] if for each bounded sequence {z,} in C,
lim ||z1 — Tuzoll = O implies lim ||z, ~ Tnz,) =0 forall me N.
(d) the uniformly asymptotic regularity (in short, u.a.r.) [22] if
'l.im sup||Tpz — Tp(Te2)|| =0 forallme N.
=0 z¢C

Inspired by conditions above, we introduce the following one:
(e) {7} is said to satisfy the NST -condition with 7 if for each bounded sequence {z,} in C,

lim |z, —Toznll =0 and lim ||z, — Zpy1|| =0
n—oo n—oco
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imply that limp_q |2, — Tz,)| = O for all T € 7. In particular, if 7~ = {T}, then, we simply say that {T,} satisfies the
NST'-condition with T.

Remark 2.5.

(1) If {T,,} satisfies the NST-condition (I) with 7, then {T,} satisfies the NST"-condition with 7.
(2) I {T,} satisfies the NST-condition (II), then {T,} satisfies the NST -condition with {T,}.

Lemma 2.6. {1, Lemma 3.2]. Let C be a nonempty closed subset of a Banach space E and let {T,} be a family of mappings of C into
itself which satisfies the AKTT-condition, then the mapping T : C — C defined by
Tx = ’llim Tox forallxeC

satisfies .
r!im sup{l|Tz-T,z||: z€ B} =0
for each bounded subset B of C.

From now on, we will write ({T,}, T) satisfies AKTT-condition if {T,} satisfies AKTT-condition and T is defined by Lemma
2.6.

Lemma 2.7. Let C be a nonempty closed subset of a Banach space E. Suppose that ({Tn},T) satisfies AKTT-condition and
F(T) = "2 F(Tx) # 0. Then {T,} satisfies the NST-condition (I) with T. Consequently, {T,} satisfies the NST -condition with T.
Proof. Let {z,} be a bounded sequence in C such that lim,_ ||z, — Tazx|| = 0. We apply Lemma 2.6 to get

zn = Tzall < 1120 — TnZall + [ITnzn — Tza|| < 120 — TaZall + SUp{||Tnz ~ T2|| : 2 € {za}} — 0.
Hence, we obtain thatl{T,.} satisfies the NST-condition (I) with T. This completes the proof. O

Lemma 2.8. Let C be a nonempty closed subset of a Banach space E and let {T,} be a family of uniformly continuou§ mappings of C
into itself. If {T,} satisfies the condition u.a.r., then {T,} satisfy the NST-condition (I) with {T,} and the NST-condition (II).

Proof. Let {z,} be a bounded sequence in C such that lim,_||z, — Txza]| = O. It follows from the uniform continuity of each
-mapping T, that

lim [ Tzy = Tn(Taza)}| = 0.

Since {T,} satisfies the condition u.a.r., we get

12n = Tmzall < |20 — Tnzall +1Tnzn — Ti(TnZa)|| + 1 TmZa — Tm(Taza)|l
< |z — Tazall + sup ITaz — Tm(Ta2)|| + [[Tmzn — Tm(Tnzn)l| — O,
Z€

as n — oo. Hence, we obtain that {T,} satisfies the NST-condition (I} with {T,}. The rest of the proof is similar to the one
above, so it is left for the reader to verify. 0O

The following lemma presents a demiclosedness-like principle of a countable family of Lipschitzian mappings.

Lemma 2.9. Let C be a nonempty closed convex subset of a uniformly convex Banach space E. Let {T,} be a family of
Lp-Lipschitzian mappings of Cinto itself with L, — 1 and (32, F(Ta) is nonempty. Let {x,} be a sequence in C such that x, — x € C
and liMy_,o||Xn — TmXg|| = O for all m € N. If {T,} satisfies the NST -condition with {T,}, then x € (321 F(Ty).

Proof. Since {x,} is bounded, let R > 0 be such that {x,} C K := Bg n C. Then K is a nonempty closed convex bounded subset
of E.Foreachme N, T, := ﬁTm is a nonexpansive mapping of K into E. This implies that

Xn — TmXn||s

h(“x -,.?,,,x”) < liminf

n—oo

where h is the function given in Lemma 2.4. Since L, — 1,2, F(T,) # ¢ and K is bounded, there exists M > 0 such that
ITmzl| <M, forallme N and zeK.

In particular,

Xn — TmXn

1 1 1
o= 1Tt | < o= Tt + (1= 25 Tl < o = Tt + (1= 15 0.
m m s m
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1
and hence

([l - Tax]|) < (1 - E%)M

So, we get

tma(fe- T 0

This implies that

lim sup | Xn — T m¥Xn

n—oo

From the definition of h, we have
lim “x - fmxH =0.

Mm—oo

Since

= Tkl < [ = T+ | Tk = T < = T+ (11 .

we get

lim ||x — Tpx|| = 0.

m—oo
Since {T,} satisfies the NST -condition with {T,}, we have ||x — T,x|| = 0 for all k € N. That is, x € (=, F(T») and the proof is
finished. O
Lemma 2.10 [24, Lemma 1). Suppose that {a,} and {b,} are sequences of nonnegative real numbers such that

Gny1 < (14 by)ay, forallneN
and Y 5% by < oo, then limy,_..an exists. In particular, if liminf,_.a, = O, then lim,_..a, = 0.
Lemma 2.11. Let C be a nonempty closed convex subset of a Banach space E and let {T,} be a family of L,-Lipschitzian mappings of
Cinto itself with 3" | (L — 1) < oo and (2, F(T,) is nonempty. Let {x»} be a sequence in C defined by (1.2), then limp_ [{x» — pl|
exists for each p € (22 F(Th).
Proof. Let p € N;-,F(T»).Then

101 = Pl < otallXn — Pl + (1 = 0tn) | TaXn — Pl < 0nl|Xn — Pl + (1 — otn)Lal[xn — pI|

=1+ (1= on)(Ln = 1)IXn = Pl < (1 + (L = 1))]1%n — Pl (2.1)

for all n € N. Since 3% (L, — 1) < oo, the conclusion follows from Lemma 2.10. This completes the proof. O
Lemma 2.12. Let C be a nonempty closed convex subset of a Banach space E and let {T,} be a family of L,-Lipschitzian mappings

from C into itself with 37 (L, — 1) < 0o and (\;2,F(T») is nonempty. Let {x,} be a sequence in C defined by (1.2), where
lim,_ .o, = 0. Suppose that {T,} satisfies the NST-condition (II). Then

’llim |[Xn = TrmXnll =0 for all m e N.

Proof. it follows from Lemnma 2.11 that {x,} and {x, — Thx,} are bounded. Since lim,_ &, = 0, we have

,lll_{g IXn+1 = TnXal| = 0n[lXn — TnXall = 0.
The conclusion fdllows since {T,} satisfies the NST-condition (II). O

Lemma 2.13. Let C be a nonempty closed convex subset of a uniformly convex Banach space E and let {T,} be a family of L,-Lips-
chitzian mappings of C into itself with 37 , (Lo — 1) < oo and (i, F(T») is nonempty. Let {x,} be a sequence in C defined by (1.2),
where {a,} C [a,b] for some a,b € (0,1). Suppose that & is a family of mappings of C into itself such that F(7) = N, F(Ta). If
{T,} satisfies the NST -condition with 7, then

lim [Ix, — Txa| =0 forall Te 7.

Proof. Let p € (\,F(Tx). By Lemma 2.11, let lim,||x, — p|| = d for some d > O. It follows from (1.2) that
d= 'l.l_l"g [IX741 — Pl = rl.i_l.'g”an(xn —p) + (1 = ) (TnXa — P)|I- (2.2)
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Consequently,
limsup a,(t) < rll'élm bam(t) +_1iLn infa,(t) = lig] inf a,(t).

n—oo

This implies th'at lim,,_.a,(t) exists for any t € (0,1) and the proof is finished. O

Theorem 3.6. Let C be a nonempty closed convex subset of a uniformly convex Banach space E such that its dual E* has the Kadec-
Klee property. Let {T,} be a family of L,-Lipschitzian mappings from C into itself with 3", (L, — 1) < oo and (2 ,F(T,) is non-
empty. Suppose that 7 is a family of mappings from C into itself such that F(7) = (\.,F(Tn) and I — T is demi-closed at 0 for
all T € 7. If {T.} satisfies the NST -condition with 7, then the sequence {x,} in C defined by (1.2), where {,} C [a, b] for some
a,b € (0,1), converges weakly to z € F(7).

Proof. It follows from Lemma 2.13 that
’111_12 (X = T, =0 forall Te 7.
Since {x,} is bounded, let z € w.{x,}. There exists a subsequence {x,} of {x,} such that x,, — z. So, we get z € F(). This
implies that ww{x,} C F(Z). Then, by Lemma 3.5, the limit
lim |jtxa + (1 - t)p - q]|
exists for all t € [0,1] and p,q € ww{x,}. Hence x, — z € F(") by Lemma 3.4. This completes the proof. O
Similarly, using the same arguments as in Theorems 3.3 and 3.6 yields the following.

Theorem 3.7. Let C be a nonempty closed convex subset of a uniformly convex Banach space E such that its dual E* has the Kadec-
Kiee property. Let {T,} be a family of L,-Lipschitzian mappings of C into itself with 32 ; (Ln — 1) < oo and (32, F(T») is nonempty.
Let {xn} be a sequence in C defined by (1.2) and one of the following control conditions:

(i) {T.} satisfies the NST-condition (II) and lim,,_, .0, = 0;
(ii) {Ta} satisfies the NST -condition with {T,} and {a.} C [a,b] for some a,b € (0,1).

Then {x,} converges weakly to a common fixed point of {T,}.

4. Strong convergence theorems
We prove strong convergence of the iteration (1.2} in a uniformly convex Banach space. Recall that a mapping T : C — Cis

(a) semi-compact if every sequence {x,} in C satisfying x, — Tx, — 0 has a convergent subsequence;
(b) closed if whenever {x,} is a sequence in C satisfying x, — x and Tx, — y, then x € C and Tx = y.

Theorem 4.1. Let C be a nonempty closed convex subset of a uniformly convex Banach space E. Let {Tn} be a family of Ln-
Lipschitzian mappings of C into itself with 352 1 (Ln — 1) < co and (&, F(Tn) is nonempty. Suppose that {T,} satisfies the NST -
condition with 7, where 7 is a family of closed mappings of C into itself such that F(T) = (2., F(Tn). If there exists some Tes
which is semi-compact, then the sequence {x,} in C defined by (1.2), where {,} C [a, b] for some a,b € (0, 1), converges strongly
toze F(7).

Proof. Suppose that T € 7 is semi-compact. It follows from Lemma 2.13 that

lim =0.
n—oo0

So there exists a subsequence {x,} of {x,} such that x, —z e C asj— oo. As
lim(jx, — Txy}l =0 forall Te s
Joo

Xn — TXp,

Since T is closed, we have Tz=z for all T € 7 and hence z € F(7). By (2,F(T,) = F(Z) and Lemma 2.11, we have
xn—zeF(7). O

Using Lemma 2.12 and following the proof of Theorem 4.1, we also have the following.

Theorem 4.2. Let C be a nonempty closed convex subset of a uniformly convex Banach space E. Let {T,} be a family of
L,-Lipschitzian mappings of Cinto itself with 352, (Ln — 1) < co and (2., F(Tx) is nonempty. If {Tn} satisfies the NST-condition (II)
and one of the mappings {T,} is semi-compact, then the sequence {x,} in C defined by (1.2), where lim,_.0, = 0, converges
strongly to a common fixed point of {T,}.

We next prove a strong convergence theorem of our iteration in the presence of another condition. We recall that a map-
ping T of C with F(T):# 0 satisfies condition (A) (see {21]) if there exists a nondecreasing function f : [0, c0) — [0, 00) with
f(0)=0and f(r) > O for all r € (0, 00) such that for all x € C,
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f(dx,F(Ty)) < |1x = Txj|.
Analogous to condition (A), a finite family 7~ of mappings of C with F(7) # @ satisfies condition (B) if there exists a function f
as above such that for all x € C,

fld(x,F(7))) < max{[x - Tx|| : T € 7}.

Theorem 4.3. Let C be a nonempty closed convex subset of a uniformly convex Banach space E. Let {T,} be a family of L,-
Lipschitzian mappings of C into itself with 3221 (L, — 1) < 0o and (32, F(Ty) is nonempty. Suppose that {T,} satisfies the NST -
condition with &, where 7 is a family of closed mappings of C into itself such that F() = (\oo.1F(Tn). If 7 is finite and satisfies
condition (B), then the sequence {x,} in C defined by (1.2), where {an} C (a,b] for some a,b € (0,1), converges strongly to
Ze F(T).

Proof. By Lemma 2.13, we have
,I.L“; e ~ Txp)l =0 forall Te 7. 4.1
Let f be the function corresponding to the condition (B) of the finite family . Then
f(d(xn, F(7))) < max{||xn - Ty} : T€ T} - 0
and so limy_.d(x,, F(7)) = 0. By Lemma 2.11, we know that {x, — p} is bounded. Then there is a constant M such that
M = sup{jjx, — p|j : n € N}.
This together with (2.1), shows that
Xne1 = Pl < X — Il + M(Ln — 1).
We also have

n+m-1

Xnem =PIl < l%n =PIl +M > (L= 1) (4.2)

j=n

forallnnmeNandpe F(7).
We now prove that {x,} is a Cauchy sequence in C. Let ¢ > 0. Since

lim d(x,,F(#)) =0 and > (La=1) < o0,

n=1

there exists a positive integer N such that
d(xn, E(T)) < —' and Z(L

There must exist q € F(7) such that

&
Ioew = all < 5.

From (4.2) it follows that, foralln > Nand m > 1,

n+m-1 n+m-1
Xnsm = Xall < [Xnem — qll + X0 —qll S 20X — gl + M Y (L= 1) < 2ux~—qn+2MZ<L ~D+M Y (-1
Jj=n j=N j=n

= €
<2xv —qll +2M Y (L~ 1) < 2;+2M

—_ =g
parr 4M

Hence {x,} is a Cauchy sequence in C. In virtue of the completeness of C, we may assume that x, — z € C. Since T is closed and
(4.1), we have z =Tz for all T € 7, so z € F(). This completes the proof. O

5. Deduced theorems

In this section, we present several related results which can be deduced by corresponding convergence theorems ob-
tained in Sections 3 and 4.

5.1. Convergence theorems for a countable family of nonexpansive mappings

Lemma 5.1 [9, Theorem 10.4]. Let C be a nonempty closed convex subset of a uniformly convex Banach space E, and T : C — C be
a nonexpansive mapping. Then | — T is demi-closed at 0.
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Theorem 5.2. Let C be a nonempty closed convex subset of a uniformly convex Banach space E. Let {T,} be a family of nonexpan-
sive mappings of C into itself such that (\;°,F(T,) # ¢ and satisfy one of the following control conditions:

(i) {T.} satisfies the NST -condition with 7, where 7 is a family of nonexpansive mappings of C into itself such that
F(7) = N,F(Ty) # 0 and {an} C [a,b] for some a,b € (0,1);
(ii) {T,} satisfies the NST-condition (II} and lim,_..0, = 0.

If, in addition, E satisfies Opial's condition or E* has the Kadec-Klee property, then the sequence {x,} in C defined by (1.2), con-
verges weakly to a common fixed point of {T,}.

Since the condition u.a.r. studied in [22] implies both NST -condition and NST-condition (II) (see Lemma 2.8), we imme-
diately, obtain the following corollary.

Corollary 5.3 [22, Theorems 3.3-3.5] Let C be a nonempty closed convex subset of a uniformly convex Banach space E. Let {Tp}
be a family of u.a.r. nonexpansive mappings of C into itself such that (oo F(Ta) # 0. If, in addition, E satisfies Opial’s condition or E*
has the Kadec—Klee property, the sequence {x,} in C defined by (1.2), where {as} C |a,b] for some a,b € (0,1) or limp_%: =0,
converges weakly to a common fixed point of {T,}.

Theorem 5.4. Let C be a nonempty closed convex subset of a uniformly convex Banach space E. Let {T,,} be a family of nonexpan-
sive mappings of C into itself such that (;2,F(Ta) # @ and satisfy one of the following control conditions:

(i) {T.} satisfies the NST -condition with 7, where 7 is a family of nonexpansive mappings of C into itself such that
F(7) =M F(Tys) # 0 and {&,} C [a,b] for some a,b € (0, 1) and one of the following holds:
(a) there exists some T € 9 which is semi-compact;
(b) 7 is finite and satisfies condition (B);

(ii) {T,} satisfies the NST-condition (II) and one of the mappings {T,} is semi-compact, and lim;,_.0, = 0.

Then the sequence {x,} in C defined by (1.2), converges strongly to a common fixed point of {T,}.

Corollary 5.5 [22, Theorem 3.9). Let C be a nonempty closed convex subset of a uniformly convex Banach space E. Let {T,} be a
sequence of u.a.r. nonexpansive mappings of C into itself such that "2, F(T») # 0. Suppose that one of the mappings {T,} is semi-
compact. Then the sequence {x,} in C defined by (1.2), where {o.\} is a sequence in [a,b] for some a,b € (0, 1) or lim,_0, = 0,
converges strongly to a common fixed point of {T}.

Let C be a nonempty closed convex subset of a Banach space E. Let {a,x} be a family of real numbers in [0, 1] with indices
n,k e N with 1 < k < n and let {S;} be a family of nonexpansive mappings with a common fixed point, we define a family
{W,} of nonexpansive mappings from C into itself by .

Unp = an,nsn +(1- an,n)’,
Un,n—] = Opn-1Sn-1Unp + (1 — Ona_1)l,

Unz = 03252Un3 + (1 — ain2)1,
Wy =Up1 = 0i151Un2 + (1 — o)LL
Such a mapping W, is call a W-mapping (see [12]) generated by Sn,Sn-i,-..,S1 and Oy Oty - - - Ol

Lemma 5.6. Let C be.a nonempty closed convex subset of a uniformly convex Banach space E. Let {¢,x} be a family of real
numbers in [a, b) with indices n,k € N with 1 < k < nforsomea,b € (0,1) and let {S;} be a family of nonexpansive mappings with
a common fixed point. Then {S1Uy 2} satisfies the NST-condition (I) with {S;}.

Proof. Let {z,} be a bounded sequence in C such that limy._.o, |2y — S1Un22a|| = 0. Let p € N oF(Sk)- It follows from Lemma 2.2
that

2 < (120 = S1Unazall + IS1Un22n = PUI)? = 120 — S1Un2Zall® + 2l|zn — $1Un2ZafllIS1Un22n = PI| + [1S1Un 22 - pIP

<

< |12zn = $1Un22allM + Un2zn — PII* = 120 — $1Un2ZalM + llotn2(S2Un 320 — P) + (1 — atn2)(za — )

< f12n = $1Un2ZalIM + 021S2Un 320 — DI + (1 = 0m2)l120 — PII* = tn2(1 = ta2)8(11S2Un32n = Zull)
< J12n = $1Un22a[IM + |10 = pII* — a(1 = b)g(|zn — S2Un32a])) '

for all n € N, where II}/I = sup{||z, — S1Un2znl| + 2||S1Un22n — pl| : n € N}. So, we get

liza =PIl

lim ||z, — SoUn3za|| = 0.
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By induction, we have
r1|"27 1zn — SkUnki12a|| =0 for all k e N.

Since
"zn - Skzn” < ”Zn - SkUn,k+‘Izn“ + ”skzn - skUn,kHZn ” < ”Zn - SkUn,k+1Zﬂ " + "Zn - Un,k+12n||
= |1zn — SkUnis12all + Onges1112n — Skr1Unkr22nll

for all n e N, we get

'!irg lizn — Skzall =0 forall k e N.

It is easy to see that N2,F(Sx) C My, F(S1Un2). To see the reverse inclusion, let z € (\3,F(S;Uy2). Follow from the first
part of the proof above but now let z, = z. Then z € (32, F(Sk). This implies that {S;U,,} satisfies the NST-condition with
{&}). O

Theorem 5.7. Let C be a nonempty closed convex subset of a uniformly convex Banach space E. Let { Box} be a family of real num-
bers in [a, b] with indices n,k € N with 1 < k < n for some a,b € (0,1) and let {S;} be a family of nonexpansive mappings with a
common fixed point. If, in addition, E satisfies Opial’s condition or E* has the Kadec-Klee property, then the sequence {x,} in C
defined by x; € C and Xp,1 = Wpx,, converges weakly to a common fixed point of {S}.
Proof. Let o, = 1 — oy for all n € N. Then a, € [a,b] and

Xne1 = Wakn = 0lnXn + (1 = 0n)S1Upn 2%,
By Lemma 5.6 and Theorem 5.2, it follows that {x,} converges weakly to a common fixed point of {S;}. O

Remark 5.8. Theorem 5.7 improves [12, Theorem 3.1] in the sense that the geometric property imposed on a.Banach space is
weakened.

Using Lemma 5.6 and Theorem 5.4, we also have the following result.

Theorem 5.9. Let C be a nonempty closed convex subset of a uniformly convex Banach space E. Let { Bnx} be a family of real
numbers in (a, b] with indices n,k € Nwith 1 < k < nforsome a,b € (0,1) and let {S,} be a family of nonexpansive mappings with
a common fixed point. Suppose that one of the mappings {S} is semi-compact. Then the sequence {x,} in C defined by x; € C and
Xn1 = Wiyxn, converges strongly to a common fixed point of {S}.

5.2. Convergence theorems for an asymptotically nonexpansive mapping

Let C be a subset of a Banach space E. A mapping T : C — C is said to be an asymptotically nonexpansive if there exists a
sequence {k.} of real numbers such that k, € [1, o0}, lim,_.k, = 1, and

IT°% = T"YIl < kallx =yl
for all x,y € C and n € N. The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [8] as an
important generalization of the class of nonexpansive mappings. It is also proved that if C is a nonempty bounded closed
convex subset of a real uniformly convex Banach space and T is an asymptotically nonexpansive self-mapping of C, then T

has a fixed point. There are many methods for approximating fixed points of an asymptotically nonexpansive mapping. In
1991, Schu [19,20] introduced the following:

(a) the modified Mann iteration: a sequence {x,} defined by
Xns1 = OXp + (1 — 0t)T"x,, (5.1)

where x; € C and {a,} is a sequence in [0,1].
(b) the modified Ishikawa iteration: a sequence {x,} defined by

Xni1 = OnXn + (1 = o) T (ByXn + (1 = B)T"Xn), (5.2)
where x; € C and {a,}, {8,} are two sequences in [0,1]. If 8, = 1, then (5.2) becomes (5.1).
Tan and Xu [25] proved the weak convergence theorem of the iterations (5.1) and (5.2) for an asymptotically nonexpan-
sive mapping in a uniformly convex Banach space which satisfies Opial’s condition or has a Fréchet differentiable norm.

In this subsection, we use the NST -condition to obtain results proved by Tan and Xu. We start with the following
auxiliary result.
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Lemma 5.10. Let C be a nonempty closed subset of a Banach space E and let T : C — C be an asymptotically honexpansive
mapping with'a sequence {k,} in [1,c0) satisfying limn_cks = 1 and F(T)  §. Define a mapping
n = T0(Bal + (1 = Ba)T")
forallneN, V\}here {B.} C [a,1] for some a € (0, 1}. Then {U,} is a family of kﬁ-Lipschitzian mappings of C into itself and satisfies
the NST -condition with T.

Proof. We first observe that
1UnX — Uyl < KnllBa(X = ) + (1 = Ba)(T™% = T < Kn(Ballx = Y1l + (1 = BIT"X = T"y]))
< kn(Bn + (1 = B)kn)lix = Yl < Killx = |

for all x,y € C. Then {U,} is a family of k2-Lipschitzian mappings of C into itself. Next, we prove that {U,} satisfies the NST'-
condition with T. Let {z,} be a bounded sequence in C such that

lim [iz, ~Unze =0 and lim za.1 - zall = 0.

Without loss of generality, we may assume that (1 - f,)k, < 1 for all n € N. We consider
22 — T"Zall < 1120 = Unzall + | T"20 — T"(Bnza + (1 = B)T"z)ll < l12n — Unzall + (1 = Ba)knllzn — Tz,

we get

1

n

Z ...l Z P — L > (0.
H 1 n" \_l (1 ﬂn)ln “Zn UnZn” O

Since

IZas1 = Tzt ll < 2ner = T Zagr | + 1T 201 = Tzngrll < 12aer = T Zanll + kel T"Zner = Zai |
< l1Zagr — T Zpsr || + ks (I T"Zns1 — T"zafl + "Tnz,_n = Zo|| + [|Zns1 — Zall)
< zngr = Tn+lzn+1 | + k1 (kn + V)| Zasa — Zal} + k1_||T"Z,, — Znl|,
it follows that
lim ||z, — Tz,|| = 0.
n—oo .
It is easy to see that F(T) c N, F(Ux). To see the reverse inclusion, let z € (\;_;F(Uy). Follow from the first part of the proof
above but now let z, = z. Then z € F(T). This implies that {U,} satisfies the NST -condition with T. O

Lemma 5.11 [4, Theorem 1]. Let C be a nonempty closed convex subset of a uniformly convex Banach space E, and T : C — C be
an asymptotically nonexpansive mapping with a fixed point set nonempty. Then I — T is demi-closed at 0.

The following theorem improves [25, Theorem 3.2] in the sense that the Fréchet differentiability norm is replaced by the
Kadec-Klee property of the dual.

Theorem 5.12. Let C be a nonempty closed convex subset of a uniformly convex Banach space E and let T : C — C be an
asymptotically nonexpansive mapping with a sequence {ky} in [1,00) satisfying 352 (kn — 1) < co and F(T) # 0. Let {xn} be a
sequence in C defined by (5.2), where {an} C [a,b] and {,} C |a, 1] for some a,b € (0,1). If, in addition, E satisfies Opial’s
condition or E* has the Kadec-Klee property, then {x,} converges weakly to a fixed point of T.

Theorem 5.13. Let Cbe a nonempty closed convex subset of a uniformly convex Banach space E and let T : C — C be an asymp-
totically nonexpansive mapping with a sequence {k,} in [1,00) satisfying 3., (ko — 1) < oo and F(T) # 0. Let {xn} be a sequence
in C defined by (5.2), where {a,} C [a,b} and {8,} C [a,1] for some a,b € (0, 1). If T is semi-compact or T satisfies condition (A),
then {x,} converges strongly to a fixed point of T.

Remark 5.14. Theorem 5.13 includes Theorem 2.2 of [26] as a special case.

Remark 5.15. By using the same ideas and techniques, we can also obtain the weak and strong convergence theorems for

finitely many asymptotically nonexpansive mappings and thereby unify the results obtained by many authors
[3-5,15,16,19,20,23,26].

Acknowledgements

The authors would like to tﬁank the referee and the editor for their comments and helpful suggestions.



606 W. Nilsrakoo, S. Saejung/Applied Mathematics and Computation 214 (2009) 595-606

References

[1] K. Aoyama, Y. Kimura, W. Takahashi, M. Toyoda, Approximation of common fixed points of a countable family of nonexpansive mappings in a Banach
space, Nonlineat Anal. 67 (2007) 2350-2360.
[2] RE. Bruck, A simple proof of the mean ergodic theorem for nonlinear contractions in Banach spaces, Israel J. Math, 32 (1979) 107-116.
[3] S.5. Chang, On the approximation problem of fixed points for asymptatically nonexpansive mappings, Indian J. Pure Appl. Math. 32 (2001) 1297-1307.
[4] S.S.Chang, Y.J. Cho, H.Y. Zhou, Demi-closed principle and weak convergence problems for asymptotically nonexpansive mappings, J. Korean Math. Soc.
38 (2001) 1245-1260.
[5] C.E. Chidume, B. Ali, Weak and strong convergence theorems for finite families of asymptotically nonexpansive mappings in Banach spaces, J. Math.
Anal. Appl. 330 (2007) 377-387.
(6] J. Diestel, Geometry of Banach Spaces-Selected Topics, Lecture Notes in Mathematics, vol. 485, Springer, New York, 1975.
(7] J. Garcia-Falset, W. Kaczor, T. Kuczumow, S. Reich, Weak convergence theorems for asymptotically nonexpansive mappings and semigroups, Nonlinear
Anal. 43 (20071) 377-401.
{8] K. Goebel, W.A. Kirk, A fixed point theorem for asymptotically nonexpansive mappings, Proc. Amer. Math, Soc. 35 (1972) 171-174.
[9] K. Goebel, W.A. Kirk, Topics in Metric Fixed Point Theory, Cambridge University Press, Cambridge, 1990.
[10] W.A. Kirk, Fixed point theorem for mappings which do not increase distance, Amer. Math. Monthly 72 (1965) 1004-1006.
[11] M. Kriippel, On an inequality for nonexpansive mappings in uniformly convex Banach spaces, Rostock. Math. Kollog. 51 (1997) 25-32.
[12] Y. Kimura, W. Takahashi, Weak convergence to common fixed points of countable nonexpansive mappings and its applications, J. Korean Math. Soc. 38
(2001) 1275-1284.
[13] W.R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc. 4 (1953) 506-510.
[14] K. Nakajo, K. Shimoji, W. Takahashi, Strong convergence to common fixed points of families of nonexpansive mappings in Banach spaces, J. Nonlinear
Convex Anal, 8 (2007) 11-34.
[15] W. Nilsrakoo, S. Saejung, A new three-step fixed point iteration scheme for asymptotically nonexpansive mappings, Appl. Math. Comput. 181 (2006)
1026-1034.
[16]) W. Nilsrakoo, S. Saejung, A reconsideration on convergence of three-step iterations for asymptoticaily nonexpansive mappings, Appl. Math. Comput.
190 (2007) 1472-1478.
[17] W. Nilsrakoo, S. Saejung, Weak and strong convergence theorems for countable Lipschitzian mappings and its applications, Nonlinear Anal. 69 (2008)
2695-2708.
|18} Z. Opial, Weak convergence of successive approximations for nonexpansive mappings, Bull. Amer. Math. Soc. 73 (1967) 591-597.
[19] J. Schu, Iterative construction of fixed points of asymptotically nonexpansive mappings, J. Math. Anal. Appl. 158 (1991) 407-413.
[20] J. Schu, Weak and strong convergence of fixed points of asymptotically nonexpansive mappings, Bull. Austral. Math. Soc. 43 (1991) 153-159.
[21] H.F. Senter, W.G. Dotson jr., Approximating fixed points of nonexpansive mappings, Proc. Amer. Math. Soc. 44 (1974) 375-380.
[22] Y. Song, R. Chen, Weak and strong convergence of Mann's type iterations for countable nonexpansive mappings, J. Korean Math. Soc. 45 (2008) 1393-
1404.
[23] S. Suantai, Weak and strong convergence criteria of Noor iterations for asymptotically nonexpansive mappings, J. Math. Anal. Appl. 311 (2005) 506-
517.
[24] KK. Tan, H.K. Xu, Approximating fixed points of nonexpansive mappings by the Ishikawa iteration process, J. Math. Anal. Appl. 178 (1993) 301-308.
[25] K.K. Tan, H.K. Xu, Fixed point iteration processes for asymptotically nonexpansive mappings, Proc. Amer. Math. Soc. 122 (1994) 733-739.
[26] B.L. Xu, M.A. Noor, Fixed point iterations for asymptotically nonexpansive mappings in Banach spaces, J. Math. Anal. Appl. 267 (2002) 444-453.
[27] H.K. Xu, Inequalities in Banach spaces with applications, Nonlinear Anal. 16 (1991) 1127-1138.



AS.

. Weerayuth Nilsrakoo and Satit Saejung, An implicit iteration for

a countable family of nonexpansive mappings in Banach spaces,
Numerical Functional Analysis and Optimizations 30 (5-6) (2009)
591--612. (impact factor(2008): 0.568)



Taylor & Francis

Taylor & Francis Group

Numerical Functional Analysis and Optimization, 30(5-6):591-612, 2009
Copyright © Taylor & Francis Group, LLC e
ISSN: 0163-0563 print/1532-2467 online

DOI: 10.1080/01630560902987949

AN IMPLICIT ITERATION FOR A COUNTABLE FAMILY
OF NONEXPANSIVE MAPPINGS IN BANACH SPACES

Weerayuth Nilsrakoo' and Satit Saejung?

'Department of Mathematics Statistics and Computer,
Ubon Rajathanee University, Ubon Ratchathani, Thailand

2Dep£zrtment of Mathematics, Khon Kaen University, Khon Kaen, Thailand

O We introduce an implicit sequence for an infinite family of nonexpansive mappings in a
uniformly convex Banach space. We prove weak and strong convergence theorems for finding a
common fixed point of the mappings. Our resulls not only include Plubtieng et al. (Numer.
Funct. Anal. Optim. 2007; 28:737-749), Kikkawa and Takahashi (Ann. Univ. Mariae
Curie-Sklodowska Sect. A 2004; 58:69-78), Kimura and Takahashi (Set-Valued Anal.
2008; 16:597-619) as special cases but also are established under the weaker assumptions.

Keywords Implicit iteration; Nonexpansive mapping; Uniformly convex Banach
space; Weak and strong convergence.

AMS Subject Classification 46B20; 47H09; 47H10.

1. INTRODUCTION

Let C be a nonempty subset of a real Banach space X. A mapping
T : C — C is said to be nonexpansive if

ITx — ]l < [x —yll forall x,y € C.

We denote by F(T) the set of fixed points of T. If C is a bounded
closed convex subset of a uniformly convex Banach space X and T is
a nonexpansive mapping of C into itself, then F(T) is nonempty (see
[6, 9, 18]). We write x, —» x (x, = x, resp.) if {x,} converges strongly
(weakly, resp.) to x. There are many methods for approximating fixed
points of a nonexpansive mapping. In 2001, Xu and Ori [25] introduced
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the following implicit iteration process for a finite family of nonexpansive
mappings {T;}{,, with {a,} is a real sequence in (0,1), and an initial point
x € C:

x=ox+ (1 —o0)Tix
xp = ogxy + (1 — 0g) Toxy

xy = onxy-1 + (1 —on) Tyxy

N1 = Ovgr Xy + (1 — ani) Thxn g

which can be written in the following compact form:
Xp = OpXp_1 + (1 » an)Tnxna n>1, (11)

where T, = T,n0an, (here the modN function takes values in
{1,2,...,N}) and proved that this process converges weakly to a common
fixed point of {T;}Y, in a real Hilbert space. In [26], Zhou and Chang
studied the weak and strong convergence of this implicit process to a
common fixed point for a finite family of nonexpansive mappings in a
uniformly convex Banach space. Liu [10] and Chidume and Shahzad
[3] independently proved that the iteration (1.1) converges strongly to a
common fixed point of a finite family of nonexpansive mappings if one
of the mappings is semicompact. Plubtieng et al. [12] introduced the
following implicit iteration process for two finite families of nonexpansive
mappings {T:}Y, and {S;}¥,, with {a,} and {B,} are real sequences in
(0,1), and an initial point x € C:

Xp = UpXy—1 + (l - an)Tn(ﬁnxn + (l - ﬁn)Snxn): n= 1: (12)

where T, = Tymoan and S, = S,m0an. They proved that the weak and
strong convergence of the iteration (1.2) to a common fixed point of
{T:}iL, and {S;}L,. Their results extend and improve the corresponding
results of Xu and Ori [25], Zhou and Chang [26], Liu [10], and Chidume
and Shahzad [3].

Recently, Kikkawa and Takahashi [7] proposed an implicit sequence
for finding a common fixed point of an infinite family of nonexpansive
mappings. Their method involves the W-mapping introduced by
Takahashi [17].

In this paper, we introduce a simpler implicit sequence for an infinite
family of nonexpansive mappings in a uniformly convex Banach space and
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prove weak and strong convergence theorems for finding a common fixed
point of the mappings. Several convergence theorems proved by Plubtieng
et al. [12], Kikkawa and Takahashi [7], and Kimura and Takahashi [8] are
not only essentially special cases of our corresponding theorems but also
are established under the weaker assumptions.

2. PRELIMINARIES
Let X be a real Banach space. We say that X is strictly convex if the
following implication holds for x,y € X:

) x +
Il =yl =1 and x3#y imply ” 2>’H<1.

It is also said to be uniformly convex if for any & > 0, there exists 6 > 0 such
that

| . x <+ .
lxll =1yl =1 and |lx—y| > e imply “T”“ <1-s.

It is known that every uniformly convex Banach space is strictly convex.
By Xu’s inequality [24, Theorem 2], we have the following lemma.

Lemma2.1. Le X bea uniformly convex Banach space and B, := {x € X :
ixll < r},r > 0. Then there exists a continuous strictly increasing convex function
g ' [0,00) — [0, 00) with g(0) = 0 such that

A% + (1 = Dyl < Al=l® + (1 = Dyl ~ AQ = Dglx =yl
forall x,y € B, and 4 € [0,1].

Lemma 2.2 ([6, Theorem 10.4]). Let C be a nonempty closed convex subset
of a uniformly convex Banach space X, and T :C — C be a nonexpansive
mapping. Then I — T is demiclosed at 0, i.e., if x, — x and x, — Tx, — 0, then
x € F(T).

Lemma 2.3 ([2, Lemma 1.1]). Let C be a nonempty bounded closed convex
subset of a uniformly convex Banach space X. Then there is a strictly increasing
and continuous convex function y : [0, 00) — [0, 00). with y(0) = 0 such that, for
every nonexpansive mapping T : C — X and, for all x, y€ Candtel0,1], the
Jollowing inequality holds:

YT+ (1 — )Ty — T(tx + (1 = ONI) < llx =yl = | Tx — Ty

The following lemma was proved by Tan and Xu [28, Lemma 1].
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Lemma 2.4. Suppose that {a,} and {b,} are two sequences of non-negative real
numbers such that

Qny1 < Ay + b, foralln>1,

and 3 7", b, < 00, then lim,,a, exists. In particular, if lim inf,_,a, = 0,
then lim,_, . a, = 0.

The following lemma is also well known (see [16, Lemma 1] or [19
Problem 6.2.4]).

’

Lemma 2.5. Suppose that {a,} and {b,} are two sequences of non-negative real
numbers such thaty . | a, = 0o and Y > a,b, < 00. Then liminf,., b, = 0.

To deal with a family of mappings, the following conditions are
introduced: Let C be a subset of a real Banach space X, let {7} and T be
families of mappings of C with (-, F(T,) = F(J) # @, where F(J) is the
set of all common fixed points of all mappings in . {T,} is said to satisfy

(a) the AKTT-condition [1, 11] if for each bounded subset B of C,

o0
Zsup{ll Tht12 — Tyz| 1 2 € B} < o0.

n=1

(b) the NST-condition (I) with I [11] if for each bounded sequence {z,}
in C,

lim ||z, — 7,2,/ =0 implies lim |z, — T%,]|=0forall TeJ.
In particular, if T = {T}, i.e., T consists of one mapping T, then {T,}
is simply said to satisfy the NST-condition (I) with T.
(c) the NST-condition (II) [11] if for each bounded sequence {z,} in C,

lim ||z,4y — T,2,)l =0 implies lim ||z, — T,z,|| = O for all m € N.

These three conditions were first named in [20, 21]. Inspired by conditions
above, we introduce the following one:

(d) {T.} is said to satisfy the NST*-condition with T if for each bounded
sequence {z,} in C,

lim ||z, — Tz, =0 and lim ||z, = 21|l = 0
n—>00 n—>00

imply that lim,, ||z, — Tz,|| = 0 for all T € 9. In particular, if T =
{T}, then, we simply say that {7,} satisfies the NST*-condition with T.
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Remark 2.6.

(1) If {T,} satisfies the NST-condition (I) with 7, then {T,} satisfies the
NST*-condition with 7,

(2) If {T,} satisfies the NST-condition (II), then {7,} satisfies the NST*-
condition with {7,}.

Lemma 2.7 ([1, Lemma 3.2]). Let C be a nonempty closed subset of a Banach
space X and let {T,} be a family of mappings of C into itself that satisfies the
AKTT-condition, then the mapping T : C — C defined by

Tx=1lim T,x forallxeC
satisfies
lim sup{|| Tz — Tzl : z € B} = 0

Jor each bounded subset B of C.

Lemma 2.8. Let C be a nonempty closed subset of a Banach space X and let
{T.} be a family of mappings of C into itself that satisfies the AKTT-condition
and (., F(T,) # @. Let T be the mapping from C into itself defined by Tz =
lim,,Toz for all z € C and suppose that F(T) = Moy F(T,). Then {T,)}

satisfies the NST-condition (I) with T. Consequently, {T,} satisfies the NST*-
condition with T.

Proof. Let {z,} be a bounded sequence in C such that limp, o 12, —
T,z,|l = 0. We apply Lemma 2.7 to get

20 = Tonll < llzo = Tozall + 1 Tzn — Tl
=z = Tazall 4+ sup{l| Toz — Tz : 2 € {2,}} = 0.

Hence, we obtain that {7,} satisfies the NST-condition (I) with 7. This
completes the proof. a

Lemma 2.9. Let C be a nonempty closed subset of a Banach space X and let
{To.}IL, be a finite family of nonexpansive mappings of C into itself with a common
Jixed point. Then {T,} satisfies the NST*-condition with T = (N, Tp,..., Ty},
where T, = T, mod N -

Proof. Let {z,} be a bounded sequence in C such that

lim [z, - T,z,[l =0 and  lim |z,4; — 2z,)| = 0.
n—»00 n—00
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Obviously, it is easy to see that lim, . ||z,4i — 2.l =0 for each i=
L,2,...,N. Consequently,

"Z,, - Tn+izn” = ”Zn - z'n+i” + "Zn+i - Tn+izn+i” + " Tn+izn+1 - Tn-Hzn"
< 20z = zpwill + 1204i = Tougizagill > 0 as n — oo.

This implies that

lim ||z, = Tz = 0
foreach m =1,2,...,N. O
Remark 2.10. There are families of mappings {7,} and J such that

(1) {T,} satisfies the NST*-condition with J and
(2) {T,} fails the NST-condition (I) with I and the NST-condition (II).

The following example shows that the NST*-condition with T is strictly
weaker than the NST-condition (I) with I and the NST-condition (II).

Example 2.11. Let x := R? and C:= [0,1] x [0,1]. Define T}, T5: C —
C as follows:

Li(x,9) = (2,1 =3) and  Ty(x,y) = (1 - x,3),
for all (x,y) € C. Hence, Ty and T, are nonexpansive mappings with
F(T) NF(Ty) = (10,11 x {1/2}) N ({1/2} x [0,1]) = {(1/2,1/2)} # .

Let T, = Tymoaz)- By Lemma 2.9, we have {T,} satisfies NST*-condition
with {T], TQ}

(a) {T,} fails the NST-condition (I) with 7 = {7}, Ty}. In fact, let z,_, =
(1,1/2) and %, = (1/2,1) for all n € N. Then z,_; € F(Top_1) =
F(Th) and z, € F(Ty,) = F(Ty). In particular, ||z, — T,z,|| = 0. Clearly,

lze — Tizall 7 0 and |z, — Tyz,|| 4 O.

Hence {T7,} fails the NST-condition (I) with {T}, T}.

(b) {T,} fails the NST-condition (II). To this end, let z,_s = (1/4,1/4),
Zyn—o = (1/4,3/4), 24p-1 = (3/4,3/4) and 2, = (3/4,1/4) for all n € N.
Then ||z,41 — T,z,|| = 0. But

2. = Tizall 7 0 and  |[lz, — Toza|l 7> 0.
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Hence {T,} fails the NST-condition (II).

Lemma 2.12 ([22]). Let C be a nonempty closed convex subset of a strictly
convex Banach space X, S and T be two nonexpansive mappings of C into itself
with a common fixed point, and 0 < B < 1. Let U be a mapping defined by

U=T@I+(1-p)S),

where I is the identity mapping. Then U is nonexpansive and F(U) = F(T) N
F(S).

Lemma 2.13. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X. Let {T,}, {S,}, 71, and Ty be families of nonexpansive mappings
of C into itself with F(T1) = ;. F(T,), F(Tp) = (2, F(S,) and F(J;) N
F(J3) # @. Let {B.} be a sequence in [a, b] for some a, b € (0,1). Let {U,} be a
Jamily of nonexpansive mappings of C into itself defined by

Up = To(Bl + (1 = B,)S,) foralin>1.

If{T.} and {S,} satisfy the NST*-condition with I, and Ty, respectively, then {U,}
satisfies the NST*-condition with T, U J,.

Proof. By Lemma 2.12, we have U, is a nonexpansive mapping of C into
itself and F(U,) = F(T,) N F(S,). Then .

[ 3

(F(U) = F(T) N F(T2) = F(T: UT).

n=1

Let {z,} be a bounded sequence in C such that
hm [z, ~ Uzl =0 and  lim [lzp41 — 2]l = 0.

Let p € F(91) N F(J;). Then {z, — U,z,} and {z, — p} are bounded. Let
7 = sup{llz, — Upzll, |2, — pll : n € N}. It follows from Lemma 2.1 that
lzn = 1% < (20 — Unzall + | Upzs — )
= llz0 = Upzall® + 2120 — Unza | Upz — pll + || Uz — pl?
< 37llzs — Unzall + [ T (Bu(z(1 = B)Spz,) — Topll®
< 37llzs = Upzall + 1 Bn(2n — p) + (1 — B2)(Suzn — P)II?
< 37llzs = Unzall + Ballza — pI* + (1 = Bo)l1Suz0 — plI®
— Ba(1 = Ba)g (N2, — Spzall)
< 37llz = Upzall + ll20 — plI* — Bl = B)g (120 — Spzall)
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for all n € N. So, we get
lim ||z, — S,z,]| = 0.
7> 00
Because {S,} satisfies the NST*-condition with T, we have
,!LITOIO [z, — Sz,]l =0 forall S € Js.
Because

"Zn Y nzn“ = "zn - Unzn" + “ Unzn N\ Tnzn”
= "zn - Unzn" + (1 N\ ﬁn)”zn - Snzn"’

it follows that
lim ||z, — T,z,]| = 0.
n—>00
Because {7} satisfies the NST*-condition with 97, we have
1}1{210 |z, — Tz,]l =0 forall T e 9.
Hence, {U,} satisfies the NST*-condition with J; U . _ O

Lemma 2.14. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X. Let {T,} be a family of nonexpansive mappings of C into itself
with a common fixed point. Let {x,} be a sequence in C defined by xy € C and

Xp = OpXp_y + (1 — an)Tnxn (21)
Jor all n € N, where {.,} C (0,1). Then we have the following conclusions.

(1) Yim,_o|lx, — pll exists for each p € (Now; F(T,).
(ii) lim,_, od(x,, (oo F(T,)) exists, where d(x,K) denotes the distance from
x to the set K.
(iii) There exists a continuous strictly increasing convex function g : [0,00) —
[0, 00) with g(0) = 0 such that Y . (1 — a,)g (|| %1 — Trall) < 00.

Proof. Observe that if C is a nonempty closed convex subset of a
uniformly convex Banach space X and T:C — C is a nonexpansive
mapping, then for every u € C, a € (0, 1), the mapping S = Sy : C = C
defined by

Sx=au+(1l—a)Tx forall xe C
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is a (1 — a)-contraction. In fact, for all x,y € C, ‘
1% = Syll = (A1 = )| Tx — Tyl < (1 - a)l|x — y]|.

Consequently, S has alunique fixed point x* € C. Thus there exists a
unique x* € C, that is,

" =au+ (1 — o) Tx*

This implies that the implicit iteration scheme (2.1) is well defined. To see
(i) and (ii), let p € (2, F(T,). Then

1. = pll = Nlota (a1 = p) + (1 — 00 ) (Trx, — p)|
< Ol = pll + (1 = o) || x, — pll.
It follows from o, > 0 that

So, lim,_ [|x, — pl| exists, that is, (i) holds. Moreover, from (2.2), we
immediately have (ii). Finally, as the sequence {x, — p} is bounded, let r =
sup{|lx, — pll : n € N}. It follows from Lemma 2.1 that x, — pand T,x, —p
belong to B,, and

"xn _P"2 = ‘xn”xn—l —P||2+(1 - O(")” Tnxn “P||2 - o‘n(l _an)g(”xn—l - Tnxn”)
< ol oy = PP+ (1= o) 120 = pI® = 0o (1 = ) g (| %y — Toall).

Because «, > 0, we have

% = pI7 < 1%y = pIP = (1 = @) g(lxam1 = Tutall),
that is,

(1 = o) glxn-1 = Toxall) < llx0cy — pI® — N2, — plI%.

Summing from 1 to m and tending to infinity for m, we have (iii). This
completes the proof. O

3. WEAK CONVERGENCE THEOREMS

In this section, we prove several weak convergence theorems.

Lemma 3.1. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X. Let {T,} and I be two families of nonexpansive mappings of
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C into itself such that (., F(T,) = F(T) # @ and suppose that {T,} satisfies
the NST*-condition with T . Let {a,} C (0, b] for some b € (0,1) and {x,} be the
sequence in C defined by (2.1), then

lim ||x, — Tx,|| =0 foral Te9J.
Proof. It follows from Lemma 2.14(i) that {x,} is bounded. By

Lemma 2.14(iii) and &, < b < 1, we have

o8}

D g%y = Taxall) < 00.

n=1

In particular, lim,_, o g(||%,—1 — T, %,||) = 0 and so lim,_, o ||%,_; — T,x, | =0.
Thus

lim |[x, — T, %,|| = lim |[|x, — Xp1ll = 0.
n—>oo n—=>00
The conclusion follows {7} satisfies the NST*-condition with 7. O

We first prove a weak convergence theorem of the sequence {x,} that
defined by (2.1) in a uniformly convex Banach space satisfying Opial’s
condition. Recall that X satisfies Opial’s condition [13] if x, — x and x #Yy
imply that

limsup ||x, — x| < limsup ||x, — yfj.
n—>oo n—->0

It is well known [13] that all Hilbert spaces and €* spaces, 1 < p < 0o, have
this property, whereas all L? spaces do not have this property unless p = 2.

Lemma 3.2 ([14, Lemma 2.7]). Let X be a Banach space that satisfies
Opial’s condition and let {x,} be a sequence in X. Let u, v e X be elements
such that im,_,ollx, — ull and lim, %, — vl exist. If {x,,} and {xn,} are
subsequences of {x,} that converge weakly to w and v, respectively, then u = v.

Theorem 3.3. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X that satisfies Opial’s condition. Let {T,} and T be two families of
nonexpansive mappings of C into itself such that (\,, F(T,) = F(9) # @ and
suppose that {T,} satisfies the NST*-condition with . Then the sequence {x,} in
C defined by (2.1), where {a,} C (0,b] for some b € (0,1), converges weakly to
z€ F(9).

Proof. 1t follows from Lemma 3.1 that

lim ||x, — Ta,| =0 forall T € 7.
n—>o0
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Because {x,} is bounded, there exists a subsequence {x,,} of {x,} such that
x,, = z for some z € C. By Lemma 2.2, z € F(9). To prove that x, — z,
suppose that there exists another subsequence {xn;} of {x,} such that
Xy — Z’. So, we have z € F(9). It follows from Lemmas 2.14(i) and 3.2 that

z = 7. Hence the whole sequence {x,} converges weakly to z, as required.
a

Using Lemmas 2.9 and 2.13 [12, Theorem 3.8] is a special case of
Theorem 3.3.

Corollary 3.4. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X that satisfies Opial’s condition. Let {T,}_, and {S,}\_, be two
finite families of nonexpansive mappings of C into itself with F(T) N F(S) # @,
where F(T) := ﬂj,:l:l F(T,) and F(S) = ﬂ::;l FE(S,). Assume that {a,} C (0, b]
and {B,} C [a, b] for some a,b € (0,1). Then the sequence {x,} in C defined by
(1.2), where T, = Tpmean @nd Sy = S, imod v converges weakly to a common fixed
point of {T,}Y_| and {S,}Y_,.

Remark 3.5. The restriction a, € [a,b] for some a,b ¢ (0,1) assumed
in [12, Theorem 3.8] is relaxed.

.. .
In the presence of the stronger condition than NST*-condition with 7,
a variable control sequence {a,} is taken into consideration. -

Theorem 3.6. Let C be a nonempty closed convex subset of a uniformly
convex Banach ‘space X that satisfies Opial’s condition. Let {T,} be a family
of nonexpansive mappings of C into itself that satisfies the AKTT-condition and
Mooy F(T,) # @. Let T be the mapping from C into itself defined by Tz =
limyco Tyz for all z€ C and suppose that F(T) = (or, F(T,). Then the
sequence in C defined by (2.1), where {a,} C (0,1) satisfies > or (1 — o) = 00,
converges weakly to z € F(T).

Proof. By Lemmas 2.5 and 2.14(jii), and Y2 (1 — a,) = oo, we have
liminf g(||x,—1 — T,x,]) = 0.

Because g is continuous and strictly increasing, we have liminf,_, o ||x,_1 —
T.x,|| = 0 and so

liminf||x, — T,x,|| = liminfa,}x,_; — T,x,|| = O.
n—>o00 n—>oo
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We next prove that the limit lim,_, [|x, — 7,x,| actually exists. Because
{x.} is bounded, it follows that

isup{llTnz — Tyaz| 2z € {x,}} < o0. (8.1)

n=1
Notice that
[lx, — %1l

= (1 - o‘n)”xn—] by Tnxn"

5 (1 - an)("xn—l — 41 xn—l” + "T ~1%p-1 — Tn—lxn" + ” Tn—lxn - Tnxn")

< (1 - 0Cn)"xn—l —Thy xn—l" + (1 t an)"xn—-l = xn”

+ (1 = o) sup{l| Tz — T,1z| : z € {x,}},
so we have
‘xn"'xn = Xp-1 ” =< (1 ~7 an)"xn—l N\ Tn—lxn—lll
+ (1 = o) sup{l| Toz — T,az]| : 2z € {x,}}.

It follows that

Oy

[, — Tnxn" NS . — %51 I

—.Kn

=< ”xn—l = Tn—lxn—l " + Sup(“Tnz - Tn——lzll ‘1z € {xn}}
By Lemma 2.4 and (3.1), we have lim,,_, o ||x, — T,x,| exists. Thus
lim ||x, — T,x,|| = 0.
n—>00

From the definition of T, we have T is nonexpansive. By Lemma 2.8,
we have {T,} satisfies the NST*-condition with T. As in the proof of
Theorem 3.3, {x,} converges weakly to z € F(T). 0O

Next, we discuss the weak convergence of the iteration (2.1) in a
uniformly convex Banach space X whose dual X* has the Kadec—Klee
property. Before going on, let us recall some geometric properties.

(1) A Banach space X has the Kadec—Klee property (6] if for every {x,} in X,
x, = x and ||x,|| = [jx| together imply ||x, — x|| = O.
(2) A Banach space X has a Fréchet differentiable norm if, for any x € Sy, the
limit
lim [l + eyl — x|l
t—>0 it
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exists and is approached uniformly as y varies over Sx, where Sy
denotes the unit sphere of X.

It is known that if X is reflexive and has a Fréchet differentiable norm,
then X* has the Kadec—Klee property (see also {4, Lemma 1]). Most weak
convergence theorems are proved in a uniformly convex Banach space and
the presence of Opial’s condition or the Fréchet differentiability of the
norm (see, e.g., [7, 8, 14, 23, 26]). However, there exist uniformly convex
Banach spaces that have neither the Opial’s condition nor a Fréchet
differentiable norm but their duals do have the Kadec—Klee property.
As an example, let us take X; = R? with the norm defined by

2 2
lxll = /=l + llxl3

and X, = L[0,1] with 1 < p < 0o and p # 2. The Cartesian product of X,
and X, furnished with the {*norm is uniformly convex. It does not have
the Opial’s condition and its norm is not Fréchet differentiable, but its
dual does have the Kadec—Klee property (see also [5, 6]).

We will denote by w,{x,} the set of all weak subsequential limits of a
bounded sequence {x,} in X.

The following lemma is our main tool for proving the weak
convergence theorem.

Lemma 3.7 ([5, Lemma 3.2]). Let X be a uniformly convex Banach space

such that its dual X* has the Kadec—Klee property. Suppose {x,} is a bounded
sequence in X such that

lim |}2x, + (1~ 1)p ~ g
exists for all t € [0,1] and p, q € w,{x,}. Then w,{x,} is a singleton.
Lemma 3.8. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X. Let {T,} be a family of nonexpansive mappings of C into itself
with a common fixed point, and let {x,} be a sequence in C defined by (2.1). Then
the limit

lim f|2%, + (1 1)p ~ gl
exists for all t € [0,1] and p,q € (,;—, F(T,).
Proof. By Lemma 2.14(i), we have {x,} is bounded. Take R > 0 such that
{x,} C K:= Bz N C. Then K is a nonempty closed convex bounded subset
of X. Let p,q € (oo, F(T,) and set

9n(t) = lltxa + (1 = )p — 4.
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Then lim, 4 6,(0) = ||p — ¢ll, and from Lemma 2.14(i), lim,_, o §,(1) =
lim, ||x, — g|l exists. Now, we consider the case ¢t € (0,1). Let u € K and
a € (0,1), the mapping Sy.7) : C — C defined by

Sounx=0u+ (1 —a)Tx forallxe C

is a (1 — a)-contraction. Consequently, S, ) has a unique fixed point x* €
C. Thus there exists a unique x* € C, that is,

X" =ou+ (1 — o) Tx*.

Hence, we can define U, : C — C by letting U,x be the unique fixed point
of the contraction S, , x7,,,), i-€.,

U,,x = Opt1X + (1 — oc,,+1)Tn+1 Unx

In particular, U, is nonexpansive. From (2.1), we also have x,,; = U,x,.
Let 2 € (.2, F(T,). Then

1Unz = zll = (1 = p) | Tt Unz — 2l < (1 = 1) | Unz — 2|l

and so U,z = z. It follows that (,_, F(T,) C (N~ F(U,). Because K C C,
we define a nonexpansive mapping V, » from K into C by

Vn,m = Untm-1 Un+m—2 U, n,m>1.

Then V, %, = %p4m and (oo, F(T,) C N2 _ F(Vym). Set

n,m=1
ln,m(t) = ”t‘/n,mxn + (1 = t)P . Vn,m(txn + (1 - t)P)n

By Lemma 2.3, we have

‘Y(/ln,m(t)) = ”xn - P” — " Vn,mxn 2 Vn.mp” = "xn 5 P" - “xn+m - I’",

where 7y : [0, oé) — [0,00) is a strictly increasing continuous convex
function with y(0) = 0. Using Lemma 2.14(i), we have lim,, ;.0 Y(Ann(?)) =
0, and hence lim, ;0 Ann» = 0. Observe that
5n+m(t) = " nym + (1 - t)[’ - q"
= [tVa,mx, + (1 = 8)p — qll
< ln,m(t) + " Vn,m(txn + (1 - t)P) - (1"
< dam(@) + ltx, + (L= 8)p — qll = Aum(2) + 0,(2).
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Consequently,

limsupd,(t) < lim A,,(¢)+liminfé,(¢) = liminfd,(¢).

n—>oo

This implies that lim,_, ., J,(¢) exists for any ¢t € (0,1) and the proof is
finished. O

Theorem 3.9. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X such that its dual X* has the Kadec~Klee property. Let {T,}
and T be two families of nonexpansive mappings from C into itself such that
Mooy F(T,) = F(T) # @ and suppose that {T,} satisfies the NST-condition
with T . Then the sequence {x,} in C defined by (2.1), where {a,} C (0, b] for some
b € (0,1), converges weakly to z € F(TF).

Proof. It follows from Lemma 3.1 that

lim ||x, — Tx,]| =0 forall Te9.
n—>oo

Because {x,} is bounded, let z € w,{x,}. There exists a subsequence {x,,}
of {x,} such that x,, = z. By Lemma 2.2, we have z € F(J). This implies
that w,{x,} C F(J). Then, by Lemma 3.8, the limit

,}i”& lltx, + (1 —)p — qll

exists for all t€[0,1] and p,q € w,{x,}. Hence x, — ze F(T) by
Lemma 3.7. This completes the proof. O

The following corollary is proved in [12, Theorem 3.10] with the
restriction a, € [a, b] for some a, b € (0,1).

Corollary 3.10. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X such that its dual X* has the Kadec—Klee property. Let {T,}N_,
and {S,})_, be two finite families of nomexpansive mappings of C into utself
with F(T) N F(S) # @, where F(T) := (\\_, F(T,) and F(S) := "_, F(S,).
Assume that {o,} C (0,0] and {B,} C [a,b] for some a,b € (0,1). Then the
sequence {x,} in C defined by (1.2), where T, = Tpman and Sy, = Symodns
converges weakly to a common fixed point of {T,}Y_, and {S.}Y_,. o

n=1

As in the proofs of Theorems 3.6 and 3.9, we also have the following.
Theorem 3.11.  Let C be a nonempty closed convex subset of a uniformly convex

Banach space X such that its dual X* has the Kadec—Klee property. Let {T,} be a
Jamily of nonexpansive mappings of C into itself that satisfies the AKTT-condition
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and (oo F(T,) #D. Let T be the mapping from C into iself defined by
Tz = limy, o T,z for all z € C and suppose that F(T) = (., F(T,). Then the
sequence {x,} in C defined by (2.1), where {n,} C (0,1) satisfying Y oo (1 —
an) = 00, converges weakly to a common fixed point of {T,}.

4. STRONG CONVERGENCE THEOREMS

In this section, we discuss the strong convergence of the iteration (2.1)
in a uniformly convex Banach space.

We recall that a mapping T : C — C is semicompact if every sequence
{u.} in C satisfying ||u, — Tu,|| — 0 has a convergent subsequence.

Theorem 4.1.  Let C be a nonempty closed convex subset of a uniformly convex
Banach space X. Let {T,} and T be two families of nonexpansive mappings of
C into itself such that (., F(T,) = F(T) # @ and suppose that {T,} satisfies
the NST*-condition with T . If there exists some T € T that is semicompact, then
the sequence {x,} in C defined by (2.1), where {a,} C (0, b] for some b € (0,1),
converges strongly to z € F(J).

Proof. Suppose that TeJis semicompact. It follows from Lemma 3.1
that

lim ||x, — Tx,[| =0
n—>o0

So there exists a subsequence {z;} of {n} such that Xy —> z € Cas j - oo.
As

lim N, — Txyll=0 foral TedJ
joo

we have |z— Tz|| =0 for all T €J. This implies that z € F(9). By
Niwy F(T,) = F(7) and Lemma 2.14(i), we have x, — z € F(J). 0

Using Theorem 4.1 and Lemmas 2.9 and 2.13, we have the following
results, which is an improvement of [12, Theorem 3.4].

Corollary 4.2. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X. Let {T,}N_, and (S,}Y_, be two finite families of nonexpanswe
mappings of C into itself with F(T) ﬂF(S) # @D, where F(T) := ﬂnﬁ] F(T,)
and F(S) := ﬂn_ F(S,). Assume that {o,} C (0, b] and {B,} C [a, b] for some
a, b € (0,1). Suppose that one of the mapping in {T,, S, } _1 s semicompact. Then
the sequence {x,} in C defined by (1.2), where T, = Tymoan and S, = Sy mod N>
converges strongly to a common fixed point of {T,, S, }~.

n=]"*
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Remark 4.3.
(1) Corollary 4.2 improves [12, Theorem 3.4] in the following ways:

(a) The restriction on {a,} is weakened from a, € [a, ] C 0,1) to
«, € (0,5] C (0,1).

(b) The strong convergence is proved in [12, Theorem 3.4] under
the assumption that there exist at least two mappings from the
families {7,};_, and {S,}, that are semicompact, while our
Corollary 4.2 needs only one mapping that is semicompact.

(2) In [12], the authors claimed that by letting §, =S =-.- =8y =1, [3,
Theorem 3.3] is a consequence of [12, Theorem 3.4]. However, the
identity 7 is not semicompact.

Now we present another generalization of [3, Theorem 3.3] with the
weaker assumption on {a,}. It should be noted here that [3, Theorem 3.3]
is also independently obtained in [10, Theorem 2].

Corollary 4.4. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X. Let {T,}\_, be a finite family of nonexpansive mappings of C
into itself with a common fixed point. Suppose that one of the mappings in { T, }N_,
is semicompact. Then the sequence {x,} in C defined by (2.1), where T,, = T} moan
and {«,} C (0, 8] for some b € (0,1), converges strongly to a common fixed point
of {TuhLs-

We next prove a strong convergence theorem of our iteration in
the presence of another condition. We recall that a finite family  of
mappings of C with F(J) # @ satisfies condition (B) (see [3]) if there is a
nondecreasing function f : [0, 00) — [0, 00) with f(0) = 0 and f(r) > 0 for
all r € (0, 00) such that for all x € C,

fd(x, F(T)) <max{||x— Tx||: T € T}.

Theorem 4.5. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X. Let {T,} and T be two families of nonexpansive mappings of C
into itself such that (\;, F(T,) = F(T) # @ and suppose that {T,} satisfies the
NST*-condition with T . If T is finite and satisfies condition (B), then the sequence
{x,} in C defined by (2.1), where {a,} C (0,b] for some b € (0,1), converges
strongly to z € F(J).

Proof. By Lemma 3.1, we have

lim [|x, — Tx,|| =0 forall T € 9. (4.1)
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Let f be the function corresponding to the condition (B) of the finite
family 7. Then

fd(x,, F(T)) < max{||x, — Tx,|| : T € T} - 0.

and so lim,_q d(x,, F(J)) =0. We now prove that {x,} is a Cauchy
sequence in C. Let &€ > 0. There exists a positive integer N such that

d(xy, F(T)) < -;-

There must exist ¢ € F(J) such that

£
lxy = qll < 5.

2

From (2.2) it follows that, for all m,n > N,

£ &

%n = %all < lxm = gll + Nl — gll < llay = gll + llav — qll < stg=¢
Hence {x,} is a Cauchy sequence in C. In virtue of the completeness of C,
we may assume that x, — z € C. By the continuity of T and (4.1), we have
z=Tzforall T € T, so z € F(J). This completes the proof. O

Using Theorem 4.5 and Lemmas 2.9 and 2.13, we have the following
result, which is an improvement of [12, Theorem 3.3].

Corollary 4.6. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X. Let {T,}Y | and {S,}Y_, be two finite families of nonexpanswe
mappings of C into itself with F(T) nF(S) # @, where F(T) := ﬂn_] F(T,)
and F(S) := ﬂn 1 F(S,). Assume that {a,} C (0, ] and {B,} C [a, b] for some
a,b € (0,1). If {T,, S,})_, satisfies condition (B), then the sequence {x,} in C
defined by (1.2), where T, = Tymoan and S, = Spmod s converges strongly to a
common fixed point of {T,}_; and {S,}_,

5. DEDUCED THEOREMS

In the last section, we show that our results not only include ones in
[7, 8] as special cases but also give a new weak convergence theorem in
the presence of Kadec-Klee property of the dual space.

Let C be a nonempty closed convex subset of a Banach space X. Let
{B.} be a sequence in [0,1] and let {S;} be a family of nonexpansive
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mappings with a common fixed point, we define a family {W,} of
nonexpansive mappings from C into itself by
Un,n+1 =1
Un,n = BnSn Un,n+1 + (l - ﬁn)l
Un,n-l =, ﬂn—l‘Sn—] Un,n + (1 - Bn-—])l

Unp = BiuScUpppr + (1 — B)I
U1 = BrorSe—1Unp + (1 = Br)I

Un,2 = )8282 Un,S + (1 7 ﬁ?)I .
W, =U, = bSiUyge+ (1 - i)l

Such a mapping W, is call a W-mapping [17] generated by S,,S,_1,..., S
and B, Bn-1,...,P1 (see also [11, 15]).

Lemma 5.1. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X. Let {S;} be a family of nonexpansive mappings of C into itself
with a common fixed point and let {f,,} be a sequence in (0,1). Then {W,} satisfies
the NST-condition. (I) with {S}. Consequently, {W,} satisfies the NST*-condition
with {S}.

Proof. Let {z,} be a bounded sequence in C such that lim,_ ||z, —
W.z,[| = 0. Because z, — W,z, = 2z, — U, 12, = P1(2. — S U,22,), we have

JLH; |z = 8 Unpzsll = 0.
Let p € (Npeo F(Si). It follows from Lemma 2.1 that

2. = plI* < (20 — $i Unozall + 11 Uppz, = plI)?
= |22 — S Unazall* + 2l 20 — § Un 22l $1 Un22n — pll + 151 Up 22, — plI?
< Nz = S Un2z | M + || Uy 02, — plI?
= ||z, ~ S Up2zal|M + || B2(S2 U 32, — p) + (1 — o)z, — p)|12
= Nz = S Un2zallM 4 Boll S Upszu — plI* + (1 = Bo)llze — plI*
— Ba(1 = B2)g (182 Un32, — 2,1)
< Nz = S Un2zaIM + ||z, — 13“2 = Bo(1 = B2)g(llzn — S U, s2.l1)
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for all n € N, where M = sup{||lz, — $ Upaz:ll + 2[|$ Up2, — pll : n € N}.
So, we get

lim ||z, — $ Uzl = 0.
By induction, we have
'}Lr{.xo |z = SiUpps12:ll = 0 for all k € N.
Because

lze = Sezall < 2w — SkUpiarzall + 1Sk20 — Sk U120l
< ”Z.,, > % Slz Un,k+1zn” + ”zn N\ Un,k+lzn"
= |lzo = SiUnpr1zall + Brsr 122 — i1 Unpaozall,

for all » € N, we get
lim ||z, — Sz, =0 for all k € N.
Hence, {W,} satisfies the NST-condition (I) with {S,}. O

Lemma 5.2 ([11, Lemma 3.6(ii)]). Let C be a nonempty closed convex subset
of a strictly convex Banach space X. Let {S4} be a family of nonexpansive mappings
of C into itself with a common fixed point and let {B,} be a sequence in (0, b]
Jor some b € (0,1). Then, the family {W,} satisfies AKTT-condition and the
mapping W : C — C defined by Wz = lim,,o, W,z (z € C) satisfies F(W) =
NE, F(W,) = NZ, F(S).

Theorem 5.3. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X and let {S;} be a family of nonexpansive mappings of C into
itself with a common fixed point. Let {o,} and {,} be sequences in (0,1) and let
b € (0,1). Assume that one the of following conditions holds:

(i) an €(0,8];
(i) X%,(1 —a,) = 00 and B, € (0, b].

If, in addition, X satisfies Opial’s condition or X* has the Kadec—Klee property,
then the sequence {x,} in C defined by (2.1), where T, = W,, converges weakly to
a common fixed point of {S,}.

Remark 5.4. Theorem 5.3 improves [8, Theorem 5.1] in the following
ways:
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(1) The geometric property of a Banach space is weakened.
(2) The restrictions on the parameters {«,} and {8,} are relaxed.

The last theorem is an improvement of [7, Theorem 8] with the weaker
restriction on the parameters {f,}.

Theorem 5.5. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X and let {S;} be a family of nonexpansive mappings of C into itself
with a common fixed point. Let {o,} be a sequence in (0, b] for some b € (0,1) and
{Bn} be a sequence in (0,1). Suppose that one of the mappings (S} is semicompact.
Then the sequence {x,} in C defined by (2.1), where T, = W, converges strongly
to a common fixed point of {S;}.
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1. Introduction

Let E be a real Banach space and S(E) = {x € E : ||x|| = 1}. We say that the norm of E is Gateaux differentiable or E is
smooth if

I [Ix + tyll — lIxIl

im——

t—0 t

exists for each x, y € S(E). The norm of E is said to be Fréchet differentiable if for each x € S(E), the limit above is attained
uniformly fory € S(E). Let | denote the normalized duality mapping from E into 2¢” given by

JO = €E*: (x.f) = IxI* = IIf %),
forallx € E, where E* denotes the dual space of E and (-, -) denotes the duality pairing. If E is smooth, then ] is single-valued.

Definition 1.1. A mapping T with domain D(T) and range R(T) in a Banach space is called
(i) pseudocontractive [ 1], if for all x, y € D(T), there exists j(x — y) € J(x — y) such that

(Tx — Ty, j(x —y)) < lIx—yl* (1.1)
equivalently, for all x, y € D(T) and for all s > 0,
Ix =yl < lIx—y+sld —T)x——Tyll; (1.2)

(ii) A-strictly pseudocontractive (in the terminology of Browder and Petryshyn) [1] for all x,y € D(T), there exists
Jj(x—=y) € J(x —y) such that

(Tx = Ty, j(x —y)) < llx=ylI> = All(x = Tx) — (y — Ty)|I*; (1.3)

* Corresponding author.
E-mail addresses: boonchari@hotmail.com (D. Boonchari), saejung@kku.ac.th (S. Saejung).
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(iii) strongly pseudocontractive if there exists A € (0, 1) for all x, y € D(T) there exists j(x — y) € J(x — y) such that
(Tx =Ty, j(x = y)) < Alx — ylI%;

(iv) L-Lipschitzian if there exists L > 0 such that for all x, y € D(T),
ITx — Ty|| < Llix - y||.

Remark 1.2. (1) The expression (1.3)is equivalent to there exists A € (0, 1),forallx, y € D(T), there exists j(x—y) € J(x—y)
such that

(x=T0) = (y = Ty), j(x = y)) = Al(x = Tx) — (y — Ty)||%.
(2) Every A-strictly pseudocontractive mapping is (%)-Lipschitzian. (see e.g. [2, Remark 1.1]).

The concept of pseudocontractive mappings is closely related to accretive operators which were independently
introduced in 1967 in [3,4]. It is known that T is pseudocontractive if and only if I — T is accretive, where I is an identity
mapping. The importance of accretive mappings is from their connection with theory of solutions for nonlinear evolution
equations in Banach spaces [5]. Heat, wave, or Schrédinger equations can be modeled in terms of an initial value problem:

du
s Tu—u, u(0)=u
where T is a pseudocontractive mapping in an appropriate Banach space.

There are many methods for approximating a fixed point of a given mapping (see e.g. [6,7]). In 1974, Ishikawa [8]
introduced a new iteration in the approximation of fixed point of Lipschitzian pseudocontractive mappings. Since then,
an question of whether or not the Ishikawa iteration can be replaced by the simpler Mann iteration has remained open.
Recently, Chidume and Mutangadura [9] solved this question by constructing an example of a Lipschitzian pseudocontractive
mapping with a unique fixed point for which every Mann-type iteration fails to converge.

Inspired by the implicit iteration introduced by Xu and Ori [10], Chen et al. [2] and Zhou [11] proposed and studied
convergence theorems for an implicit iteration process for finite many continuous pseudocontractive mappings. They also
presented convergence theorems for a finite family of strictly pseudocontractive mappings.

The purpose of this paper is to present simple and natural generalizations from the finite case [2,1 1] to the countable one.
Acareful discussionon[11, Theorem 3.1] is also given in Remark 2.4. We also presenta countable version of [ 11, Theorem 3.1]
under an appropriate assumption.

For a mapping T, we denoted by F(T) the set of fixed points of T, that is, F(T) = {x € D(T) : x = Tx}. To prove our main
results, we need the following lemmas.

Lemma 1.3 ([2,12]). If ] : E — 2" is a normalized duality mapping, then forallx,y € Eandj(x +y) € J(x + ),
lx+yI? < 1xI* + 20, jx + y)).

Throughout the paper, we write x, — x(x, — x, resp.) if the sequence {x,} converges in a Banach space strongly (weakly,
resp.) to an element x. We also write w,, (x,) = {x € X : Xn, — x for some subsequence {xy, } of {x,}}.

Lemma 1.4 ([11, Tool 3]). Let E be a real uniformly convex Banach space, K a nonempty closed convex subset of E, and T a
continuous pseudocontractive mapping of K, Then I — T is demiclosed at zero, that is, for all sequences {x,} C K with x, — p
and x, — Tx, — 0Ot follows that p = Tp.

Lemma 1.5 ([13, Lemma 2.3]). Let K be a closed convex subset of a uniformly convex Banach space E whose norm is Fréchet
differentiable. Let {T,}3°, be a family of L,-Lipschitzian self-mappings of K such that Yoo (Ly — 1) < oo. Suppose that
F= ﬂ,ﬁ, F(Ti) # @,x1 € K, and X,y = Tyxy for alln > 1. Then forevery p, q € F,

lim (x,,j(p — q)) exists.
n—o00

In particular, for allu, v € w,,(x,) and p, q € F, we have
(u—v,jl(p—q) =0.

2. Continuous pseudocontractive mappings

In this section, we study an implicit iteration for a countable family of continuous pseudocontractive mappings.
Deimling [14] proved the following fixed point theorem.
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Lemma 2.1. Let K be a nonempty closed convex subset of a real Banach space E and T a continuous and strongly pseudocontrac-
tive mapping of K. Then T has a unique fixed point in K.

Let K be a nonempty closed convex subset of a real Banach space E and T a continuous pseudocontractive mapping of K.
Foreveryu e Kandt € (0, 1), the mapping S; : K — K defined by

Sx=tu+(1-06Tx, xeKk,
is a continuous and strongly pseudocontractive mapping; by utilizing Lemma 2.1, there exists a unique fixed point x, € K
of S; which satisfies »

Xt = tu + (1 - t)Txt, te (O, l) (2])
Moreover, it is proved in [15] that there exists an iterative scheme approximating such a unique fixed point of the mapping
S: with desired convergence rates.

Let {Ta};2,, be a countable family of continuous pseudocontractive mappings on a closed convex subset K of a real Banach
space E. From (2.1), we can consider the following iteration: x, € K and

Xp = opXp—1 + (1 —ap)Tyx, (> 1) (2.2)
where {oe,,};“;, is areal sequence in (0, 1). It is easy to see that

an(Xy — Xp—1) = (1 — an)(TuXn — Xp).
Consequently,
(1) if Xy — X1 — Oand o, < b < 1foralln > 1, then T,x, — x, — O;
(2) if Tyxy — Xy —> Oand @, > a > Oforalln > 1, then x, — x,_; — O.
Theorem 2.2. Let {T,}32, be defined as above and F := ﬂ;";, F(Ty) # 0. Let {x,}32; is defined by the iteration (2.2) where
{anl32, is a real sequence in (0, 1). Then

(i) limp_, oo l|xn — p|| exists forallp € F;
(il) lim,_, o d(xy, F) exists, where d(x,,, F) = inf{||x, —pl:peF});
(iii) {x,} converges strongly to a common fixed point of {Ta )32, ifand only if lim inf,_, o, d(X,, F) = 0.

Proof. Letp € Fand n > 1.By (1.1) we choose j(x, — p) € J(X, — p) such that
{Txa ~ Tp, j(Xa — P)) < lIxa — plI%.

Then
% = pI* = (Xp — p, j(xa — D))
= {0tn(Xn—1 —P) +(1— o) (Toxn - D), j(xn —P))
= tn{Xn—1 — P, j(tn — P)) + (1 — ay){TuXa — P, j(x, — P))
_ < anllXn—1 — plllixa — pll + (1 — an) %, — p|I°.
So
% = PI* < l1Xa—1 — Pl lI%a — P
Consequently,

X, — Pl < l|xa—1 — plI. (2.3)
Taking infimum over all p € F, we have
d(xn, F) = inf ||x, — pl| < inf ||x,—1 — p|| = d(x,_1, F),
pEF pefF
hence the both limits lim_, o [|%, — p|| and lim,_, o0 d(x,, F) exist. The proofs of (i) and (ii) are complete.
We finally prove (iii). Suppose that x, — p € F.From (ii} and d(x,, F) < |lxs — pll = 0, we have lim,_,, d(x,, F) = 0.

Conversely, suppose that lim inf,_, o, d(X,, F) = 0. By (ii), lim,_, oo d(x,, F) = 0.Forn, m € Nand p € F, it follows from (2.3)
that

WXarm — Xnll < WXngm — DIl + IIXy —pll = 2{lxy —pll.
Consequently,
(X04m — Xa|l < 2d(x,, F) — 0.
Therefore {x,} is a Cauchy sequence. Suppose lim,_, o X, = u for some u € E. Then

d(u,F) = lim d(x,, F) = 0.

Since F is a closed set, u € F. The proof is complete. O
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Remark 2.3. Theorem 2.2 above is a countable version of [2, Theorem 2.3].

We next present a weak convergence theorem of the iteration (2.2) in the presence of the following condition (see [16]):
A countable family of mappings {T,} on a subset K of a Banach space is said to satisfy the NST-condition if for every
bounded sequence {z,} in K, 2,11 — T,z, — 0 implies

Zn — Tmzn — 0 forallm e N.

Remark 2.4. The following resultis very related to [11, Theorem 3.1] but the proof of the mentioned result is doubtful. More
precisely, in Step 3, the author claims that lim,_, o {xn, j(p — q)) exists for all p, ¢ € F by applying Lemma 1.5. But we think
that the condition "2 (L, — 1) < 0o of Lemma 1.5 seems to be overlooked in [11, Theorem 3.1].

Theorem 2.5. Let K be a closed convex subset of a real uniformly convex Banach space E with a Fréchet differentiable norm,

{Ta}32, afamily of L,-Lipschitzian pseudocontractive mappings of K such that F = Moo F(T,) # @ and Yomoqln—1) < 0.
Let {x,} be defined by (2.2) where

1—

0<1-— 85a,._<_b<1forallnz].

n

Suppose that {T,} satisfies the NST-condition. Then x, — p for somep € ﬂ:‘;, F(Ty).
Before proving this result, we need the following lemma.
Lemma 2.6 ([17]). Suppose that E is a uniformly convex Banach space and 0 < p < t,

n. Also suppose that {x;} and {y,} are two sequences of E such that limsup,_, . {IXxll
im0 |ItaXn + (1 — t)ynll = r for some r > 0. Then limMp_, oo [|Xn — yall = O.

q < 1 for all positive integers
T,

<
< r limsup,_, o llynll < rand

Proof of Theorem 2.5. Let p € F. It follows from Theorem 2.2 that
X, — pll < lixp—1 —pll foralln e N,
and d = lim,_, ||, — p|| exists and hence the sequence {x,} is bounded. By (1.2), we have

1—ay

IXn —pIt < X —p+ (%n = TuXn)

n
1T—a,
2

= |%n —p+ (Xn—1 = ToXn)

1—o,

= ||&nXp-1+ (1 —ay)TyXp —p + (Xp—1 — TXn)

1
= i(xn—l + Xn) _p”

1 1
= 51 =plb+ Sl = pll < 1¥n—1 = pII.

This implies that

lim %(xn—l -p)+ %(xn =p) ” =d.

From Lemma 2.6, we get that
Xp — Xn—1 = (Xn — p) — (X1 —p) = 0,

and hence
Xp — Tyxp — 0.

Since {T,} satisfies the NST-condition and X1 — T,x, — O,
Xn — TmXn — 0 forall m.

Moreover, since each mapping Ty, is demiclosed at zero,

wy (%) C F. (2.4)
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Next, we will apply Lemma 1.5. We observe that, for u € K, the continuous and strongly pseudocontractive mapping
S@.um) : K — K defined by '

SeunX=au+(1— aij forallx e K
has a unique fixed point p € K, or
P = S@unp = au+ (1 —a)Tp.
We now define
U:K—>K (n=0)
by letting Upx be the unique fixed point of the mapping S_(a,, 1Ty that s,
Unx = app1x + (1 — qp1) Tt Unx.
Then
Xny1 = UpXy.

We observe that

1Unx — Unyll < angallx =yl + (1 — anp 1) Tay1Unx — To 1 Unyll
) S onalix =yl + (1 = ong)Lnp 1 1Unx — Unyll,
)
o
1Unx = Uny)| < o llx =yl

1= (1~ app)Lnss
_ ((1 —dpy)(Lpy1 = 1)

1— (1= apy1)lngr

+ 1) flx — yH
1
< (E(Lm -1+ 1) Ix —yll.

By Lemma 1.5and ) ;2 (L, — 1) < oo, it follows that

{u—v,j(p—q) =0, (2.5)

foraliu, v € wy(x;) andp, q € ﬂ,‘ﬁ, F(U,). We next show that

ﬂF(u,,) =F. (2.6)

n=0
Forpe Fandn > 0,
Unp = pI* = (Unp = p, j(Unp — p))

= (1 = anp1 ) (Tn1Unp — Toy1p, j(Unp — p))
< (1= any)iUnp — pli?

and so U,p = p. It follows that F C (2, F(U,). On the other hand, let g € M2, F(Un), that is, g = Upq for all n > 0. Then
q=Usq = tpp1q + (1 — ) Tn1Ung = atnp1g + (1 — g 1)Thiaq.

Thus g = To41q and hence ()72 F(U,) C F. So0(2.6) is proved.

Finally, to show that x, — p for some p € F, it suffices to show that w,, (x,) is a singleton. Suppose that u, v € wy, (Xg).
From (2.4) and Lemma 1.4, we get that u, v € ﬂ;";, F(U,). By Lemma 1.5, lim,_, oo (X5, j(u — v)) exists. Suppose that {n,}
and {m,} are subsequences of {n} so that

Xy, =~ u and xp, — v,

Then 0 = limy_, oo (Xn, — Xm,, J(U — v)} = (u — v,j(u — v)) = lu — v||?, and hence u = v. 0O
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3. Strictly pseudocontractive mappings

We now restrict ourselves to a subclass of continuous pseudocontractive mappings. In this section, we present
convergence theorems of an implicit iteration for a countable family of strictly pseudocontractive mappings. Our results
generalizes the recent ones due to [2] from a finite family of mapping to a countable one. We first start with the following
auxiliary results which is inspired by Bruck’s paper [18].

Lemma 3.1. Let K be a closed convex subset of a smooth Banach space E. Suppose that {T,}2, is a family of A-strictly

pseudocontractive mappings from K into E with (o, F(T,) # @and { Bl is areal sequence in (0 1) suchthat 3 o2 1Bn=1
Then the following conclusions hold:

(1) G:= 372, BuTn : K — E is a A-strictly pseudocontractive mapping;
(2) F(G) = (2 F(Tw).

Proof. (1) Fixp e (72, F(T,) and let x € K. Then

14+
ITex]l £ [ Tax — Topll 4+ I Tupll <

llx = pll + ipll.

Thus ) 8, T.x converges absolutely for each x € K, thatis G = E;’; BnTn : K — E is well defined. Note that J is
single-valued since E is smooth. To show G is A-strictly pseudocontractive, letx, y € K. Then

(x =G0 ~ (7 — Gy), jx = ) = <<X—ZﬁnTX> (y—ZﬂnTny),j(x—y>>

n=1

= Z Bn ((x —~Tox) — (v — Toy), j(x — ¥))

n=1

LY B llx = Tux) — ¢ = T2

n=1

v

2

v

MDD B (= Tox) = (v = Toy))
n=1

o] =] 2
(X - ZﬂnTnx) - (y - ZﬂnTny)
n=1 n=1

=Ax—G0 - -Gyl*.
Hence Gi is A -strictly pseudocontractive.
(2) Clearly, F(T,,) C F(G). Conversely, letx € F(G) and fixp € ﬂ —1 F(Ty). Then

||X‘“I-"||2 = (X—P Jj(x—p))
= Zﬂn((Tx—p) j&x=p))

o0

Z (IIx = pii* = Allx — Tux|l?)

00
= [lx—pl> = 1) Ballx — Tux|?,

n=1

that is,

[}
xZﬁnnx - T’ <0.
This implies that x = T,x for alln € N, Hence x € ﬂ _1 F(Ty). The proof is finished. O
From the preceding lemma, we immediately obtain the following corollary.

Corollary 3.2. Let K be a nonempty convex subset of a smooth Banach space E. Given an integer r > 1, assume that {T;)]_, isa
finite family of A;-strictly pseudocontractive mappings of K such that F := ﬂ i1 FM) #Pand0 < A; < 1foralli=1,
Assume that ., ..., u, are positive real numbers such that Z,;] i = 1. Then the following statements hold:
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(1) [11, Proposition 3.1] Z,;] wiTi 1 K — K is a A-strictly pseudocontractive mapping where A = min{A;: 1 <i<r}
(2) [11, Proposition 3.2] F(}_;_, wiTy) = F.

Recall that a Banach space E satisfies Opial’s condition if

lim sup [|x, — x}| < limsup {ix, — ¥l
n—>oo n—->oo

for all sequences {x,} in E with xn — x and for all elements y # x.

Theorem 3.3. For agiven countable family of A-strictly pseudocontractive mappings {Sk}52, of anonempty closed convex subset
K of a smooth and uniformly convex Banach space E with A := inf{A, : k € N} > Oand F = Mie; F(Sk), let {x,} be a sequence
defined by

n
Xn = kot + (1 =) D BrSixa, N2 1, (€R)
k=1

where0 < a, <b < 1and {,B,’,‘} is a family of nonnegative numbers with indices n, k € Nwithk <n such that
(i) YO, Bk =1foralln € N;

(i) limy_o0 BX > Oforall k € N;

(i) Pneq Poket |ﬂ§+1 — Bkl < 0.

Then the following statements hold.

(1) If E satisfies Opial’s condition, then {x,} converges weakly to a common fixed point of the mappings {Sk}ees-
(2) If K is compact, then {x,} converges strongly to a common fixed point of the mapping {Se}e2

Proof. The iteration (3.1) is well defined since each mapping T,, := Z,f:, ﬂ,’,‘Sk is A-strictly pseudocontractive. For conve-
nience, we rewrite the iteration (3.1) as

Xp = pXn_1 + (1 —og)Toxp, n =1 (3.2)
Then (the proof is the same as that of [19}])

(a) Z,‘L sup{|| Taz1x — Tux|| : X € B} < oo for all bounded subset B of K;
(b) Y42, B* = 1and the mapping T : K — K defined by

o0
CTx=) pSix
k=1

satisfies
sup{||T,x — Tx|| : x€ B} — 0
for all bounded subset B of K.

Moreover, it follows from Lemma 3.1 that T above is a A-strictly pseudocontractive mapping and
o
F(T) = (\F(T)) =F.
n=1 :

Let p € F. Since each T, is a A,-strictly pseudocontractive mapping, there exists j(x, — p) € J(xa — p) such that
(I = Ta)xa — (I = TP, j(xa — P)) = Aull(l = To)xa — (I — TP
Clearly,

o, — 1

Xp — Xp_1 = (xn — Tpxn),

Oy
and so

on — 1

(Xn = Xn—1, j(Xn — P)) = (Xq = TaXn, j(Xn — D)).

n
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It follows then that

% — Pl = (o1 — P) + (Xn — Xa=1)|I?
< IXq—1 "'P"z + 2{xp — Xp—1,j(Xn — p))

oy —1 .
= |[Xp—-1 —Pllz + 2"0— (Xn = TnXn, j(Xa — P))
n

1—«
= ooy = plI* = 2——

((Xn — Tpxn) — (p — Tup), j(xn — p))

1—a,

< {|Xn—1 — P”2 — 2y txn — Tnxn”2-

n
From0 < a, < b < 1and A, > A, we have
1-b

22 1% — Taxall® < %a—1 — PII* — lIXn = I

It follows from the existence of the limit lim,., » ||X, — pl} that

lim lx, — Tpx,|| = 0.
n—-oo

Consequently, since {x,} is bounded,

1Tz = Xull < [ITxp — TaXnll + ([ TnXa — Xall
< sup{||Tz = Tuz|| : z € {Xa}} + [iTakn — Xall = O.

(1) Since T is a A-strictly pseudocontractive mapping,
o0
wy(Xa) C F(T) = |F(Ta) =F.
n=1
If E satisfies Opial’s condition, we get that w,,(x,) is a singleton. Otherwise, suppose that p, q € wy(x,) and p # q. Then
p, q € F. By Theorem 2.2(i) for the iteration (3.2), both limits lim;, o |X, — pll and lim,_, o [IX, — ql| exist. Let {x,, } and
{xmj} be subsequences of {x,} such that x,, — p and Xm; — q. By Opial's condition, we have

lim ||lx, — plf = lim [x,, —pll < lim [|x5, — gl = lim [|x, — q||
n—00 k—o00 k—>00 n—oo

lim ||Xm; — qll < lim {ixm; — pll = lim |Ix, = pll,
j—oo j—ooo n—00

which is a contradiction. Hence x,, — p for some p € F. ,
(2) Since K is compact, there exists a subsequence {x,, } of {x;} such that x,, — p for some p € K. By the continuity of T, we
get that,p € F(T) = F. Using Theorem 2.2(i) and (3.2), we have lim,_, », [|X, — p|| = 0. Hence x, ~> p, as desired. 0O

The following example [19] shows that there exists { ﬂ,’f} satisfying the condition of Theorem 3.3.

Example 3.4. Let {8¥) be defined by

v [27% (k<nm)
ﬁn - [zl—k (k — n)’

for all n, k € N with k < n. In this case, the sequence {T,} of mappings generated by {S,} is defined as follows: For x € C,

Tix = S1x,
Tox 1Sx+15

= — =SX,
2 27! 22

1 1 1
Tsx = =51x + =Sx + —S3x,
3 2o +42 +43

1 1 1 1
Tax = =S —Sax 4+ =S3x + =54x,
X 21X+42 +83+84X

1 1 1 1 1 1
Tox = ES1X + ZSzX + 553)( + 1—654)( + -4 2"—_15,._1x + anx.
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We introduce two general iterative schemes for finding a common fixed point of a countable family
of relatively nonexpansive mappings in a Banach space. Under suitable setting, we not only obtain
several convergence theorems announced by many authors but also prove them under weaker
assumptions. Applications to the problem of finding a common element of the fixed point set
of a relatively nonexpansive mapping and the solution set of an equilibrium problem are also
discussed.

1. Introduction and Preliminaries

Let C be a nonempty subset of a Banach space E, and let T be a mapping from C into itself.
When {x,} is a sequence in E, we denote strong convergence of {x,} to x € Eby x, — x and
weak convergence by x, — x. We also denote the weak* convergence of a sequence {x;} to
x* in the dual E* by x} = x*. A point p € C is an asymptotic fixed point of T if there exists
{xn} in C such that x, — p and x, -~ Tx, — 0. We denote F(T) and F(T) by the set of fixed
points and of asymptotic fixed points of T, respectively. A Banach space E is said to be strictly
convex if |[x + y{|/2 < 1forx,y € S(E) = {z € E : ||z|| = 1} and x#y. It is also said to be
uniformly convex if for each ¢ € (0,2], there exists § > 0 such that ||x + y|[/2 < 1 - 6 for
x,y € S(E) and ||x - y|| > €. The space E is said to be smooth if the limit

. X +ix|| - ljx
ticg 122+ 2l =

1.1
lim ; (1L.1)
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exists for all x,y € S(E). It is also said to be uniformly smooth if the limit exists uniformly in
x,y € S(E).

Many problems in nonlinear analysis can be formulated as a problem of finding a fixed
point of a certain mapping or a common fixed point of a family of mappings. This paper deals
with a class of nonlinear mappings, so-called relatively nonexpansive mappings introduced
by Matsushita and Takahashi [1]. This type of mappings is closely related to the resolvent of
maximal monotone operators (see [2-4]).

Let E be a smooth, strictly convex and reflexive Banach space and let C be a nonempty
closed convex subset of E. Throughout this paper, we denote by ¢ the function defined by

P(xy) = I - 2(x, Jy) + |yl vx,y€E, (1.2)

where ] is the normalized duality mapping from E to the dual space E* given by the following
relation:

(x, Jx) = [lxli? = | Jx||*. (1.3)

We know that if E is smooth, strictly convex, and reflexive, then the duality mapping ] is
single-valued, one-to-one, and onto. The duality mapping J is said to be weakly sequentially
continuous if x, — x implies that Jx,, — Jx (see [5] for more details).

Following Matsushita and Takahashi [6], a mapping T : C — E is said to be relatively
nonexpansive if the following conditions are satisfied:

(R1) F(T) is nonempty;
(R2) ¢(u, Tx) < ¢p(u,x) forallu € F(T), x € C;
(R3) F(T) = F(T).

If T satisfies (R1) and (R2), then T is called relatively quasi-nonexpansive [7]. Obviously,
relative nonexpansiveness implies relative quasi-nonexpansiveness but the converse is
not true. Relatively quasi-nonexpansive mappings are sometimes called hemirelatively
nonexpansive mappings. But we do prefer the former name because in a Hilbert space setting,
relatively quasi-nonexpansive mappings are nothing but quasi-nonexpansive.

In [2], Alber introduced the generalized projection I1¢ from E onto C as follows:

Tle(x) = argl’yneig gb(y, x) Vx € E. (1.4)

If E is a Hilbert space, then ¢(y,x) = || Y- x| and TI¢ becomes the metric projection of E
onto C. Alber’s generalized projection is an example of relatively nonexpansive mappings.
For more example, see [1, 8].

In 2004, Masushita and Takahashi [1, 6] also proved weak and strong convergence
theorems for finding a fixed point of a single relatively nonexpansive mapping. Several
iterative methods, as a generalization of [1, 6], for finding a common fixed point of the family
of relatively nonexpansive mappings have been further studied in {7, 9-14].
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Recently, a problem of finding a common element of the set of solutions of an
equilibrium problem and the set of fixed points of a relatively nonexpansive mapping is
studied by Takahashi and Zembayashi in [15, 16]. The purpose of this paper is to introduce
a new iterative scheme which unifies several ones studied by many authors and to deduce the
corresponding convergence theorems under the weaker assumptions. More precisely, many
restrictions as were the case in other papers are dropped away.

First, we start with some preliminaries which will be used throughout the paper.

Lemma 1.1 (see [7, Lemma 2.5]). Let C be a nonempty closed convex subset of a strictly convex
and smooth Banach space E and let T be a relatively quasi-nonexpansive mapping from C into itself.
Then F(T) is closed and convex.

Lemma 1.2 (see [17, Proposition 5]). Let C be a nonempty closed convex subset of a smooth, strictly
convex, and reflexive Banach space E. Then

¢ (x,Icy) +¢(Tcy,y) < d(x,y) (1.5)

forallx e Cand y € E.
Lemma 1.3 (see [17]). Let E be a smooth and uniformly convex Banach space and let r > 0. Then

there exists a strictly increasing, continuous, and convex function h : [0,2r] — R such that h(0) = 0
and

h(|lx-yll) < ¢(xy) (1.6)

forallx,y e B, ={z€E:|z|<r}.

Lemma 1.4 (see [17, Proposition 2]). Let E be a smooth and uniformly convex Banach space and let
{x} and (y.| be sequences of E such that either {x,} or {y,} is bounded. If lim, _, @ (%, y») = 0,
then lim,, _, o ||, — vl = 0.

Lemma 1.5 (see [2]). Let C be a nonempty closed convex subset of a smooth, strictly convex, and
reflexive Banach space E, let x € E, and let z € C. Then

z=llcx = (y-2zJx-]z) <0, VYyeC (1.7)

Lemma 1.6 (see [18]). Let E be a uniformly convex Banach space and let r > 0. Then there exists a
strictly increasing, continuous, and convex function g : [0,2r] — R such that g(0) = 0 and

lltx + (1 = Oy ||” < tllxl? + @ - |y ]| - @ - Hg(llx - ) (1.8)

forallx,y € Byand t € [0,1].

We next prove the following three lemmas which are very useful for our main results.
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Lemma 1.7. Let Let C be a closed convex subset of a snzooth Banach space E. Let T be a relatively
quasi-nonexpansive mapping from E into E and let (S;) Y, bea family of relatively quasi-nonexpansive
mappings from C into itself such that F(T) N (N, F(S;) #0. The mapping U : C — E is defined by

N
Ux =T] ™ Y wiai]x + (1 - 2) ] Six) (19)

i=1

forall x € Cand {w;}, (a;} € [0,1),i =1,2,...,N such that SN, w; = 1. Ifx € Cand z €
F(T) NN, E(S;), then

P(z, Ux) < P(z,x). (1.10)

Proof. The proof of this lemma can be extracted from that of Lemma 1.8; so it is omitted. O
If E has a stronger assumption, we have the following lemma.

Lemma 1.8. Let C be a closed convex subset of a uniformly smooth Banach space E. Let r > 0.
Then, there exists a strictly increasing, continuous, and convex function g* : [0,6r] — R such that
8*(0) = 0 and for each relatively quasi-nonexpansive mapping T : E — E and each finite family of
relatively quasi-nonexpansive mappings {S;}, : C — C such that F (T) N NN, F(S;) #0,

Zw,a, 1-a)g*(1]z - JSizll) < p(u, z) - Pp(u,Uz) (1.11)
forall z € CN B, and u € F(T) NN, F(S:) N B,, where

N
Ux =T]™' Y wiai]x + (1 - a;) ] Six) (1.12)
i=1

x € Cand {w;), {a;} € [0,1], i=1,2,...,N such that TN, w; = 1.

Proof. Let r > 0. From Lemma 1.6 and E* is uniformly convex, then there exists a strictly
increasing, continuous, and convex function g* : [0,6r] — R such that g*(0) = 0 and

llex" + (1= By |17 < that 2+ @ - oyl ||* - 11

=yl (1.13)
forall x*,y* € {z* € E* : ||z*|| < 3r}and t € [0,1]. Let T : E — E and [S,-}fl’1 :C - C
be relatively quasi-nonexpansive for all i = 1,2,..., N such that F(T) n ﬂf:l F(S;)#0. For
ze€ CnB,and u € F(T) Y, F(S;) N B,. It follows that

(lell = 1Siz1)* < p(w, Siz) < P(u, 2) < (Jlull + ||zl))* < (2r)? (1.14)
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and hence ||S;z|| < 3r. Consequently, fori=1,2,..., N,
laiz + (1 - a)JSizl* < aill JzII* + A - an) | ] Sizll* - (1 - a)g" (I z - JSizl}).  (1.15)

Then

N
P(u,Uz) < ¢<u/]-]zwi(aijz +(1- ai)]5i2)>

i=1
N 2
= Jlulf® - 2<u, D wi(aiJz+(1- ai)]5i2)> + i(aiJz + (1 - a;)]Siz)
i=1
N
< il - 20w, i)z + (1 - @)JSi2) + |laifz + (1 - a)]Sizl”)
=1
N 1.1
< Swi(Iul? ~ 20wz + (1 - a)]S;2) + alJ 212+ (1 - a)JSizl’ (116
i=1
- a(l-a)g (T2 JSizl))
N
= Swi(ap(u,z) + (1 - a)p(u,5iz) - ai(1 - a)g" (12 - JSizl)
i=1
N
<P(u,z) - Dwiri(1-a)g*(lJz - JSizll).-
=1
Thus
N
S wiai(1 - a)g" 1]z = JSizl) < p(u,2) - p(u, Uz). (117)
i=1
O

Lemma 1.9. Let C be a closed convex subset of a uniformly smooth and strictly convex Banach
space E. Let T be a relatively quasi-nonexpansive mapping from E into E and let {S;)Y, be a family

of relatively quasi-nonexpansive mappings from C into itself such that F(T) n (Y, F(S:) #0. The
mapping U : C — E is defined by

N
Ux =TJ] " Y wiai]x + (1 - &) ] Six) (1.18)
i=1
forallx € Cand {w;}, {ai} € (0,1),i=1,2,..., N such that Z,ﬁ'l w; = 1. Then, the following hold:
(1) FU) = F(T)n X, F(Sy),

(2) U is relatively quasi-nonexpansive.
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Proof. (1) Clearly, F(T) n nﬁ;{l F(S;) ¢ F(U). We want to show the reverse inclusion. Let z €
F(U)and u € F(T) nY, F(S;). Choose

r = max{|lull, [z, [S:z]l, [S22ll, .. ., [|Smz]|}- (1.19)

From Lemma 1.8, we have
N
D wiai(l=a)g*(I]z - JSizl) = 0. (1.20)
i=1

From w;a;(1 ~a;) >0foralli=1,2,..., N and by the properties of g*, we have
Jz=]S;z (1.21)

foralli=1,2,...,N. From ] is one to one, we have

z=S5;z (1.22)
foralli=1,2,..., N. Consider
N
z=Uz=T]" Y wi(a;Jz+ (1 - a;)]Siz) = Tz. (1.23)
i=1
Thus z € F(T) N NY, F(Si).
(2) It follows directly from the above discussion. a

2. Weak Convergence Theorem

Theorem 2.1. Let Cbea nonempt y closed convex subset of a uniformly smooth and uniformly convex
Banach space E. Let {T, 132, : E — C be a family of relatively quasi-nonexpansive mappings and let

{ S, }, 52:C — Cbea famzly of relatively quasi-nonexpansive mappings such that F := %, F(T,) N
N F(Si) #0. Let the sequence {x, |} be generated by x; € C,

N
Xp+1 = Tn]'—lzwn,i(an,i]xn + (1= ani)JSixy) (2.1)
i=1

forany n € N, {wy;}, {a,;} € [0,1] lforallm € N,i =1,2,...,N such that Z_Iw,,, =1 for all
n € N. Then {I1x, | converges strongly to z € F, where 1§ is the generalized projection of C onto F.
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Proof. Let u € N2y F(Tn) NN, F(S)). Put
N
un = Tn]_lzwn,i(an,i] + (1 - an,i)]si)' (22)
i=1

From Lemma 1.7, we have
P, xns1) = P, U, xn) < (U, x0)- (2.3)

Therefore lim, _, ¢ (u, x,,) exists. This implies that {¢(u, x,,)}, {x»} and {Six,} are bounded
foralli=1,2,...,N. :
Let y,, = ITfx,. From (2.3) and m € N, we have

O Yns Xnem) < P(Yn, Xn)- (2.4)
Consequently,
(Y, Ynim) + @ (Ynsms Xnsm) < P(Yn, Xnsm) < P(Yns Xn).- (2.5)
In particular,
P (Yus1, Xne1) < G(Yn,s Xn)- (2.6)

This implies that lim,, _, ¢ (., x,,) exists. This together with the boundedness of {x,} gives
r := sup,yllyall < oo. Using Lemma 1.3, there exists a strictly increasing, continuous, and
convex function h : [0,2r] — R such that #(0) = 0 and

h(“yn - yn+m") < ¢(ym yn+m) < (f)(yn/ xn) - ¢(yn+m/ xn+m)- (2.7)
Since {¢(yn, xx)} is a convergent sequence, it follows from the properties of g that (y,} is a
Cauchy sequence. Since F is closed, there exists z € F such thaty, — z. a

We first establish weak convergence theorem for finding a common fixed point of
a countable family of relatively quasi-nonexpansive mappings. Recall that, for a family of
mappings {Tn},z; : C — E with (o F(T,,) # 0, we say that {T,,} satisfies the NST-condition
[19] if for each bounded sequence {z,} in C,

lim |1z — Tuzul| = 0 implies wu{z4) C (F(Ta), (2.8)
n=1

where wy, {z,} denotes the set of all weak subsequential limits of a sequence {z,}.
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Theorem 2.2. Let C be a nonempty closed convex subset of a uniformly smooth and uniformly
convex Banach space E. Let (T, )32, : E — C be a family of relatively quasi-nonexpansive mappings
satisfying NST-condition and let (S;}, : C — Cbea family of relatively nonexpansive mappings
such that F := (V72 F(T,) N\~ F(S;) # 0 and suppose that

¢(u, Tux) + §(Tox, x) < Pp(u, x) (2.9)

forallu € (2, F(Ty), n € Nand x € E. Let the sequence {x, } be generated by x; € C,

N
Xp+1 = Tn]_lzwn,i(an,i]xn 4 (I an,i)jsixn) (210)
i=1

foranyn € N, (wy;}, {an;} € [0,1] foralln € N,i=1,2,...,N such that z{;’l wp,i = 1 for all
n €N, iminf, _, owy,ittni(1-a,,;) > 0foralli=1,2,...,N. If ] is weakly sequentially continuous,
then {x,} converges weakly to z € F, where z = lim,, _, ,I1rx,,.

Proof. Let u € F. From Theorem 2.1, lim,,_, ,,¢ (1, x,,) exists and hence | x,} and {S;x,} are
bounded foralli=1,2,..., N. Let

7R sug{ lnll IS12ull, [1S2l, - -, ISn2all)- (2.11)
ne

By Lemma 1.8, there exists a strictly increasing, continuous, and convex function g
[0,2r] — R such that g*(0) = 0 and

N
an,i‘xn,t‘(l = an,i)g*(”]xn =JSixy|)) < qS(u, Xp) — ¢(u: Xn+1)- (2.12)

i=1

In particular, foralli =1,2,..., N,

wn,ian,i(l - an,i)g*(”]xn B ]Sixn”) < (])(u, xrl) . 4’(“/ x71+1)' (2'13)
Hence,
Z‘“’n,i‘xn,i(1 - an,i)g*(”]xn - Isixﬂ") < oo (2.14)
n=1

foralli = 1,2,...,N. Since lim inf, , ownittni(l — ay;) > 0 foralli = 1,2...,N and the
properties of g, we have

nl;lflgonjxn = JSixu|| =0 (2.15)
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foralli =1,2...,N.Since J' is uniformly norm-to-norm continuous on bounded sets, we
have

Jim [l = Sixafl = 0 (2.16)

foralli=1,2...,N.Since {x,} is bounded, there exists a subsequence {x,, } of (x,} such that
xy, — z € C. Since S; is relatively nonexpansive, z € I?(Si) =F(S;)) foralli=1,2...,N.
We show that z € (2, F(T,). Let

N
yn = ]_lzwn,i(an,i]xn + (1 T an,i)]sixn)' (217)

i=1

We note from (2.15) that

N
an,i(an,i].xn + (1 i an,i)]Sixn) = Jxq
i=1

N

< an,i(l = ani)||JSixn = Jxnll — O. (2.18)
i=1

Since J~! is uniformly norm-to-norm continuous on bounded sets, it follows that

lim ||yn — xz|| = lim

H— 00 nH—w

0. (219)

N
]_l (anli(a,,,i]xn +(1- ‘xn,i)]Sixn)> 7 ]—lfxn
i=1

Moreover, by (2.9) and the existence of lim,_, ¢ (u, x,,), we have
$(Tryn Yn) < () = p(u, Tuyn)
N
= ¢ <u, ]—1an,i(“11,i]xn +{(1- “n,i)]sixn)> - (])(u/ Xn+1) (2.20)
i=1
< (])(u, xn) = 4’(“: Xus1) — 0.

It follows from Lemma 1.4 that lim,_. || T yn — yu|| = 0. From (2.19) and x,, — z, we have
Yn, — 2. Since {T,} satisfies NST-condition, we have z € N, F(T,). Hence z € F.
Let z,, = I1gx,. From Lemma 1.5 and z € F, we have

<an -z, ]xllk - ]z‘nk> > 0. (2.21)

From Theorem 2.1, we know that z, — z' € F. Since ] is weakly sequentially continuous, we
have

(z'-z,Jz-JZ') > 0. (2.22)
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Moreover, since | is monotone,

(z'-z,Jz-]z') <. (2.23)
Then

(z' -z Jz-]Z') =0. (2.24)
Since E is strictly convex, z’ = z. This implies that w,,{x,} = {z') and hence x,, — Z' =
limy, , o T1pxy,. d

We next apply our result for finding a common element of a fixed point set of
a relatively nonexpansive mapping and the solution set of an equilibrium problem. This
problem is extensively studied in [11, 14-16]. Let C be a subset of a Banach space E and
let f : CxC — Rbe abifunction. The equilibrium problem for a bifunction f is to find x € C
such that f(x,y) 2 0 for all y € C. The set of solutions above is denoted by EP(f), that is

x €EP(f) iff f(x,4) 20VyeC. (2.25)

To solve the equilibrium problem, we usually assume that a bifunction f satisfies the
following conditions (C is closed and convex):

(Al) f(x,x) =0forall x € C;
(A2) f is monotone, that is, f(x,y) + f(y,x) <0, for all x,y € C;
(A3) forall x,y,z € C, lim supof (tz+ (1 -Bx,y) < f(x,y);
(A4) for all x € C, f(x,-) is convex and lower semicontinuous.
The following lemma gives a characterization of a solution of an equilibrium problem.
Lemma 2.3. Let C be a nonempty closed convex subset of a Banach space E. Let f be a bifunction from

CxC — R satisfying (A1)~(A4). Suppose that p € C. Then p € EP(f) if and only if f(y,p) <0 for
allyeC.

Proof. Letp € EP(f), then f(p,y) > Oforally € C. From (A2), we get that fy,p)<—flp.y) <
Oforally € C.

Conversely, assume that f(y,p) <O forally € C. Forany y € C, let
xi=ty+(1-tp, forte (0,1]. (2.26)
Then f(x;,p) < 0 and hence

0=f(xe,x) <tf(xe,y) + =8 f(x,p) <tf(x1,y). (2.27)
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So f(xt,y) > 0forallt € (0,1]. From (A3), we have

0< lin:;)upf (ty+(-tpy) < f(py) VyeC (2.28)

Hence p € EP(f). 0
Takahashi and Zembayashi proved the following important resuit.
Lemma 2.4 (see [15, Lemma 2.8]). Let C be a nonempty closed convex subset of a uniformly smooth,

strictly convex and reflexive Banach space E. Let f be a bifunction from C x C — R satisfying (A1)-
(A4). For r > 0 and x € E, define a mapping T, : E — C as follows:

T, (x) = {z eC:f(zy)+ ;<y-—z,]z—]'x) >0Vye C} (2.29)

for all x € E. Then, the following hold:
(1) T, is single-valued;

(2) T; is a firmly nonexpansive-type mapping [20], that is, for all x,y € E

(Trx =Ty, JT,x - JT,y) < (Tox =Ty, Jx - Jy); (2.30)

() F(T;) = EP(f);
(4) EP(f) is closed and convex.
We now deduce Takahashi and Zembayashi’s recent result from Theorem 2.2.

Corollary 2.5 (see [15, Theorem 4.1]). Let C be a nonempty closed convex subset of a uniformly
smooth and uniformly convex Banach space E. Let f be a bifunction from C x C to R satisfying (A1)~
(A4) and let S be a relatively nonexpansive mapping from C into itself such that F(S) N EP(f) #0.
Let the sequence {x,} be generated by u, € E,

Xy € C such that f(x,,y) + l(y—xn,]x,, -Ju,) >0 VyeC,
Tn (2.31)

Upy1 = ]_1 (@n]xn + (1 - a,)]Sx,)

for every n € N, (a,} c [0,1] satisfying iminf, —, o, (1 — an) > 0 and (r,} C [a, o) for some
a > 0. If ] is weakly sequentially continuous, then {x,} converges weakly to z € I(s)nep(s), where
z = limp —, o T1p(s)nEP(fF) Xn-
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Proof. Put T, = T,, where T, is defined by Lemma2.4. Then N2, F(T,) = EP(f). By
reindexing the sequences {x,} and {u,} of this iteration, we can apply Theorem 2.2 by
showing that the family (T} satisfies the condition (2.9) and NST-condition. It is proved
in {15, Lemma 2.9] that

¢, Tux) + P(Tpx,x) < p(u,x) Vx€E, ue ﬁF(Tn). (2.32)

n=1

To see that {T,) satisfies NST-condition, let {z,} be a bounded sequence in C such that
lim, ., ||zn — Tuzall = 0 and p € wy {z,}. Suppose that there exists a subsequence {z,, } of

{24} such that z,, — p. Then T, z,, — p € C. Since J is uniformly continuous on bounded
sets and r,,, > a, we have

" N\
lim ;—|| JzZn, = JTnZu | = 0. (2.33)
ny

k— o0ty

From the definition of T,,,k , we have

1
f(TﬂkzﬂkI y) + " (y = T Znes J T Zny ~ ]znk> >0 VyeC. (2.34)
e

Since
f(y/ Tnkznk) S —f(Tnkznkz y)
1
= a <y = Tz, JTn 20, ]an> (2.35)

1
< _“y - Tnkznklluankznk - ]an”
r?lk

and f is lower semicontinuous and convex in the second variable, we have
f(y.p) <liminf f(y, To.z,) <O0. (2.36)

Thus f(y,p) < 0 forall y € C. From Lemma 2.3, we have p € EP( f)- Then (T, } satisfies the
NST-condition. From Theorem 2.2 where N =1, {x,} converges weakly to z € F(T,,)NF(S) =
EP(f) N F(S), where z = lim,, _,OOHEp(f)np(s)xn. m

Using the same proof as above, we have the following result.



Fixed Point Theory and Applications 13

Corollary 2.6 (see [11, Theorem 3.5]). Let C be a nonempty and closed convex subset of a uniformly
convex and uniformly smooth Banach space E. Let f be a bifunction from C x C to R satisfies (A1)-
(A4) and let T,S : C — C be two relatively nonexpansive mappings such that F := F(T) N F(S) N
EP(f) #0. Let the sequence {x,} be generated by the following manner:

Xy € C such that f(x,,y) + l(y—x,,,]x,, -Juy) >0 VyeC, |
™ (2.37)

Up+l1 = ]_1 (“n]xn + pn]Txn + Yn]sxn) Vn>1.

Assume that {a,}, {Bn), and {y,} are three sequences in [0, 1] satisfying the following restrictions:

@) a, + ﬂn +=1
(b) iminf, _, canfy > 0, iminf, . a,y. > 0;

() {ra) C [a, o) for some a > 0.

If ] is weakly sequentially continuous, then {x, } converges weakly to z € F, where z = im,, _,  I1rx,.
The following result also follows from Theorem 2.2.

Corollary 2.7 (see [9, Theorem 5.3]). Let E be a uniformly smooth and uniformly convex Banach
space and let C be a nonentpty closed convex subset of E. Let (S;}1Y, be a finite family of relatively
nonexpansive mappings from C into itself such that F = (Y, F(S;) is a nonempty and let {a,; :
nieN, 1<i<N}c[01]and {wy; :nieN, 1<i< N} c[01] besequences such that
liminf, ., ni(1 — @y;) > 0 and liminf, . wy; > 0 forallie {1,2,...,N} and Zﬁl wy, =1 for
all n € N. Let U,, be a sequence of mappings defined by

N
Unx = HC]-lzwn,i(an,ijx +(1- an,i)]sl’x) (2.38)
i=1
for all x € C and let the sequence {x,} be generated by x, = x € C and

Xpa1 =Upx, (m=1,2,..). (2.39)

Then the following hold:

(1) the sequence {x,)} is bounded and each weak subsequential limit of {x,} belongs to
N& F(S);

(2) if the duality mapping | from E into E* is weakly sequentially continuous, then {x,}
converges weakly to the strong limit of {I1rx,}.

Proof. Since TIl¢ is relatively nonexpansive, the family {Ilc} satisfies the NST-condition.
Moreover, F(I1l¢) = C and

¢(x.Tcy) +p(Tcy, y) <dp(x,y) VyeE xeC (2.40)

Thus the conclusions of this corollary follow. O
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3. Strong Convergence Theorem

In this section, we prove strong convergence of an iterative sequence generated by the hybrid
method in mathematical programming. We start with the following useful common tools.

Lemma 3.1. Let C be a nonempty closed convex subset of a uniformly smooth and uniformly convex
Banach space E. Let {T,}i2y : E — Eand {S;}N, : C > Cbe families of relatively quasi-
nonexpansive mappings such that F := 2, F(T,) NN, F(S:) #0, and

(,f)(u, Tnx) + ¢(Tnx, X) < 4)(11,3() (31)

forallu € (24 F(T), n € Nand x € E. Let {x,} C C be such that {x,,} and {S;x,} are bounded for
alli=1,2,...,N,and

N
n= ]_] wn,i(an,i]xn + (1 - “n,i)]sixn)r
/ Zl 3.2)

Un = Tnyn/

where {wy;i}, (a,:) € [0,1] foralln € Nandi = 1,2,...,N satisfy Zﬁl wpi =1foralln € N,

liminfy , wn,i (1 = ay:) > 0 foralli=1,2,..., N and lim,_, o ||x, - uy|| = 0. Then the following
statements hold:

(1) limy, o0 (P (1, x4) = Pp(u, 1)) =0 forallu € C,

(2) limy— oo [|un — yull = 0,

@) wuixn} = ww{yn},

(4) iflim,, , o ||Xp41 = X4l = O, then lim,, _, || x, — Six,|| = Oforalli=1,2,...,N,
®)ifx, — z,thenu, — zand y, — z.

Proof. (1) Since limy.q[[x, = u4]| = 0 and ] is uniformly norm-to-norm continuous on
bounded sets,

Jm jlJx = Jun|| = 0. (3.3)
We note here that {u, } is also bounded. For any u € C, we have
|¢(u, Xn) — P(n, u,,)| = l“xn“2 - |]u,,||2 = 2(u, Juy ~ Jxn)

< eall? = ] + 21, Tt = )| (34)

< Hlocn = unll(lln || + lenll) + 2||welll Jt - Jxu|| — 0.
(2) Let u € F. Using (3.1) and the relative quasi-nonexpansiveness of each T,;, we have

(i)(um yn) = (]’(Tnynr yn) < (p(u/]/u) - ‘p(urTnyn) < (P(u/ Xp) = 4’(“/ up) — 0. (3.5)
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By Lemma 1.4 and the boundedness of {u,}, we have

nli]:rc}onu,, - y,,” =0. (3.6)
(3) Since
”xn - yn” < ”xn - un” + ”un - yn” = "xn -~ un” + "Tuyn - }/n” —0, (37)

we have wy, (Xn) = Wy (Yn -

(4) Assume that lim,_, o ||xp+1 = X4|| = 0. From lim,_ ,[|x, — yal| = 0, we get that
Jimy, -, oo | Xne1 = Yl = 0. Since J is uniformly norm-to-norm continuous on bounded sets, we
have

nli_r’r;lo”]xnﬂ = Jxall = Ji_{rgo"]xnﬂ - ]]/n“ =0. (3.8)

So,

”]‘xn+1 o ]]/n” 3

N
JxXns1 = an,i(an,i]ixn +(1- “n,i)]sixn)
i=1

(3.9)
N
2 Z(w,,,,-(l — ani)|JxXns1 = JSixall - wn,ian,i”]xml = Jxall).
i1

From (3.8), we have
N N
an,i(l = ani)||J Xne1 = JSixall < ”]an. - ]yn" + an,i‘xn,i”]xnﬂ = Jxu|| — 0. (3.10)
i=1 i=1
It follows from liminf,, , wn,i(1 — a,;) > 0foralli=1,2,..., N that
"]i_vl*]go{ljxm] - JSixull =0 (3.11)

foralli=1,2,...,N.Since J}is uniformly norm-to-norm continuous on bounded sets and
lim,; -, o[ Xn+1 — xnll = 0, we have

lim ||x,, — Six,|| =0 (3.12)
n—

foralli=1,2,..., N, as desired.
(5) Assume that x, — z. From the assumption and (2), we have

Jim [l = wal] = Kim [l = yul] = 0. (3.13)

Henceu, — zandy, — z. [}
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Lemma 3.2 (see [21, Lemma 2.4]). Let F be a closed convex subset of a strictly convex, smooth and
reflexive Banach space E satisfying Kadec-Klee property. Let x € E and (x,) be a sequence in E such
that wy, {x,} C F and ¢(x,, x) < ¢(IIex,x) foralln € N. Then x,, — z = Igx.

Recall that a Banach space E satisfies Kadec-Klee property if whenever {u,] is a
sequence in E with x, — x and ||x,|| — ||x]|, it follows that x,, — x.
3.1. The CQ-Method

Theorem 3.3. Let C be a nonempty closed convex subset of a uniformly smooth and uniformly convex
Banach space E. Let {T,,}2; : E — E be a family of relatively quasi-nonexpansive mappings satisfying
NST-condition and let {S;}N, : C — Cbea family of relatively nonexpansive mappings such that
F = (1 F(Tw) NN, F(Si) #0, and

¢, Tox) + ¢(Tyx, x) < P11, x) (3.14)
forallu € (2, F(T,), n € Nand x € E. Let the sequence |x,) be generated by
x1=x€eC,
N
Up = n]_lzwn,i(an,i]xn + (1 - “n,i)]sixn)r
i=1

Cn={z€C:(z,u,) < P(z,x0)},
Qu={zeC:{xy-2 Jx~-Jx,) >0},

(3.15)

Xpel = I—IC,,nQ,, x

foreveryn € N, {wp;}, {ani} C [0,1) foralln €e Nandi =1,2,...,N satisfying Z,-I;]l wyi =1 for
alln € N, liminf, , ow,;(1-a,;) >0foralli=1,2,...,N. Then {x} converges strongly to I1gx.

Proof. The proof is broken into 4 steps.

Step 1 ({x,} is well defined). First, we show that C,, N Q,, is closed and convex. Clearly, Q,, is
closed and convex. Since

P(z,un) < P(2, %) & [uall® = l|2xa]1* = 2(2, Jun — Jx,,) <0, (3.16)

then C,, is closed and convex. Thus C,, N Q, is closed and convex.
We next show that F ¢ C,, N Q,.. Let u € F. Then, from Lemma 1.7,

P, un) < P(u, xz). (3.17)

Thus u € C,. Hence F ¢ C,, for all n € N.



Fixed Point Thebry and Applications 17

Next, we show by induction that F ¢ C, N, for all n € N. Since Q; = C, we have
FcCinQ;. (3.18)

Suppose that F ¢ Cx N Qx for some k € N. From xx41 = [Ic,ng,x € Ck N Qx and the definition
of the generalized projection, we have

(X1 =2, JX = Jxe1) 20 (3.19)
forall z € C, N Q. From F € Cx N Qy,
Xk =p, Jx = Jxi) 20 (3.20)

for all p € F. Hence F C Qk.1, and we also have F C Cyy1 0 Qks1. So, we have @#F cCpnQ,
for all n € N and hence the sequence {x,} is well defined.

Step 2 (ww{xx) C N3 F(S;)). From the definition of Q,, we have x, = TIg,x. Using
Lemma 1.2, we get

P(xn, x) = p(Tlg,x, x) < P(u,x) - ¢(u,Mp,x) < p(u,x) (321)
for all u € Q,. In particular, since x,,:1 € Q, and I[Trx € F ¢ Q,,,

(.b(xn/ x) < ¢(xn+]/ X), (322)
P (xn, x) < P(Irx, x) (3.23)

for all n € N. This implies that lim,_, ¢ (x,, x) exists and {x,} is bounded. Moreover, from
(3.21) and x,,41 € Q,,

P (xn, X) < P(xna1, X) = (s, ). (3.24)
Hence
P(Xn+1, Xu) £ P(Xns1, X) — P(x, x) — 0. (3.25)
It follows from x4 = Ilc,ng,x € C, that
(X1, Un) < P(Xpe1, %) — 0. (3.26)
From (3.25), (3.26), and Lemma 1.4, we have

lim ”xn+1 - xn“ =0 = lim "xn+1 - un”- (327)
n—oo n— o
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So lim,, s o ||y = 14|l = 0. Using Lemma 3.1(4), we get that
nli_l”l‘olo”x,, = Sixyl| =0 (3.28)

foralli=1,2,...,N.Since each S; is relatively nonexpansive,
N N
wio{Xn) C(E(Si) = [(F(S)). (3.29)
i=1 i=1

Sff—’P 3 (wyplx,) C n:;il F(T,)). Let Yn = )r—l Z,I\:’] wni(aniJx, + (1 - an;)]Six,). From
Lemma 3.1(2), we have

,P;)ﬂlo||T11yn = Yn ” 2 Or (330)

and wy {x,} = Wy {y,]. It follows from NST-condition that twy, {x,, ) = Wwl{Yn} C Npey F(Ty).

Step 4 (x, — Tlpx). From Steps 2 and 3, we have wyw{xy} € F. The conclusion follows by
Lemma 3.2 and (3.23). O

We apply Theorem 3.3 and the proof of Corollary 2.5 and then obtain the following
result.

Corollary 3.4. Let C, E, f, S be as in Corollary 2.5. Let the sequence (x,,} be generated by

x1=x€C,

Yn = ]-1 (anJxy + (1 — ay) JSxy),

1
uy € C such that f(uy,y) + —(y ~—un, Jux, - Jy,) >0 VyeC,
f (U y) + —(y = Yn) y 331)

Co={z€C:P(z,un) < P(z,x,)},
Qn={z€C:{(xy—2z Jx-Jx,) >0},

Xn+1 = ITC,,ﬁQ,, X

for every n € N, {a,} c [0,1] satisfying lim sup,,_, an < land {r,} C [a, oo] for some a > 0.

Then, {xy} converges strongly to T1rsynep(s)x, where Tp(synep( 1) s the generalized projection of E
onto F(S) N EP(f).

Remark 3.5. Corollary 3.4 improves the restriction on {a,) of [15, Theorem 3.1]. In fact, it is
assumed in (15, Theorem 3.1] that liminf, _, oa,(1 — a,) > 0.
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3.2. The Monotone CQ-Method

Let C be a closed subset of a Banach space E. Recall that a mapping T : C — C is closed if for
each {x,} in C,if x, — xand Tx, — y, then Tx = y. A family of mappings {T,} : C — E
with N2, F(T,) # @ is said to satisfy the (x)-condition if for each bounded sequence {z,} in C,

Jim ||z, - Tyzul| =0, 2z — z imply z € (F(Tw). (3.32)

n=1

Remark 3.6. (1) If (T,,} satisfies NST-condition, then {T;,} satisfies (*)-condition.
(2)IfT,, =T and T is closed, then {T,} satisfies (*)-condition.

Theorem 3.7. Let C be a nonempty closed convex subset of a uniformly smooth and uniformly
convex Banach space E. Let {T,};2, : E — E be a family of relatively quasi-nonexpansive mappings
satisfying (x)-condition and let {S;}, : C — C be a family of closed relatively quasi-nonexpansive
mappings such that F := 2., F(T,) N\, F(S:) #0, and

O(u, Tpx) + P(Tox, x) < pu, x) (3.33)
or all u € Ny F(Ty), n € N, and x € E. Let the sequence {x,} be generated b
n=1 q 8 Y
xo=x€C, Qo =C,

N
Uy = Tn]—]zwn,i(“n,i]xn +(1- an,i)]sixn)/
i=1
Co={z€C: ¢(z,up) < Pp(z,x0) }, (3.34)
Cu= {Z €C1NQpy: (i)(z;un) < (])(z,x,,)},
Qn = {Z € Cn—l hQn—l : <xn N Z/]x_]xn> 2 O}/

X1 = Le,ng, X
forevery n € N, {wp;i}, {an:} C [0,1] satisfying Zf\il wy,; = 1 and iminf, , ,w,;(1 — a,;) > 0 for
alli=1,2,...,N. Then {x,} converges strongly to [1rx.

Proof.

Step 1 ((xn} is well defined). This step is almost the same as Step1 of the proof of
Theorem 3.3, so it is omitted.

Step 2 ({x,} is a Cauchy sequence in C). We can follow the proof of Theorem 3.3 and conclude
that

rlli_{lgo¢(x,,,x) (3.35)
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exists. Moreover, as X € Q, for alln,m and x,, = Ig,x,

G (Xnam, Xn) = ¢ (xn+m, HQ,,X)
< ‘I’(xnmu x) - (I)(HQ.,x/ x) (3.36)

= (i)(xn+m, x) - ¢(x"’ x).

Since {x,} is bounded, it follows from Lemma 1.3 that there exists a strictly increasing,
continuous, and convex function h such that h(0) = 0 and

(| xnsm = 24]l) < ¢ (X, X) — P (x,, x). (3.37)

Since lim,, _, (x5, X) exists, we have that | Xy} is a Cauchy sequence. Therefore, x,, — z for
some z € C.

Step 3 (z € N, F(S1)). Since 41 = Ie,ng,x € Cp, we have
¢(xn+1/ u,) < ¢(xn+lr Xy) — (P(Z/ z) =0. (3.38)

By Lemma 1.4 and the boundedness of {x,}, we have

nli_)mmnxvﬂ-l = uy| = 0. (3.39)
So, we have lim,, _, o ||x, — u,|| = 0. Using Lemma 3.1(4), we get that
Jim [lx, - Six[| = 0 (3.40)

foralli=1,2,..., N.Since each S; is closed, z € ﬂfil F(S)).

Step 4 (z € ;2 F(Tw). Letyn = J7' Y, wni(@niJxn + (1 - @) JSixy). From Lemma 3.1(2),
we have lim,, _, ||y~ T,y || = 0and Yu — z.Itfollows from (x)-condition that z € N1 F(Ty).

Step 5 (x, — Tlpx). From Steps 3 and 4, we have wy, {x,} C F. The conclusion follows by
Lemma 3.2 and (3.23). O

Letting T, = identityand S; = S; =--- = Sy yield the following result.
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Corollary 3.8 (see [12, Theorem 3.1]). Let C be a nonempty closed convex subset of a uniformly
convex and uniformly smooth real Banach space E. Let T : C — C be a closed relatively quasi-
nonexpansive mapping such that F(T)#0. Assume that {a,) is a sequence in [0,1] such that

limsup,,_, a, < 1. Define a sequence {x,} in C by the following algorithm: '

xo € C chosen arbitrarily,
Yn = ]‘_l(anjxn + (1 - an)]Txn),
Cn={2€Cr1NQu-1:9(z,yn) <P(z,xn)},

Co=({z€C:p(z,y0) < P(z,x0)}, (3.41)
Qn = {Z € Cpa nQn—l : (xn_zl]xo_]xn) 2 0}1
Qo =C,

Xns1 = Ig,ng, Xo0-

Then {xy} converges strongly to T1gxo.
Letting T;, = identity and N = 2 yield the following result.

Corollary 3.9 (see [13, Theorem 3.1}). Let C be a nonempty closed convex subset of a uniformly
convex and uniformly smooth real Banach space E. Let T, S be two closed relatively quasi-nonexpansive

mappings from C into itself such that F := F(T) O F(S) #0. Define a sequence {x,} in C be the
following algorithm:

xo € C chosen arbitrarily,
zn = J7 (B T2+ B J T + BT S, ),
Yn=J (@] + (1= @n) ] 2n),
Co={z€C:¢(zy0) < P(z,%)},
Co={2€Ch1NQn1:P(z,yn) <Pz, xa)},
Qn=1{z2€Cp1NQpi1:(xy~ 2z Jxg~ Jxn) 20},
Qo =C,

Xn+1 = Ie,n0, X0

(3.42)

with the conditions: ﬂ,(,l), ,(12)/ 5,3) € [0,1] with [5,(,1) + pf,z) + ﬂ,(f ) =1and

(1) liminf, , ,f" 2 > 0;
(2) liminf, L o,B" B2 > 0;
3)0<La, <a<1forsomeac (0,1).

Then (x,} converges strongly to T1rxg.
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Remark 3.10. Using Theorem 3.7, we can show that the conclusion of Corollary 3.9 remains

true under the more general restrictions on {a,, }, ﬁ,(ll) 3o ﬁ,(,")' ) }, and { ﬂ,(,a) }:

1) ay, ,(,]‘) € [0,1] are arbitrary;
y

() liminf, % > 0 and liminf,_, ., > 0.

3.3. The Shrinking Projection Method

Theorem 3.11. Let C, E, {T,}2,, (Si)Y, beas in Theorem 3.7. Let the sequence (x, ) be generated

by

xo € E chosen arbitrarily,
Ci=C,
x1 = Il¢, X,

N (3.43)
Up = Tn]_lzwn,i(“n,i]xn +(1- a",i)]Six")l
i=1

Cnn = {Z €Cy: (I)(Z:un) < ¢(Z/xn)}/

Xn+l = HC,,on
for every n € N, {wy;}, (an;} € [0,1] foralln e Nandi=1,2,...,N satisfies Z,ﬁ’l wy,i =1 forall
n €N, liminf, , ow,;(1-a,;) >0foralli=1,2,...,N. Then {xn} converges strongly to Tx.
Proof. The proof is almost the same as the proofs of Theorems 3.3 and 3.7; so it is omitted. O
In particular, applying Theorem 3.11 gives the following result.

Corollary 3.12. Let C, E, f, S be as in Corollary 2.5. Let the sequence {x,} be generated by xo =
x€C,Cy=Cand

Yn = ]—1(an]xn + (1 - a,)JSxy),

1
— — -— > Y
Uy € C such that f(u,,,y) + Tn <y Uy, ]un ]yn> >0 VA C, (344)

Chi1 = {z € Cp: Pz, un) < P(z,x,)},
Xn+l = HC,,H X0
for every n € N U (0}, where ] is the duality mapping on E. Assume that {a,} C [0,1] satisfies

limsup, , an <land {r,} C [a, 00) for some a > 0. Then {x,} converges strongly to IFs)nEP(s) X,
where I1r(s)nep(s) is the generalized projection of E onto F(S) NEP(f).

Remark 3.13. Corollary 3.12 improves the restriction on {ay,} of [16, Theorem 3.1]. In fact, it is
assumed in [16, Theorem 3.1] that liminf,, _, a,, (1 - a,) > 0.
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Corollary 3.14 (see [11, Theorem 3.1]). Let C be a nonempty and closed convex subset of a
uniformly convex and uniformly smooth Banach space E. Let f be a bifunction from C x C to R
satisfying (A1)~(A4) and let T,S : C — C be two closed relatively quasi-nonexpansive mappings
such that F := F(T)NF(S)NEP(f) #0. Let the sequence {x,} be generated by the following manner:

xo € E chosen arbitrarily,
Ci=C,
xy = Il¢, xo,
Yn = J 7 (@ xu + P TX + Yn ] SXn), (3.45)

uy € C such that f (u,, y) + -rl—(y = Uy, JUn—Jyn) 20 VyeC,

Cui1 = {2 € Cr: §(2,un) < $(2, %)},

Xu+1 = Ic,,, X0

Assume that {a,}, {Pu}, and (y.} are three sequences in [0, 1] satisfying the restrictions:
(@) an + pn +Yn = 1;
(b) liminf, _, anfy > 0, liminf, , a,y, > 0;
(c) {rn} C [a, o0) for some a > 0.

Then {x,} converges strongly to TTrxy.

Remark 3.15. The conclusion of Corollary 3.14 remains true under the more general
assumption; that is, we can replace (b) by the following one:

(b") Hminf, . o,y > 0 and liminf, _, 5, y» > 0.
We also deduce the following result.

Corollary 3.16 (see [14, Theorem 3.1]). Let C, E, f, T, S be as in Corollary 3.14. Let the
sequences {xu}, {Yn}, (24}, and {u,} be generated by the following:

xg € E chosen arbitrarily,
Ci=C,
x1 = Il¢, xo,
Yn =T (GuJxn + (1= 6,)] 2n),
Zn =7} (anJxy + Pu] Ty + yuJSxn), (3.46)

uy € C such that f(un,y) + ;—(y —Up, JUun—Jza) 20 VyeC,
n

Cua1 = {z €C,: P(z,un) < qb(z,x,,)},

] xns1 = Ic,,, 0.



24 Fixed Point Theory and Applications
Assume that {a,}, {Bn}, and {y,} are three sequences in [0,1] satisfying the following restrictions:
@ an+pi+y=1
(b) 0< a, <1foralln € NU {0} and lim sup, _, . an <1;
(c) liminf, _, ,a,B, > 0, lim infy,, watnyy > 0;
(d) {rn} c [a, o) for some a > 0.
Then {x,} and {u, ) converge strongly to T1xy.

Remark 3.17. The conclusion of Corollary 3.16 remains true under the more general
restrictions; that is, we replace (b) and (c) by the following one:

(b") liminf, _, ., > 0 and liminf, _, ..y, > 0.
Corollary 3.18 (see [10, Theorem 3.11). Let C be a nonempty closed convex subset of a uniformly
convex and uniformly smooth Banach space E. Let (T;}Y, : C — C bea family of relatively

nonexpansive mappings such that F := (N, F(T;) #0 and let x € E. For C; = C and x1 = I¢, xo,
define a sequence (x,) of C as follows:

Yn = ]_l (@n]xn+ (1= an)]z,),
N .
Zp = ]_1< r(ll)Ixn + Zﬁy(xlﬂ)]’rixn)/
i=1

Cra = [Z €C,: (]’(Z/yn> < gb(z,x,,)},

Xu+1 =Tl

(3.47)

X0,

n+l

where {a,}, { ﬂ,(,i) } € [0, 1] satisfies the following restrictions:
(i) 0<a, <1foralln e NU (0} and limsup, | a,<1;
(i) 0<BY <1foralli=1,2,...,N+1, SN0 =1 foralln e N (0). If

(a) either lim i_nf,,_,Oc,,(i,(,l)ﬂ,(,i+1> >0foralli=1,2,...,N or
(b) limy—, oy = 0 and liminf, o, 5 VY > 0 forall i, k,1=1,2,...,N.

then the sequence (x,} converges strongly to TTgx.

Remark 3.19. The conclusion of Corollary 3.18 remains true under the more general
restrictions on {a,}, {V}:

1) an, gV € [0,1] are arbitrary.

() liminf, B > 0foralli=2,...,N.
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