Chapter 5
Maximal Subsemigroups of the Baer-Levi

Semigroups of Partial Transformations

In this chapter, we study maximal subsemigroups of PS(g). In particular,
in Section 5.1 we give necessary and sufficient conditions for the existence of
maximal subsemigroups of PS(q) when p > q. We also determine some maximal

subsemigroups of a subsemigroup S, of PS(q) defined by
Sr ={a € PS(q) : g(a) <},

where ¢ < r < p. Moreover, we extend M4, a maximal subsemigroup of BL(q)
(see Section 2.3.2) to determine maximal subsemigroups of P.S(g). In Section 5.2,

we determine some maximal subsemigroups of PS(q) when p = q.

5.1 Maximal Subsemigroups of PS(q) when p > ¢

The characterisation of maximal subsemigroups of a given semigroup is a
natural topic to consider when studying its structure. Sometimes, it is difficult to
describe all of them (see [2] and [9], for examples), but for a semigroup with some

special properties, we can casily describe some of its maximal subsemigroups.

In what follows, if S is a semigroup and M is a subsemigroup of S, we some-
times use Lemma 2.1.4 to show the maximality of M in S. Also, recall that an

ideal I of S is a prime ideal if its complement in S is a subsemigroup of S.

Lemma 5.1.1. Suppose that S is a semigroup and I is a prime ideal of S. Let
T =S\1. Then,
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(i) for a mazimal subsemigroup M of T, M U I is a mazimal subsemigroup of
8
(i) for a mazimal subsemigroup N of S such that T\ N #0 and TN N # 0,

the set T'N N is a mazimal subsemigroup of T'.

Proof. To see that (i) holds, let M be a maximal subsemigroup of 7T". Since I
is an ideal, we have M U is a subsemigroup of S. Clearly, MUI C TUIl = S. If
a€ S\(MUI),thena €T\ M and thus T' = (M U {a}) C (M UIU{a}). Since
(M UIU{a}) contains I, we have S=TUI = (MUIU{a}) andso MUI is
maximal in S as required.

To prove (ii), let N be a maximal subsemigroup of S such that 7'\ N # () and
TNN #0,and let a € T\ N. Since N is maximal in S, we have (N U {a}) = S.
Thus, for each b € T\ N, b = cycy. . . ¢, for some natural n and some ¢; € NU {a}
forall 2 = 1,2,...,n. Since b ¢ N, we have ¢; = a for some i. Moreover, since
b¢ I, we have ¢c; € TN N for all j # 4. It follows that T\ N C (T N N) U {a}),
therefore

T=T\N)u(TnN)c{(TnN)U{a})
that is, 7' = (I’ N) U {a}) and thus TN N is maximal in 7. [

From [12] p 95, for 8y < k < p, the authors showed that
Sk ={a € PS(q) : g(@) < k}

is a subsemigroup of PS(q). Also, when p > ¢, the proper ideals of PS(q) are

precisely the sets:

T ={a € PS(q) : g(a) > s}
where ¢ < s < p (see Theorem 2.3.14). Thus, for any q¢ < r < p, it is clear that
PS(Q) — Sr UTTI,

that is, PS(g) can be written as a disjoint union of the semigroup S, and the ideal
T.. In other words, T} is a prime ideal of PS(q). Hence, the next result follows
directly from Lemma 5.1.1(i).
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Corollary 5.1.2. Suppose that p > r > q > Rq. If M is a mazimal subsemigroup

of S,., then M U T, is a mazimal subsemigroup of PS(q).

Proof. Let M be a maximal subsemigroup of S,. Since PS(g) = S, UT,+ and
T, is a proper prime ideal of PS(g), we have M U T, is a maximal subsemigroup

of PS(q) by Lemma 5.1.1(i). n

Lemma 5.1.3. Let p > ¢ > Ny and suppose that M is a mazimal subsemigroup of
PS(q). Then,

(i) S,NM#0Q forallg<r<p;

(ii) if there exists o ¢ M with g(a) < p, then Sp \ M # @ for some q < k < p.

Proof. To show that (i) holds, we first note that S, is contained in S for
allg <r <p IfS,NM =0, then M C Ty & PS(q) and thus M = Ty by
the maximality of M. But Ty G Ty U BL(q) & PS(q) where Ty U BL(q) is a
subsemigroup of PS(q) (since Ty is an ideal), this contradicts the maximality of
T, . Therefore,  #S,N M C S, NM forall g <1 <p.

To show that (ii) holds, suppose there is o ¢ M with g(a) =k <p. If k < g,
then a € S, \ M for all ¢ < r < p. Otherwise, if ¢ <k, then a € S \ M. Hence
(ii) holds. [

In what follows, for any cardinal r < p, we let
G, = {a € PS(q) : g(a) =1}

Then Gy = BL(q) and G, = R(g). Moreover, if p > g and r > ¢, then G, = S.NT,,
and so G, is a subsemigroup of S, (since it is the intersection of two semigroups).
Also, G, is bi-simple and idempotent-free, when p > g and r > ¢ (see Corollary
2.3.16).

From Theorem 2.3.17, if p > ¢, then S, = a.R(q) for each o € BL(g), and
by Theorem 2.3.18, S, = BL(q).pn.BL(q) for cach u € R(q) when p # g. This

motivates the following result.
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Lemma 5.1.4. Suppose thatp > r > q > Ry. Then G, = BL(q).c.. BL(q) for each
a € Gy.

Proof. Let o € G, and 3,y € BL(q). Since
X \doma = [XFN (X \doma)]U[(X\ XB)N (X \ doma)]

where g(a) = |X \ doma| = r > ¢ and the second intersection on the right has

cardinal at most ¢ (since |[X \ X 3| = q), we have [X3 N (X \ doma)| = r. This

means that
ro= |[XBN (X \doma)|~"|
= |(XB\doma)s7!|
= |domf\ dom(Ba)|
— |X\d0m(,8a)|a

that is g(fa) = r. Since domvy = X, we have dom(Bay) = dom(B«), and so
9(Bay) = g(Ba) = r. Hence fay € G, and therefore BL(q).c. BL(q) C G,.

For the converse, if o, € G, then |X \ doma| = r = |X \ domf|. Since

p > q, every element in PS(q) has rank p, so we write

a; b,'
a=( ),ﬁz( ) where |I| =p.
Ty Yi

Now write X \ {y;} = AUB and X \ {a;} = CU D where |A4| = |B| = |C| = q and
|D| = r (note that this is possible since d(8) = ¢ > Ny and g(a) = > g > Ry).

Define
a—(b" X\{bi}) [ = X\

a; D Y A
where 6|(X \ {b;}) and €|(X \ {z;}) are bijections. Then 6,¢e € BL(q) and 3 = dae,
that is, G, C BL(q).a. BL(q) and equality follows. |

Now we can describe all maximal subsemigroups of PS(g) when p > gq.
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Theorem 5.1.5. Suppose thatp > q > Ny. Then M is a mazimal subsemigroup of
PS(q) if and only if M equals one of the following sets:

(i) PS(q)\ Gp = {a € PS(q) : g(a) < p};
(ii)) NUT,,, where ¢ <1 < p and N is a mazimal subsemigroup of S,.

Proof. Let a, 8 € PS(q) be such that g(a) < p and g(3) < p. Since

[ X\ dom B < |X \ dom | = g(8) < p,

we have
|doma \ dom(aB)| = [[Xa\ (Xandomp)a™|
= |(Xa\ dompB)a™!|
= |Xa\dom§g| < p.
Hence,

|X \ dom(af)| = |X \ doma| + |doma \ dom(af)| < p,

and this shows that PS(q)\ G, is a subsemigroup of PS(q). To show that PS(q)\
G, is maximal in PS(q), we let o, 8 € PS(q) \ (PS(¢) \ Gp) = G,. By Lemma
5.1.4, o = ABp for some A\, u € BL(q) € PS(q) \ G,. Thus, a can be written as a
finite product of elements in (PS(q) \ Gp) U{G}, and hence PS(q) \ G, is maximal
in PS(q) by Lemma 2.1.4. Also, if ¢ < r < p and N is a maximal subsemigroup
of S,, then N UT, is maximal in PS(q) by Corollary 5.1.2.

Finally, suppose that M is a maximal subsemigroup of PS(q) such that M #
PS(q) \ Gp. Then there exists o ¢ M with g(a) < p. Thus, Lemma 5.1.3 implies
that S, \ M # 0 and S, N M # () for some k, where ¢ < k < p. Since Ty is a
proper prime ideal of PS(q) and Sy = PS(q) \ Ty, Lemma 5.1.1(ii) implies that
Sk N M is maximal in Si. Since PS(q) = Sk U T}, we sce that

M=(SrNnM)U(TwnNM)C(SxNM)UTy,

where (S, N M) U T} is maximal in PS(g) by Corollary 5.1.2. This means that
M = (S N M) U Ty by the maximality of M. -
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By the previous theorem, when p > ¢, most of the maximal subsemigroups of
PS(q) are induced by maximal subsemigroups of S, where ¢ < r < p. Hence we

now determine some maximal subsemigroups of S,.

As mentioned in Section 2.3.2, for every non-empty subset A of X such that
|X \ A] > q, M, is a maximal subsemigroup of BL(g). Here we extend the
definition of M4 and consider the set M 4 defined as

Ms={a€ePS(q):AZ Xa or (AaC ACdoma or [Xa\A|<q)},

that is, a in PS(q) belongs to M 4 if and only if
(i) AZ Xa, or
(ii) A C Xa and either Ao € A C dome, or | Xa\ A| < g.

The next result gives more details on M 4.

Lemma 5.1.6. Suppose thatp > q > N and let A be a non-empty subset of X such
that | X \ A| > q. Then,

(i) for any cardinal k such that 0 < k < p, there exist o, € PS(q) such that
gla)=k=g(B) anda € M4, ¢ My;

(ii) for eachy ¢ M, |domy\ Ay~!| = [X \ A| = | X7\ 4] and |[Ay7'| = |A]|.

Proof. To show that (i) holds, let |X \ A| = r > ¢ and let k£ be a cardinal
such that 0 < k£ < p. We write X \ A = RUQ where |R| = r and |Q| = ¢. If
r =p, then |[AUR| > 7 =p; if r < p, then |X \ A| < p, and this implies |A| = p,
and so |[AUR| =p. Fixa € Aandlet B = (A\ {a}) UR. Then, |B| = p and
I X\ B] = |QU{a}| = ¢ We write X = KUL where |K| = k and |L| = p.
Then there exists a bijection o : L — B and so g(a) = k, d(a) = q. Also, since
A¢ B= Xa, we have a € M 4.

To find 3 € PS(q) \ M 4 with g(8) = k, we consider two cases. First, if r = p,
we write X \ A = PUQUK where |P| = p,|Q| = ¢,|K| = k. Fixa € A and
define

( PUQUa} A\{a}
= PUKU{a} A\ {a} )
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where B|(PUQ U {a}) and B|(A \ {a}) are bijections and af # a. On the other
hand, if 7 < p, then |A| = p. In this case we write A = A/UK’ and X \A = RUQ
where |A’| =p, |K'| = k,|R| =r and |Q| = q. Fix a € A’ and re-define

" ( (X\4)Ufa} A'\{a} )
RU {a} A\ {a}
where S|((X \ A) U {a}) and B|(A’ \ {a}) are bijections and af3 # a. In both
cases, we have d(B) = q, g(8) = k, A C X3, AB € A and | X3\ A| > g, that is
B € PS(q)\ M4.
To see that (ii) holds, suppose that there is v ¢ M,, then A C X~y and
| X\ A| > q. So |[Ay~!| = | A| since 7 is injective. Also,

X\A=(X\X7)U(X7y\4)
where |X \ Xv| = ¢. Since |[X \ A| > ¢ and | X7\ 4| > q, we have | X \ A| =
| Xy \ A] = |(Xv\ A)y7!| = |dom~ \ Ay~!| as required. ]

In [9] Theorem 1, the authors proved that M, is a maximal subsemigroup of
BL(q) for every non-empty subset A of X such that |X \ A| > ¢. Using a similar

argument, we can show that M, is a subsemigroup of PS(q).

Lemma 5.1.7. Suppose that p > q > X, and let A be a non-empty subset of X such
that | X \ A| > q. Then M 4 is a proper subsemigroup of PS(q).

Proof. Let o, 3 € M4. If A ¢ Xaf, then o8 € M 4. Now we suppose that
A C Xaf and this implies A C X 3. Since 8 € M4, we cither have

ABC ACdomf or |[XB\A|l<q

If | X3\ A| < g, then [XaB\ Al <|XB\A| <qandsoaf € Ms. fABC AC
dom f3, then we have A3 C A C Xaf and hence A C X since § is injective.
Since o € M 4, we either have Ao C A C doma, or | X \ A| < q. If the latter

occurs, then

[Xaf \ Al < |Xaf \ Af| = |[(Xa \ A)B] < |[Xa\ A] <gq,
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therefore a3 € M 4. On the other hand, if Ao C A C dom a, we have Aaf C
ApB C A. Moreover, Aa C XaNdom g, that is, A C (XaNdom f)a~! = domagf.
It follows that Ao C A C domaf3. Therefore aff € M4, and hence M, is

a subsemigroup of PS(q). Finally, this subsemigroup is properly contained in

PS(q) by Lemma 5.1.6(i). [

Remark 5.1.8. By Lemma 5.1.6(i), for any cardinal r such that ¢ < r < p, S, N
M 4 is always non-empty and properly contained in S,. Therefore, it is a proper
subsemigroup of S,, but it is not maximal when ¢ < r. To see this, suppose that
S, N M 4 is maximal and choose o, 3 ¢ M4 such that g(a) =r and g(B8) =0
(possible by Lemma 5.1.6(i)). Then «, 3 € S, \ M 4 where dom 3 = X. Moreover
{(SrNM4)U {a}) = S,, and so

,B —=r1y2"" .’)’n(){/\l/\z ¥ o /\m

for some n,m € Ny and v;,\; € (SN M4)U{a},i=1,...,n, 5 =1,...,m.
If n =0o0r v = «, then domf C doma and so g(a) = 0, a contradiction.
Thus, n # 0 and v; # a. Since X = domf C dom(y17s...7), it follows that
Y=m7%2-..-Y € BL(q). Moreover, Xy C domc, and this implies,

g <r=|X\dome| <|X\Xv| =g,

and hence r = q.

Since M4 is maximal in BL(q), a subsemigroup of P.S(q), it is natural to think
that M, is maximal in PS(g). But when p > ¢, by taking r = p, the above ob-
servation shows that this claim is false since S, = PS(q). Thus, M 4 is not always

a maximal subsemigroup of PS(q) when p > q.

The proof of the next result follows some ideas from [9] Theorem 1.

Theorem 5.1.9. Suppose that p > r > q > Ny and let A be a non-empty subset of
X such that | X\ A| > q. Then S,N M4 is a mazimal subsemigroup of S, precisely

when r = q.
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Proof. In Remark 5.1.8, we have shown that S, N M 4 is not maximal in S,
when 7 > ¢. It remains to show S, N M 4 is maximal in S,. Let o, 3 € Sy \ M a.
Then g(a) < ¢, 9(8) < ¢ and Lemma 5.1.6(ii) implies that

|Aa™Y| = |A| = |AB7Y|, and

|doma\ Aa”!| = |dom B\ A8~ = | XB\ 4| = |Xa\ 4] =|X \ A| = s (say) > q.

We also have A3 ¢ A or A ¢ domp. In the case that A € A, we have AG N
(X \ A) # 0. Thus, there exists y € AN (X \ A)B7!, soy ¢ AF™'. Since
|dom 8\ (A8~ U {y})| = s, we can write

dom 3\ (A~ U {y}) = {c;} U{d}

where |J| = s and | K| = g. Also, since o, 3 ¢ M 4, we have A C X and A C X 3.
Thus, for convenience, write A = {a;}, let y;, 2z; € X be such that y,a = a; = z;8

for each 4, and let doma \ Aa~! = {b;}. Hence, we can write
Wiy 5 Ci o b TV
p= ; :
ai ¢ df yb
Now define v € P(X) by
Yiatls
U= .
Zi Cj

Then, d(v) = [X\({z:}U{c;})] = {di }u{y}U(X \dom )| = [{dx}U{y}|+9(F) =
g, that is, v € PS(q). Also, since dom~y = dom«, we have g(y) = g(a) < ¢ and
so vy € S,. Moreover, sincey € A and y ¢ X, we have A € X, that is, v € My.
Also, since d(a) = q, we can write X \ Xa = {my}U{ns}U{z} and define x in

P(X) by
o ai ¢ dB yp
a; o mp | 2 .

Then d(u) = | X\ ({ai}u{bja}u{mi}u{z})| = |X\(XaU{m:}U{z})| = [{ns}| =
q = d(B) = g(n), that is, u € S,. Moreover, u € M4 since Ap = A C dom p.
Finally, we can see that a = yBu where v, u € 5, N M.
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On the other hand, if A ¢ domf3, then there exists w € A\ dom /3. In this

case, we rewrite
dom 3\ AB™! = {¢;}U{di} and X \ Xa = {mi}U{n;}

where |J| = s,|K| = g. Like before, we write A = {a;} and doma = {;} U {b;}
where y;a = a; = z;0 and {b;} = doma \ Aa™?, then

ﬁ - Zi Cj dk
Q; Cjﬁ dp3
Define v, u € P(X) by

Yi bj a; Cjﬁ di8
0= y b=
5 o ag by my
Then, d(v) = {dk}| + 9(8) = q, 9(7) = g(a) < ¢, d(p) = {ri}| = ¢ = d(B) =
g(n), and so y, 4 € S;. Also, v, u € M 4 since A ¢ X (note that w € A\domf C
A\ Xv) and Apu = A C dompu. Moreover, a = yfu. In other words, we have

shown that for every o, € S, \ M4, a can be written as a finite product of

elements in (S, N M 4) U {8}. Therefore, S, N M 4 is maximal in S,. n
We now determine some other classes of maximal subsemigroups of S;.

Lemma 5.1.10. Suppose thatp > r > q > Xy. Let k be a cardinal such that k =0

orq<k<r. Then
S:\Gx = {a € PS(q) : k # g(a) < 1}
1S a proper subsemigroup of S,.

Proof. Since k£ < r, we have S, \ Gx & S;. If k =0, then S, \ Go = S, \ BL(q)
and this is a subsemigroup of S, since, for a, # € S, \ BL(q), dom(af) C doma &
X, and this implies af € S, \ BL(q). Now suppose ¢ < k < r and let o, 8 € S,
be such that g(af) = k. We claim that g(a) = & or g(8) = k. To see this, assume
that g(«) # k. Since

k =|X \ dom(af)| = |X \ doma| + |doma \ dom(af)|,
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we have | X \ doma| < k, thus
k = | dom o’\dom(aB)| = |[X\(Xandom B)]a!| = |(Xa\dom B)a~!| = [ X a\dom f3].
Note that
X \domf = [Xa\dompB]U[(X \ Xa)N (X \ dom 3)]
where the intersection on the right has cardinal at most q. Hence

9(f) = |X \ dom 3| = k

since k > ¢, and we have shown that S, \ Gy is a subsemigroup of S;. [

Remark 5.1.11. Observe that, if 0 < k£ < ¢ then S, \ G is not a semigroup for
all ¢ < r < p. To see this, let @ € BL(q) and = idxa\k for some subset K of
Xa such that |[K| = k (possible since |Xa| = p > k), then a,3 € PS(q) since
d(8) = d(a) + k = gq. Morcover, since g(a) = 0 and g(8) = q # k, we have
a,B € S, \ G. But

dom(af) = (XanNdomfB)a™ = (Xa\ K)a™' = X \ Ka™,

thus g(af) = |Ka™!| = k, that is, af € Gy.

Theorem 5.1.12. Suppose that p > r > q > No. Then the following statements
hold:

(i) S; \ Gy is a mazimal subsemigroup of S;;
(i) if p > q, then for each cardinal k such that ¢ < k < r, S, \ Gk is a mazimal

subsemigroup of S,.

Proof. By Lemma 5.1.10, S, \ Gy is a subsemigroup of S,. To see that it is
maximal in S,, let a, 3 € S, \ (Sr \ Go) = Go = BL(q) C S;. By Theorem 2.3.17,
Sy = B.R(q), and this implies that o = (v for some v € R(q) C S, \ Gy. Hence

Sy \ Go is maximal in S,.
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Now suppose that p > g and ¢ < k < r. Let o,8 € S, \ (S, \ Gi) = Gy.
If k = g, then Gx = R(g) C S, and, by Theorem 2.3.18, S, = BL(q).8.BL(q).
If £ > g, then Gy = BL(q).8.BL(q) (by Lemma 5.1.4). In both cases, we have
a = yPu for some v, u € BL(q) C S, \ Gk, and so S, \ Gy is maximal in S,. m

Corollary 5.1.13. Suppose that p > q > R, and let A be a non-empty subset of
X such that | X \ A| > q. Then the following sets are mazimal subsemigroups of
PS(q):

(i) MaU Ty;

(i) Ny = {a € PS(q) : g(a) # k} where k=0 or ¢ < k < p.

Proof. By Theorem 5.1.9, Sy N M 4 is maximal in Sq. Then Corollary 5.1.2
implies that (S, N M 4) U T, is maximal in PS(q). But

(Sq ﬂ_M—A) UTy = (Sq UTq/) N (MA U qu) = PS(q) N (MA U qu) = :’WA U qu,

and so (i) holds. To show that (ii) holds, let 7 = p in Theorem 5.1.12. Then
Sp = PS(q) and thus N; = S, \ G is maximal in PS(q). n

Corollary 5.1.14. Suppose that p > ¢ > N, and k equals 0 or q- Let A be a
non-empty subset of X such that | X \ A| > q. Then the two classes of mazimal
subsemigroups S, N M 4 and Sq \ Gk of S, are always disjoint.

Proof. By Theorem 5.1.9 and Theorem 5.1.12, S,NM 4 and S;\ G\ are maximal
subsemigroups of S;. By Lemma 5.1.6(i), there exists & € M4 with g9(a) = k.
Then a € SxNM4 C S,NM4 but o ¢ Sq¢\ Gk, that is, S;N M4 € S, \ Gy. Also,
Sq\ G € S;N M4 by the maximality of S¢NM 4 and S, \ G. Therefore SN M4
is not equal to S, \ Gi. [

5.2 Maximal Subsemigroups of PS(q) when p = ¢

We first recall that, when p = ¢, the empty transformation @) belongs to P.S (q)
since d()) = p = ¢. In this case, the ideals of P.S(q) are precisely the sets:

Jr={a € PS(q) : r(a) <1}
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where 1 < 7 < p’ (see Theorem 2.3.15). Clearly, J,» = PS(g) and
Jy = {a € PS(g) : 1() < p}

is the largest proper ideal. In this case, J, is not a prime ideal of P.S(q). To see this,
write X = AUBUC where |A| =p and |B| =r = |C|. Then idp,idc € PS(q)\J,
whereas idg.idc = @ € J,. Hence, unlike what was done in Section 5.1, we
cannot use Lemma 5.1.1 to find maximal subsemigroups of PS(q) when p = q.
In this section, we determine some maximal subsemigroups of PS(q), for p = g,
using a different approach. We first describe some properties of each maximal

subsemigroup in this case.

Lemma 5.2.1. Suppose that p = q > Ro and M is a mazimal subsemigroup of
PS(q). Then the following statements hold:

(i) M contains all « € PS(q) with r(a) < p,

(ii) of R(q) C M, then M N BL(q) = 0.

Proof. Let a € PS(q) with r(a) = k < p. Then g(a) = p and we write in the

usual way

Z;
Also, write X \ {a;} = PUQ and X \ {z;} = RUS where |P| = |Q|=p =|R| =
|S|, and define 3, in P(X) by

where (3| P and 7|Q are bijections. Then 3,y € PS(q) and also,
a=p0 a-idx, € PS(q).a.PS(q).

If M = MU(PS(q).a.PS(q)), then @ € M and we have completed the proof. Oth-
erwise, M & MU(PS(q).c. PS(q)) where M U(PS(q).c.PS(q)) is a subsemigroup
of PS(q). This means that M U (PS(q).c. PS(q)) = PS(q) by the maximality of
M. Since all mappings in PS(q).c.. PS(q) have rank at most &, it follows that M
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contains all mappings with rank greater than k. Therefore 3,7 € M and thus
a = By € M as required.

To show that (ii) holds, suppose that R(q) C M. If there exists « € MNBL(q),
then Theorem 2.3.17 implies that PS(q) = a.R(q) € M (note that S, = PS(q)
when p = q), so M = PS(q), contrary to the maximality of M. Thus MNBL(q) =
0. ]

Remark 5.2.2. The maximality properties in Lemma 5.2.1 hold for P.S(q) precisely
when p = ¢q. If p > ¢, then every a € PS(q) has rank p. This contrast with
Lemma 5.2.1(i). Also, by Corollary 5.1.13, if p > q and ¢ < k < p, Ny is
a maximal subsemigroup of PS(q) containing R(q) U BL(q), this contrast with
Lemma 5.2.1(ii).

As in Section 5.1, for any cardinal k, we let

N ={a € PS(q) : g(a) # k}.

By Lemma 5.1.10 and Remark 5.1.11, if p = g, then N is a subsemigroup of P.S(q)
precisely when £ = 0 or £ = p. From Corollary 5.1.13(ii), when p > ¢, N, is a
maximal subsemigroup of PS(g), but when p = ¢, Lemma 5.2.1(i) implies that
N, is not maximal since § ¢ N,. Moreover, Lemma 5.2.1(i) implies that every

maximal subsemigroup of PS(gq) must contain the largest proper ideal
Jp = {a € PS(q) : r(c) < p}.

Note that J, itself is a subsemigroup of PS(gq) and it is contained in R(q) since, in
case p = ¢, r(a) < p implies g(a) = p = q. Morcover, this containment is always
proper. For example, write X = AUB where |A| =p=|B|andlet o : A — B
be a bijection, thus o € R(q) \ J,. Hence J,, is not maximal in PS(q).

Theorem 5.2.3. Suppose that p = q > X and let A be a non-empty subset of X
such that | X \ A| > q. The following are mazimal subsemigroups of PS(q):

(i) M 4;

(i) No;

(iii) Np U Jp.



63

Proof. If p = ¢, then S, = PS(g), and so (i) holds by Theorem 5.1.9. Also,
by taking r = p in Theorem 5.1.12(i), we see that (ii) holds. To show that (iii)
holds, take 7 = p = k in Lemma 5.1.10, we have N, = S, \ G, is a subsemigroup
of PS(q). Moreover, N, U J, is also a subsemigroup of PS(q) since J, is an
ideal. To show the maximality of N, U J,, let a,3 € PS(q) \ (N, U J,). Then
g(a) = g(B) =p = r(a) = r(B). Write in the usual way

where |I| = p, and let

X\{a}=AUB and X \{y:}=CUD
where |A| = |B| =|C| = |D| = p. Then define v, € P(X) by
bi X\ {bi} z; X\ {z:}
a; A & Ui C

where v|(X \ {b:}) and p|(X \ {z;}) are bijections. Thus v, € PS(q) since
d(vy) = |B| =p = |D| = d(u). Moreover v, u € N, U J, since g(y) = g(u) = 0 < p.
It is clear that 8 = yau and therefore N, U J,, is maximal in PS(q). ]

Remark 5.2.4. When p = q, if M is a maximal subsemigroup of P.S(q) containing
R(q), then

M C (PS(q) \ BL(q)) = No

by Lemma 5.2.1(ii). Thus, M = N, by the maximality of M. So we conclude that
Ny is the only maximal subsemigroup of PS(q) containing R(q) when p = gq.





