CHAPTER 3 ANALYTIC SOLUTION AND NUMERICAL
METHOD FOR GENERALIZED BURGERS-HUXLEY
EQUATION

This chapter is the main result of this thesis. The analytic solution will be obtained and
numerical methods will be developed based on finite-different method.

3.1 Generalized Burgers—Huxley Equation

The generalized Burgers—Huxley equation

au 5814 8214 s 5

5 TS — 55 = = Bu(l —u”) (W —1), 3.1
where o, B, yand & are parameters such that o, > 0, y € (0, 1) and & is a positive integer.
This model is a nonlinear partial differential equation which describes relation between

diffusion, convection and reaction process. For o = 1 and B = 0 then (3.1) reduces to
Burgers equation

ou odu Ju
= - e =0, (3.2)
and for & =0, B = 1 and 8 = 1 then (3.1) reduces to Huxley equation
ou du
5 32 = ul- u)(u—7), Y#0. (3.3)

Using the wave variable § = x — ct, (3.1) is transformed to an ordinary differential equa-
tion

U s d’U PP
— — [ 10—

FrtE g = B-UHU-Y
= —ByU +BU5+1 + B,YU5+1 _ BU25+1
= —BYU +B(y+ 1)U - BUBHL. (3.4)

Rearranging (3.4) yields
2
_ U U _SU ey Byt 1)U + BUBH =0, 35)

dg dg  dg?

By changing the variable U to V by given V =U 3 gives

U=Vs. (3.6)
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This leads to the first and second derivative of U with respect to §

W _ 1,48
E—SV d€ (3.7)
and . 2y
@U 1 @V (1 AV
- E ) (®) -

Substituting (3.6)-(3.8) into (3.5) yields

B l '—lﬂ 1 ldV

"(8” d&)+ V(SV d&)
1 1 ,dv 11 1, (dV?

‘(5” a—z—,f+5(8">” (az)

LBWVE — B(y+ 1)V 4+ BY3Hs =0.

(3.9)

Next, rearranging by multiplying (3.9) with SZVZ—%, (because of d is a positive integer)
and rearranging gives

dv v d?V av\?
—8Vd§+ adV T 5Vd—§z—(1—5)<gg)
+By82V2E — B (y+1) V3 +p82V4 =0 (3.10)

The generalized Burgers—Huxley equation (3.1) is now then reduced to an ordinary dif-
ferential equation.

Next, it is assumed that the solution of (3.10) can be expressed in the form

V(€)= Z aYt, 3.11)
where Y = tanh(u). Substituting (3.11) into (3.10) leads to
—c8S(Y) (,u(l - YZ)%) +0dS(Y)? (,1(1 — YZ)E‘_Sd(Yi))
s g s 50) - 50
+B7525(Y)2 —B(y+1)8S(Y)? +p&2S(Y)* =0. (3.12)

In order to determine value of N, as 3.11, the highest power of Y appear as Y2N+2 in the
third term and Y* in the last term. Balancing these values then lead to

2N+2=4N,
so that
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With N = 1, then (3.11) remains

S(Y)

[l

1
Z akYk
k=0
= ap+aY. (3.13)

Then the unknown ag, a;, p and ¢ will be determined by substituting (3.13) into (3.12)
and equating the coefficients of Yi (i=0,1,...,4), yields

—cnuapa) + BYnza% = yza% - npza% + ompa(z)al
—Brlay — Bynay +Pn’ag = O, (3.14)

2mplaga; + 2Byn’apa; — cnpal — 3Bn’ada) — 3[3'yn2a0a%

+20myaoa% + 4Bn2aga1 = 0, (3.15)
cnpaoay + 24 as + Bynal — onuaiar — 3Bn’aga?
-3Byn2a0a% + om,ua% + Gana%a% = 0, (3.16)

—2nptaga; + cnpa’ — 20mpagal — Bn’a3
—Byn2a’ +4Bn’aga; = O, (3.17)
—iPah— npfa’ — onpa; + Bral =/ 0. (3.18)

Solving the system of algebraic equations (3.14)-(3.18) is explored as follows. Firstly,
reducing the system (3.14)-(3.18) to two equations by adding (3.14), (3.16) and (3.18)
gives

By} + By} — 3B aoat - 3Y8%agat — pd°ay
—By82a} + 6p82add} + Pd%ag+ B¥al = O. (3.19)

By adding (3.15) and (3.14), it yields

2By8%aoar — 3p8%adar — 3By8%adar — B&a;
—Byd*a; +4pd%adar +4Bd%aga; = O. (3.20)

Solving (3.19)-(3.20) for ao, a1 give the following four cases:

Case l: ap = %, a = %,
=l _ 1
Case2:ap = 3,81 = —73»
Case 3:ap = 3 =
ase 5. Qo %9 ai 2°
Casediap = §, a1 = —3

In each cases, substituting a, a1 into (3. 14)-(3.18) yields

-
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S _ 1
Case l:ap = 3, a1 = 3>
1 1, 1 el
gHad — 2 +4[J28 o +8Bya -0, (321
1 1 =
4cp5+4ya8+2 ) 8[55 +8[3¥5 =0, (3.22)

1

lc,us+%pz~1|3y82 = O & (3:23)
—cpS——/JOLS——/JZS—i- 1362 [3762 =0 (324

—%uaﬁ——# S 52 = 0. (325

Case2:ap = 3,41 = —7»
%cpS—-—;—paﬁ-k%yz—}—‘pzﬁ—%[%z%—%ﬂ‘yﬁz = 0, (3.26)
—Ll—‘cp8+%ya8—%p25+%[352—%B’Yﬁz _ 0, @27
—%cyﬁ—%yz—%ﬁysz = 0, (3.28)
A—icpﬁ—%uaﬁ%—%fﬁ—%ﬁﬁz-%%ﬁvﬁz = 0, (3.29)
%pa8+%p2+%y25+ %382 = 0. (3.30)

Case3:ap = 1 a = 1

L P8+ Speeps — P+ PP BT BYE =0 (3D
——c;ry28+ 4pa¢5+—p2728 —By482+ Wsz = 0, (3.32)
5 s —W——W ¥ =0 (33
cyyza——pafa——pzyz&r BY‘SZ 7352 = 0, (3.34)
-—pafa—— 272—— 2728+ wsz = 0. (3.35)

Case 4: ap = %, a = —%,

1 1 1 1 1 1

Zc,rfa-gpa¢5+zp2y2—2p2y28—Esy‘sugﬁfy = 0, (3.36)
—%cyyz8+%pay35+%p2728+—lgﬁ‘{452—%[37382 = 0, (3.37)
_lc,,fs_lyzy?_lwy =0 @3
%cyfa—-pa%——ﬁy?a —[sy“82+ By382 = 0, (3.39)
—y(l’Y35+ /.l272+ 2728+ By*s* = 0. (3.40)
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Solving each cases of four systems: (3.21)-(3.25), (3.26)-(3.30), (3.31)-(3.35) and (3.36)-
(3.40) , for p and c, lead to the four possible solutions of (3.14)-(3.18) as follows.

Case 1:

ao

aj

Case 2:

ao

ai

Case 3:

ap

aj

N = N =

b/

n(\/—@mm—a)

a@+1) ’
a— /o2 +aB(d+1)+ (a+ a2+4B(6+1)> (3+1)y
2(5+1)
1
Ea
1
=
5(,/0@ T4B(o+ 1)+a)

46+1)

)

]

a+ a2+4[3(6+1)+(oz—\/a2+4B(8+1))(8+1)y

b

=2 M=

2(6+1)

sy(\/a? T 4B+ 1) - a)

4(8+1)

)

L (341)

7/

L 342)

/

(oc— \/m>y+ (a+ \/mT)) (8+1)

2(3+1)

bl
7

(3.43)
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Case 4:

o= L w
i

2’

&y(Va2 T4+ 1) +a) \
H 4(5+1) ’

(a+ a2+4[3(8+1))7+(a— oc2+4ﬁ(8+1))(8+1)
* L 2(6+1) -

(3.44)

Finally, substituting (3.41)-(3.44) into (3.13) and U S_vy give the four solutions of (3.1)
in the closed form

B S(p—0) [ a—p+(a+p)(d+1)y 13
uy(x,t) = L2—+-2t h(4(8+1) [x 26+ 1) t]) ,  (345)
(L1 (8p+a) [ atpt@—p)E+DY]\]}
up(x,t) = 2 2( nh(4(8+1) [x 26+ 1) t]) ,  (3.46)
N dy(p—o) [ (a—p)y+(a+p)(8+1) 5
uz(x,t) = 2+2tanh( 261 1) [x 26+ 1) t])] "
(347
[ v, (8ot [ (@+p)r+(@—p)@+1) )]}
“4("”)_[2 2ta“h(4(5+1) [" 206+ 1) 1)1
(3.48)
where p = /o2 +4B(8+1).
3.2 Numerical Method
The generalized Burgers—Huxley equation has the general form
a ou 9?
a—':+auaaz 8‘2‘ Bu(1 — u®)(u® — 1), (3.49)

where u = u(x,t), the parameters o, B, y and 3 are constants such that o, B>0,ye (0,1)
and & is a positive integer, respectively. Equation (3.49) is defined in the region Q x [0 <
t < T), where Q = {x|0 < x <L} and T is a positive integer.
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The initial condition consists of

u(x,0) = o(x), 0<x<L (3.50)

and boundary condition consist of
u(0,1) =go(t), u(L,t)=gi(t), t>0. (3.51)

3.2.1 Discretization and Notation

The interval 0 < x < L is divided into M subintervals each of width h so that Mh =L
and the time interval ¢ > 0 is discretized in step of length £. The open region Q = [0 <
x < L] x [t > 0] and its boundary d€ consisting of the lines x =0, x = L and t = 0 have
thus been covered by a rectangular mesh having coordinates of the form (xp, t,) where
Xm=mh(m=0,1,2,....M)andt,=nl (n=0,1,2,...).

The solutions of (3.49)-(3.51) at the typical mesh point (x, t,) is, of course, u(xm,,)
which may be denoted by uj,,. The solution of an approximating difference scheme at the
same point will be denoted by U}, while the numerical value of Uy, actually obtained (for
instance, subject to computer round-off errors) will be denoted by Uj,;. Collectively, the
value U” will be written in vector form as

v =[gur,...,Uuh", n=01.2,...,

and T denotes transpose. Clearly, there are M + 1 values to be determined at each time
step.
3.2.2 Finite-Difference Method

Two numerical methods, based on finite-difference method, are developed by approxi-
mating the time derivative in (3.49) by the first-order forward-difference replacement

ou _ u(x,t+4)—u(xt)

— 3.52
and the space derivatives by the second-order approximation
du _ ulx+ht) —u(x—h,t) (3.53)
ox 2h ’ ‘
o%u 0
32~ ﬁ{u(x—h,t-l—ﬂ) —2u(x,t+¢) +u(x+h,t+f)}
1-6
- ( 7 ){u(x—h,t)—2u(x,t)+u(x+h,t)}, (3.54)

in which 0 < 8 < 1 is a parameter. When 8 =0, (3.54) is O(h?) ash,{ — O and is O(h*+¢)
as h,f — 0 otherwise.

-
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The non-derivative terms in the right-hand side of (3.49) may be replaced in the following
two ways

@ pup{1-WpPH{ a1},

(®) (1+1)BUA(UR)® — BURH {1+ (U},
These approximation, together with the replacement for the time and space derivatives in
(3.52)-(3.54), gives rise to two numerical methods, Method M| (8) and Method M>(6) for
the numerical solutions of (3.49) -(3.51). These methods are as follows:
Method M;(6),0 <6 <1:

Ur’:z-H Un+ (Un)SUerl Ur’:z—l_l
£

2h ﬁ[e{u;;:ll Wit +Un
¥ (1—9){ ,’,',_l—zu,',',+u,',',+l}] =BU,'},{1—(U,’,‘,)5}{(U,’,',)5—7}, (3.55)

m

Method M, (8),0 <6 < I:

Ur’:z_H Un n BUm+1 Ur'rlt—l 1 n+1 n+1 n+1

o a(up)P el e{U _oun +Um+l}

+(1-8){Up_y ~ 205+ Up, }] = BUp{ (U +Y(UR)P } — BURH {v+ (UR)®}.
(3.56)

It follows that equations (3.55)-(3.56) can be rewritten, equivalently, as

Method M, (8),0<0 < 1:
—pOU™! 4 (142p0)UR! — pOULE)
= {rUp+p(1-0)}Up
+[1-2p01-0)+ep{1 - w2} m® -} |
+{ —rUpP + p(1-0) }Ups1, (357)
Method M(6),0< 0 < I:
—poUpt -+ [1+2p0+ B {v+ (Un®}] Ut - poUpS
= {rwp+p1-0)jUn
[1- 20000 - {0+ vwn)} o
{ (U™ + p( 1—6)}U,;',+1, (3.58)

where p = — r=9—{m:0,1,2,...,Mandn=0,l,2,....
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3.2.3 Local Truncation Errors

To verify the accuracy of the methods M;(6) and M;(8), the local truncation error asso-
ciated with (3.57) and (3.58) at the point (x,#) = (x,,2,) can be obtained from (3.55) and
(3.56), respectively, and given by

Method M,(6),0< 0 < I:

o e n g = 2[ (5,48 = ana)]
+2—lhom (x,2) [u(x+ h,t) —u(x— h,t)]

1
—ﬁe[u(x—h,t-i-f)—2u(x,t+£)+u(x+h,t+€)]
1
——;131— ) [u(x—h,t) —2u(x,t) +u(x+h,t))

—Bu(x, 1) (1 —1(x,1)) (u® (x,1) =), (3.59)

Method M,(8),0 <0 < 1:

G lu(x,1) b, % (x4 €) — u(x, )]

+§lz(xu5(x,t) [u(x+h,t) —u(x—h,t)]
——9 [u(x—h,t+£€) —2u(x,t +£) + u(x+h,t +£))

h2(1 0) [u(x— h,t) —2u(x,t) + u(x+ h,t)]

—Bu(x, 1) (u(x,1) + 1 (x, 1))
+Bu(x,t + ) (y+uB(x,1)). (3.60)

Expanding u(x,t +¢), u(x+h,t + £) and u(x £ h,t) in (3.59) and (3.60) as Taylor’s series
about (x,7) lead to

Method M,(6),0< 6 < I:

1 Pu 1 o*u
L, [u(x,t):h€] = th (auaéx_‘; +{1— ‘”ﬁ)

10%u Au
+€<5§;§——9m) +..., (3.61)

Method M,(6),0 <6 < 1:
1 sPu 1
L, lu(x,t) byt = —hz( a—” 5( e)aﬁ)

ou 10%u Pu
— e e B 62
”(Baﬁzaﬂ 63x23t>+ (3.62)
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Equations (3.61) and (3.62) verify that the methods M, () and M (6) are O(h*+¢) as
h,€ — 0. These mean that the accuracy of the methods M (8) and M(8) are first-order in
time and second-order in space. The implementations of the methods M;(8) and M(8)
are given in the next section.

3.2.4 Implementation

¥ e
Lt ULy g ,Upt']" where T denotes transpose. The modification to
the formulae of the two numerical methods and their implication, are as follows.

Method M, (6):
Takingm=1;m=2,.... M-2;m=M—1 in (3.57) give

m=1,
(142p0)Urt! — poUyt!
= [peug+'+ {rwmP+ p(1—e)}ug}
+[1-2p0 -0+ ep{1-wpr{wns o} o
+{—rupP+p(1-0)}U3, (3.63)
m S M~
—poU™tL 4 (142p@)URH! — pBUE]
= {rupP+p1-0) U5,
#[1-200-0 - {1 - oY wms 1} o
+{=rupP+p(1 )} Un.1, (3.64)
andm=M-—1,
—pOUHL 4+ (1+2p0)Upt,

= { U+ p(1-0) } Ui
+[1-2p0-0)+8{1 - i Y -0} Ui
+ [pGU,{';rl + { —r(U,{',_l)5+p(1 —9)}U,’(,]. (3.65)
The solution vector U"*! may be written in the matrix form as

AU = BU"+-C, (3.66)
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where A is a constant, tridiagonal matrix of order M — 1 given by

[14+2p8 —p6 0 D
-p9 1+42p6 —pb 0
A 0 , (3.67)
0 —p® 1+2p8 —pb
Y 0 -p6  1+2p6]

and C = [poUI+ + {r(U;')5+p(1 —e)} Uz,0,...,0, poUNL + {—r(U;,_l)Mp(l - e)}u,;;]T
is vector of order M — 1. The matrix B is also tridiagonal matrix of order M — 1 and is

given by
[fi & 0 0
hy fo &
e |: . W dd 481600 (3.68)
0 ... bm—2 fu-2 8m-2
LO e 0 hyoy fu-tl
where
fi=1-2p(1-0)+B{1-UP PP}, i=1.M-1
gi=—r(U"®+p(1-8), i=1...,M-2,
h,=r(U,")5-+—p(l—9), l=2,aM_1

The vector solution U"t! of (3.49) using Method M, (8) is obtained by solving linear
algebraic system (3.66), which is of order M — 1, on a single process.

Method M;(6):
Takingm=1;m=2,...,M—2;m =M — 1 in (3.58) give
m=1,

[1 +2p9+€B{y+ (U;’)ZS}] urt! — peust!
= [peug“ * {r(U{')5+p(1 —9)}U6’]
+P—ma—m+wﬂw¥+ﬂwfﬂ0?

+{—r(U{’)5+p(1—9)}Uz”, (3.69)

-
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—pouptt + [1+2p0-+ 8 {y+ (U} UnH — pOULY)
= {rupP+p(1-0)}Un
+[1-2p01-0)+ep{ 0t +vwn)} o
+{ = rUpP+ p(1-0) }Uns1, (3.70)
andm=M—1,
—pBUy", + [1 +2p0 +£f {7+ (U,;’,_l)zs}} Uy
= {r(Up_ ) +p(1-0)JUfs

[1-2p00-0)+ {00+ v 07} Ui

- [pGU{J,H +{—r(Uf4_l)5+p(l—9)}U,{’4]. (3.71)

The solution vector U**! may be written in the matrix form as

AU™! = BU" +C, (3.72)
where
[(ap -p® O 0 }
—p0 ay —po 0
A=| . 0 00 | (3.73)
0 -p® am— —pb
L0 ... 0 —po ami

with a; = 1 +2p0+ B{y+ (UM%},

(i & O ... 0]
hy f» &
B={2 . & m 0} (3.74)
0 ... hu—2 fu-2 8m-2
0 ... 0 huo fu-i]
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with
.ﬂzl—lpU—B)+£B“Uﬁa+Ya$f}, i=1,...,M—1
gi=—r(U")°+p(1-9), i=1,...,M-2
hi = r(U")®+ p(1-6), i=2,...,M-1
and

pougt +{r U +p(1-0)} U5 ]
0
c= ; . (375)

0

poug + { (U + p(1-8) } U |

The matrices A and B are both of order M — 1 and the vector C is a column-vector of order
M—1.

Further research reveals that the vector solutions U™*! of (3.49) using Method M(8) is

obtained by solving the linear algebraic system (3.72), which is of order M — 1, on a single
process.





