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The purpose of this study is to construct the test statistics for testing the equality of k  
regression function,  and to study about the distribution of the test statistics under the null 
hypothesis 0(H ) and alternative hypothesis  1(H ) . The hypothesis is as follows : 

0 1 2 3 kH : m  =  m  =  m  =  ...  =  m   vs  1 i jH : m  m≠ ,  for some  i  j,  i,j  {1,..., k}≠ ∈  

 , k 2.≥ j m   is non _ parametric regression function, the model is as follows :  

ij j ij j ij ijY  =  m (X )  +  σ (X )ε ,  ji = 1, ... ,n , j = 1, ... ,k,  j ij ij ijm (X )  =  E(Y |X )  is non _ 

parametric regression function that estimate from   Nadaraya _ Watson Estimator (NW),                                               
2
j ij ij ijσ (X ) = Var(Y |X )  is  the conditional variance, and ijε  is the error variable. The critical 

values of  the test statistics can be approximated by bootstrap procedure. In addition,  the power 
of the test and controlling  the probability of type I error  present in the case of  small sample 
sizes (n =20),  moderate sample sizes (n = 50),  large sample sizes (n=100) and  specify the shift 
function of independent variable  X  under the alternative hypothesis  in three types:  Constant 
Shift,  Affine Shift and Quadratic Shift. 
 
              The result findings were as follows: The test statistics 1 1 2 2

KS KU KS KUU , U , U , U  are 

the function of  
rnk

j irir ir
j εj j

j ir mix ir jr=1 i=1

f (X )Y  -  m(X ) I(r = j)
U (y ) =  f (y)p  - 

σ (X ) f (X ) p

 
 
 
 

∑∑ , 

 j = 1, ... ,k,    -  < y < ∞ ∞ ,  and  jU (y)   have normal distribution. In addition, power of the 

test base on  1 1 2 2
KS KU KS KUU , U , U , U  performed best for the large sample size, and mostly 

these four test statistics could control the probability of type I error in all situations for the large 
sample size. 
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"���=�P����&� �
 0.05 #<N 0.10 90 
7 ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  

1) - 4)  ��� Affine Shift �=�>��
���������
 1 1 2 2
KS KU KS KUU , U , U , U   

Y" ������ 1 2σ (x) = 0.25, σ (x) = 0.50    ��#? #?�U��P;�%P<���P<���" 

1 2ε ~ N(0,1), ε ~ N(0,1) �%����N��
"���=�P����&� �
 0.05 #<N 0.10 92 
   



 

(7)

�����5C�� (
 �) 

 
C����� 8�G� 

  
8 ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  

1) - 4)  ��� Quadratic Shift �=�>��
���������
 1 1 2 2
KS KU KS KUU , U , U , U   

Y" ������ 1 2σ (x) = 0.25, σ (x) = 0.50    ��#? #?�U��P;�%P<���P<���" 

1 2ε ~ N(0,1), ε ~ N(0,1)  �%����N��
"���=�P����&� �
 0.05 #<N 0.10 94 
9 ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"><� U����;#

���   

1) - 4) �=�>��
���������
 1 1 2 2
KS KU KS KUU , U , U , U  Y" ������ 

1 2σ (x) = 0.25, σ (x) = 0.50     ��#? #?�U��P;�%P<���P<���" 

1 2ε ~ Exponential (1) - 1, ε ~ Exponential (1) - 1 �%����N��
"���=�P��
��&� �
 0.05 #<N 0.10 97 

10 ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  
1) - 4)  ��� Constant Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U   
Y" ������ 1 2σ (x) = 0.25, σ (x) = 0.50   ��#? #?�U��P;�%P<���P<���" 

1 2ε ~ Exponential (1) - 1, ε ~ Exponential (1) - 1 �%����N��
"���=�P��
��&� �
 0.05 #<N 0.10 100 

11 ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  
1) - 4)  ��� Affine Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U   
Y" ������ 1 2σ (x) = 0.25, σ (x) = 0.50      ��#? #?�U��P;�%P<���P<���" 

1 2ε ~ Exponential (1) - 1, ε ~ Exponential (1) - 1 �%����N��
"���=�P��
��&� �
 0.05 #<N 0.10 102 

12 ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  
1) - 4)  ��� Quadratic Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U   
Y" ������ 1 2σ (x) = 0.25, σ (x) = 0.50  �%��� ��#? #?�U��P;�%P<���P<���" 

1 2ε ~ Exponential (1) - 1, ε ~ Exponential (1) - 1  �%����N��
"���=�P��
��&� �
 0.05 #<N 0.10 104 



 

(8)
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13 ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"><� U����;#

���  1) - 4) 

�=�>��
���������
 1 1 2 2
KS KU KS KUU , U , U , U  Y" ������ 

1 2 3σ (x) = 0.25, σ (x) = 0.50, σ (x) = 0.75  �%��� ��#? #?�U��P;�%
P<���P<���" 1 2 3ε ~ N(0,1), ε ~ N(0,1), ε ~ N(0,1)  ����N��
"���=�P����&� �
 
0.05 #<N 0.10 107 

14 ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

��� 
1) - 4)  ��� Constant Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U   
Y" ������ 1 2 3σ (x) = 0.25, σ (x) = 0.50, σ (x) = 0.75    �%��� ��#? #?�U��
P;�%P<���P<���" 1 2 3ε ~ N(0,1), ε ~ N(0,1), ε ~ N(0,1)����N��
"���=�P��
��&� �
 0.05 #<N 0.10    110 

15 ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

��� 
1) - 4)  ��� Affine Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U   
Y" ������ 1 2 3σ (x) = 0.25, σ (x) = 0.50, σ (x) = 0.75    �%��� ��#? #?�U��
P;�%P<���P<���" 1 2 3ε ~ N(0,1), ε ~ N(0,1), ε ~ N(0,1)  ����N��
"���=�P��
��&� �
 0.05 #<N 0.10 112 

16 ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  
1) - 4)  ��� Quadratic Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U   
Y" ������ 1 2 3σ (x) = 0.25, σ (x) = 0.50, σ (x) = 0.75   �%��� ��#? #?�U��
P;�%P<���P<���" 1 2 3ε ~ N(0,1), ε ~ N(0,1), ε ~ N(0,1)  ����N��
"���=�P��
��&� �
 0.05 #<N 0.10 �%����N��
"���=�P����&� �
 0.05 #<N 0.10 114 
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17 ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"><� U����;#

���   

1) - 4) �=�>��
���������
 1 1 2 2
KS KU KS KUU , U , U , U  Y" ������ 

1 2 3σ (x) = 0.25, σ (x) = 0.50, σ (x) = 0.75    �%��� ��#? #?�U��P;�%
P<���P<���" 1 2ε ~ Exponential (1) - 1, ε ~ Exponential (1) - 1,  

3ε ~ Exponential (1) - 1  ����N��
"���=�P����&� �
 0.05 #<N 0.10 117 
18 ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  

1) - 4)  ��� Constant Shift �=�>��
���������
 1 1 2 2
KS KU KS KUU , U , U , U   

Y" ������ 1 2 3σ (x) = 0.25, σ (x) = 0.50, σ (x) = 0.75    �%��� ��#? #?�U��
P;�%P<���P<���" 1 2ε ~ Exponential (1) - 1, ε ~ Exponential (1) - 1,  

3ε ~ Exponential (1) - 1  ����N��
"���=�P����&� �
 0.05 #<N 0.10 120 
19 ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  

1) - 4)  ��� Affine Shift �=�>��
���������
 1 1 2 2
KS KU KS KUU , U , U , U   

Y" ������ 1 2 3σ (x) = 0.25, σ (x) = 0.50, σ (x) = 0.75    �%��� ��#? #?�U��
P;�%P<���P<���" 1 2ε ~ Exponential (1) - 1, ε ~ Exponential (1) - 1,  

3ε ~ Exponential (1) - 1  ����N��
"���=�P����&� �
 0.05 #<N 0.10 122 
20 ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  

1) - 4)  ��� Quadratic Shift �=�>��
���������
 1 1 2 2
KS KU KS KUU , U , U , U   

Y" ������ 1 2 3σ (x) = 0.25, σ (x) = 0.50, σ (x) = 0.75   �%��� ��#? #?�U��
P;�%P<���P<���" 1 2 3ε ~ N(0,1), ε ~ N(0,1), ε ~ N(0,1)  ����N��
"���=�P��
��&� �
 0.05 #<N 0.10 �%����N��
"���=�P����&� �
 0.05 #<N 0.10 124 
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21 P&� P - values �������%�����!���
Y>I����
 (h) ��&� �
 0.10, 0.15, 0.20, 0.25, 0.30, 

0.35, 0.40 �=�>��
���������
  1
KSU (◆) #<N 1

KUU (∎) 126 
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εjF (y)    = ��� !��" ��#? #?��N�%U����;��&�� (Empirical distribution  

                                         function) U��P;�%P<���P<���"U����N�� ���� j                   

εj0F (y)   = ��� !��" ��#? #?��N�%U����;��&��U��P;�%P<���P<���" 

                                        U����N�� ���� j  �%����%%��\�"><� ��g"?���             

εF (y)    = ��� !��" ��#? #?��N�%U����;��&��U��P&��L<���U��P;�%                                         
                                         P<���P<���"  

ε0F (y)    = ��� !��" ��#? #?��N�%U����;��&��U��P&��L<���U��P;�% 
                                         P<���P<���"�%����%%��\�"><� ��g"?���   

          j ijm (X )  =  ��� !��" �������U�� Y 
" X  K�����  j ij ij ijm (X ) = E(Y |X )  

          2
j ijσ (X )  =  P;�%#����;" K����� 2

j ij ij ijσ (X ) = Var(Y |X )  

          ijε   =  P;�%P<���P<���"K����� ij ijE(ε |X ) = 0  #<N ijVar(ε ) = 1  

jY  =  P&��L<���U����;#����% Y  ?� ��N�� � <	&%��� j,         

                                         

j
n

ij
i=1

j
j

Y

Y  = 
n

∑
 

 j ijm̂ (X )  =  ��;��N%����� !��" ������� j ijm (X )   

ijm̂(X )  =  ��;��N%����� !��" ������� ijm(X )  �%����%%��\�"><�      

��g"?��� 
          2

j ijσ̂ (X )  =  ��;��N%��U��P;�%#����;" 

          ij ijW (X ,h)  =  Nadaraya _ Watson Weight: 
j

ij

ij ij n
ij

i=1

x - X
K

h
W (X ,h) = 

x - X
K

h

 
  
 

 
  
 

∑
 

K  =  Kernel function 
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 h                        =             ����%�����!���
Y>I����
 
 x     = �=�#>"&�����I�� ����N%����� !��" ������� 
 ijX   = ��;#������NP&���� i   <	&%��� j,  ji = 1, ... ,n ,  j = 1, ... ,k  

Yij  = ��;#����%P&���� i   <	&%��� j,  ji = 1, ... ,n ,  j = 1, ... ,k  

Û(y)   =  k _ dimensional process  t
1 k

ˆ ˆ ˆU(y) = (U (y), ... ,U (y))  ,  
                                                      -  < y < ∞ ∞ ,  �%��� 1/2

j εj0 εjj
ˆ ˆ ˆU (y)  =  n (F (y) - F (y)) ,    

                                               j = 1, ... ,k  
 

jn   = U"����;��&�� <	&%��� j 

                        n   = U"��U����;��&����Z�>%� 
k

j
j=1

n = n ,∑    

                                                       ji = 1, ... ,n ,  j = 1, ... ,k  

 
jp   = P&�����&;"U����;��&��,  j

j

n
p =

n
 

jf (x)   = ��� !��"P;�%>"�#"&""&�?N��g" (Probability density function)  

                                        U�� Xj 

mixf (x)  = mixture U����� !��"P;�%>"�#"&""&�?N��g"U�� Xj  K��  
k

mix j j
j=1

f (x) = p f (x)∑  

m̂(x)   =  ��;��N%����� !��" ������� nm (x)  �%��� 
-1/2

n om (x) = m (x) + n  S(x)  

om (x)   = ��� !��" �������A��Y�I�%%��\�"><�   

S(x)   =  ��� !��"U�� x �����<���"$� (Shift), 
k

j

j j

mixj=1

f (x)
S(x) = p  s (x)

f (x)
∑  

jnm̂ (x)  =  ��;��N%����� !��" ������� jnm (x)  �%��� 
-1/2

jn o jm (x)  =  m (x) + n s (x)  

js (x)   =  ��� !��"U�� x  <	&%���  j �����<���"$�  
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εjf (y)   = ��� !��"P;�%>"�#"&""&�?N��g"U��P;�%P<���P<���" <	&%  

                                         ��� j, K��  εj εjf (y) = F (y)′  

εj0f (y)   = ��� !��"P;�%>"�#"&""&�?N��g"U��P;�%P<���P<���"A��Y�I                

                                         �%%��\�"><�   K��  εj0 εj0f (y)  =  F (y)′  

 

 
 
 
 
 
 
 
 
 
 
 



���
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Test Statistics for Comparison of Nonparametric Regression Functions 

 
D7��7� 

 

 ��;��P��N>! ������� (Regression Analysis) ��g" ��JV 
�P;�%��%��"@!�N>;&�� 
��;#��K��  ���� ��;#������"Y?JV 
�;&�  ��;#����% (Dependent Variable >��� Response 
Variable)  #<N���� ��;#�����"���#�"��??������=�Y>IP&�U����;#����%��<���"#�<�;&� ��;#������N 
(Independent Variable >��� Predictor Variable)   ��;��P��N>! �������  �%���#
&���%��;#

 
 ���������%���#
&�$�I��g" 2 ��N�A� $�I# & ��;#

 �������������I" (Linear Regression 
Model) #<N��;#

 �������$%&������I" (Nonlinear Regression Model) K����;#

������I"  
>%���V�  ��;#

�����%����U��"$�IY"#

������I"U������%�����! (Linear in Parameter)   
#<N��;#

$%&������I"  >%���V� ��;#

���$%&��%����U��"Y"#

������I"U������%�����!$�I 
(Nonlinear in Parameter)  ��;#

 �������$%&������I"
����;#

��%���#�<�Y>I��g"��;#


 �������������I"$�I (Intrinsically Linear)  Y"U�N���
����;#

$%&��%���#�<���g"��;#

 ��
�����������I"$�I (Nonintrinsically Linear)  }V��Y" ����N%��P&�����%�����! ��� ��;��P��N>!
 �������$%&������I"?N%�P;�%�	&���  ;&�  ?=���g"�I��Y�I;�@� �����P���J����!%��&;� $�I# & 
Numerical Search  ��&"  ;�@�U�� Gauss _ Newton, Steepest Descent, Marquardt  ��g"�I"  

 
 ��;��P��N>! ��������%���#
&���%;�@� ��Y" ��;��P��N>!  ��%���#
&�$�I��g" 2 

��N�A�Y>�& w P��  ��;��P��N>! �������#

�������%�����! (Parametric Regression) #<N ��
;��P��N>! �������#

$%&�������%�����! (Nonparametric Regression)   �������#

 
�������%�����!���
�H�#

U������%�����!Y"��� !��" ������� #�&$%&���
P&�U������%�����!
Y"��� !��" �������  #<N��%�����N%��P&�����%�����!$�I�I;�;�@� ����������%���   Y"U�N
��� �������#

$%&�������%�����!$%&���
�H�#

U������%�����!Y"��� !��" �������  #<N 
$%&��N%��P&�����%�����! #�&?N��N%����I"KPI� ������� (Regression Curve) K�����;$�%� Y�I
��P"�P ���=�Y>I����
 (Smoothing Technique)  P;�%#� �&��U�� �������#

�������%�����!
#<N �������#

$%&�������%�����!  #������A����� 1 
 



 

2

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
C����� 1  P;�%#� �&��U�� �������#

�������%�����!#<N �������#

 
              $%&�������%�����! 
 
 ��;��P��N>! �������"�Z"Y"P;�%��g"?���#<I;   P;�%��%��"@!�N>;&����;#������N X  

#<N��;#����% Y  $%&Y�&P;�%��%��"@!�&� �"K���%
H��!  #�&?N%��&;"U��P;�%P<���P<���" 
(Error Term / Noise) �UI�%�� ���;UI��  ���"�Z"��;#

 �������#

$%&�������%�����!��%���
 =�>"�$�IK��Y>I j j(X ,Y )  ��g"�; ����!�	&%  k  �; ����!�����g"����N �" ji = 1, ... ,n ,  

j = 1, ... ,k  ���"�Z"��%����U��"��� !��" �������$�I���"�Z 

Regression Model 

Parametric 
Regression Model 

Nonparametric 
Regression Model 

Estimation 

OLS    GLS 

MLE  WLS  

numerical search 

Smoothing 

Technique  

 

���
�H�#

U������%�����!Y"
��� !��" ������� 

Parameter Estimate/ 

Regression Coefficient 

Regression 

 function 

$%&���
�H�#

U������%�����! 
         Y"��� !��" ������� 



 

3

ij j ij j ij ijY  =  m (X ) + σ (X )ε            ji = 1, ... ,n ,  j = 1, ... ,k   (1) 

 
 �%���  j ijm (X )  P�� ��� !��" �������U�� Y 
" X  K�����  
                                                      j ij ij ijm (X ) = E(Y |X )  

       2
j ijσ (X )  P��  P;�%#����;" K����� 2

j ij ij ijσ (X ) = Var(Y |X )  

         ijε   P�� P;�%P<���P<���"  K�����  ij ijE(ε |X ) = 0  #<N ijVar(ε ) = 1  

 
�=�>��
���>�����"Y?JV 
�� ���; �
 ��;��P��N>! ���������g"�&;"Y>�&  P�� ��

�����
����
P&�����%�����!#�&<NP&�����"Y?  ��&��$� c��%>� �I�� �����?N�����
����
��� !��" 
 ������� j ijm (X )  >�����? <&�;$�I;&���g" �������
����
P;�%#� �&���N>;&��UI�%H<  k  <	&%

�%���%���;#������N X  �UI�%�� ���;UI��   ��%����=�$�IK�� =�>"�Y>I�%%��\�"U�� ������
��H&
Y"�H�U�� 

 

0 1 2 3 kH : m  =  m  =  m  = ... =  m   �%���  k 2≥     (2) 
   1 i jH : m  m≠   �=�>��
 i, j  
��P&�  i  j,  i, j  {1,  ... , k}≠ ∈   (3) 

 
Y" ������
�%%��\�"��� <&�;UI���I"K��;�@� ����������%��� ��%�����N%�� 

P&�����%�����!�I;�;�@�A�;N"&�?N��g"�H��	� (Maximum - Likelihood Method)  �"����?� ���

�H�#

U������%�����!Y"��� !��" ������� j ijm (X )    ���"�Z"��%�������
�%%��\�"$�IK��

 =�>"�Y>I��� !��" ���������� !��"��� 1    1 1 1m (x)  =  m (x, β )   Y"���"�Z��%����N
	$�I;&���;
����%�����!���$%&���
P&�P��  1β   }V����%���JV 
�$�I������	�Y" ���U����;#

������I" (Linear 
Model)  #<N��%���U���$��V���;#

  t

1m(x)  =  φ(x β )   �%��� φ   �H ���� ;&�<��P!��� !��"  
(Link Function)  }V��<� 
�N��� <&�;"�Z%� ?N���� ;&���;#

������I";��"�����;$� (Generalized  
Linear Model : GLM)    Y"�=�"������; �" ����N%��P&�����%�����!�I;�;�@�A�;N"&�?N��g"�H��	� 
�=�>��
��� !��" ���������� !��"��� 2   P��  2 2 2m (x) = m (x, β )   ?N$�I;&� ������
�%%��\�" 

0 1 2H : m  =  m  P��   ������
�%%��\�" 0 1 2H : β  =  β  �%���   1 2β , β   P��P&���%��N���@�x ��
�����U����� !��" ���������� 1  #<N 2  ��%<=���
   

 
 �"����?�  ������
 ����&� �"U����� !��" ���������Z�  2 ��� !��""�Z"  ���
�H�#



U������%�����!Y"��� !��" �������  ?V���%����=� ������
$�I?� P&�����%�����!Y"#�&<N



 

4

��� !��" �������"�Z"  #�&�I�>� $%&���
�H�#

U������%�����!Y"��� !��" ������� j ijm (X )  

>���P;�%P;�%P<���P<���"%� ��#? #?�$%&��g"$���%UI� =�>"�U��;�@� ����������%���    
;�@� �����"�"�����%��� ��g"�� ����<�� >"V�������%���"=�%�Y�I#�";�@� ����������%��� $�I 
���"�Z"Y" ��;�?��"�Z?V��"Y?JV 
����������
���Y�IY" ������
�%%��\�"  

0 1 2 3 kH : m  =  m  =  m  =  ...  =  m    �%���  k 2≥  #<N     1 i jH : m  m≠   �=�>��
 i, j  
��P&� 

i  j,  i, j  {1,  ... , k}≠ ∈  }V��%�#";P��P��   ����&� �"U����I"KPI� �������  P�� ����&� �"U��
��� !��" ��#? #?�U��P;�%P;�%P<���P<���" ij(ε )   <&�;P��  �%���Y� c��%������ !��" ��#? #?�

U��P;�%P<���P<���"U����� !��" �����������=� �������
����
$%&%�P;�%#� �&�� �"   ��I"KPI�
 �����������=� �������
����
�&�%$%&#� �&�� �"    ���"�Z"���������
����I�� ��JV 
�?V���H&Y"
�H�U�� ������
K��Y�I��� !��" ��#? #?�U��P;�%P<���P<���" 

}V��Y" ��;�?��"�Z =�>"���;��N%��P;�%P<���P<���" ij(ε )U����N�� � <	&%��� j  ���"�Z 

 
j j ij

j ij j

ˆY  -  m (X )

σ̂ (X ) / n
              K�����   ij ijE(ε |X ) = 0  #<N   ijVar(ε ) = 1  

 

#<N =�>"�Y>I  
j ij

j ij j

ˆY  - m(X )

σ̂ (X ) / n
   #�"��;��N%��P;�%P<���P<���" ij(ε ) �%����%%��\�"><�  

��g"?��� 

�%���   jY        P�� P&��L<���U��  Y  ?� ��N�� � <	&%���  j,     

j
n

ij
i=1

j

j

Y

Y  = 
n

∑
 

j ijm̂ (X )   P��   ��;��N%����� !��" �������  j ijm (X )  

ijm̂(X )     P��   ��;��N%����� !��" �������  j ijm (X )  ��g" ����N%�� 

                           ��� !��" ��������%����%%��\�"><� ��g"?��� 

j ijσ̂ (X )    P��     ��;��N%����� !��"U��P;�%#����;" j ijσ (X )  

jn     P�� U"����;��&������	&%?� ��N�� � <	&%��� j 

    P	��%
���U��P&��L<���U��P;�%P<���P<���"#������A����� 2 _ 3  
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    C����� 2   P&��L<���U��P;�%P<���P<���"�%���  iE(ε ) = 0  
 
 

      
                                          

   C����� 3 P&��L<���U��P;�%P<���P<���"A��Y�I�%%��\�"><� �%��� i0E(ε ) > 0  
 
?� A����� 2 #���Y>I�>c";&��%��� =�>"�Y>I iE(ε )  #�"P&��L<���U��P;�%P<���P<���"?�  

��I"KPI� ���������I"���  j  mj(x)  ?N$�I;&� iE(ε ) = 0  Y"U�N����; �"  ?� A����� 3  �%���

 =�>"�Y>I i0E(ε ) #�"P&��L<���U��P;�%P<���P<���"?�  Common Regression Function  m(x) 
}V����g"��� !��" ��������%����%%��\�"><� ��g"?���?N$�I;&� i0E(ε ) > 0  ><��?� $�I��;��N%��
P;�%P<���P<���" ij(ε )  �=� ����I����� !��" ��#? #?��N�%U����;��&��U����;��N%��P;�%

m j(x) 

m j(x) 

m(x)  

Y 

X 

Y 

X 
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P<���P<���"U����N�� � <	&%��� j  εjF (y)  #<N��� !��" ��#? #?��N�%U����;��&��U����;

��N%��P;�%P<���P<���"U����N�� � <	&%��� j   A��Y�I�%%��\�"><� ��g"?��� εj0F (y) ?� "�Z"
��I�����������
�����Y�IY" ������
�%%��\�" 0 1 2 3 kH : m = m = m = ... = m , k 2≥   #<N  

1 i jH : m  m≠   �=�>��
 i, j  
��P&� i  j,  i,j  {1,  ... , k}≠ ∈  ><��?� "�Z"?V��=� ��JV 
�

� ���; �
 ��#? #?�U�����������
�%����%%��\�"><� #<N�%%��\�"����<�� ��g"?��� 
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��
�\��K��D	 
 

1.    �������I�����������
 ����&� �"U����� !��" ������� k  ��� !��"  ������$%&���

�H�#

U����� !��" ������� K���%%��\�"U�� ������
��H&Y"�H�  

0 1 2 3 kH : m  =  m  =  m  =  ...  =  m   �%���  k 2≥  #<N  1 i jH : m  m≠   �=�>��
 i, j  
��P&� 

i  j,  i, j  {1, ... ,k}≠ ∈  
 
2. �����JV 
�� ���; �
 ��#? #?�U�����������
��&� �"U����� !��" ������� k   

��� !��"A��Y�I�%%��\�"><�  0 1 2 3 kH : m  =  m  =  m  =  ...  =  m  �%��� k 2≥  #<N�%%��\�"
����<��   1 i jH : m  m≠   �=�>��
 i, j  
��P&� i  j,  i, j  {1, ... ,k}≠ ∈  ��g"?��� 
 

��KJ���	���D��� �HK��G��� 

 
1. $�I���������
�����Y�IY" ������
 ����&� �"U����� !��" ������� k ��� !��" 

(k 2≥ ) K���%%��\�"U�� ������
��H&Y"�H� 0 1 2 3 kH : m  =  m  =  m  =  ...  =  m   #<N  

1 i jH : m  m≠  �=�>��
 i, j  
��P&� i  j,  i, j  {1, ... ,k}≠ ∈ Y" ��������� !��" �������
���J?�  �� =�>"��H�#

U������%�����! 
 

2. ���
 ��#? #?�U�����������
 ����&� �"U����� !��" ������� k ��� !��"  
Y" ��������� !��" ����������J?�  �� =�>"��H�#

U������%�����!  A��Y�I�%%��\�"><�  

0 1 2 3 kH : m  =  m  =  m  =  ...  =  m #<N�%%��\�"����<��  1 i jH : m  m≠   �=�>��
 i,j  
��P&� 
i  j,  i, j  {1, ... ,k}≠ ∈  ��g"?��� 
 

3. �������g"#";���Y" ����M"�����������Y�IY" ������
 ����&� �"U����� !��" 
 ������� k ��� !��" (k 2≥ )  Y" ��������� !��" ����������J?�  �� =�>"��H�#

U��
����%�����! 
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B���B
B�������H�� 

 
 Y" ��;�?��P��Z�"�Z��g" ����M"����������
 �����Y�I����
�%%��\�"  
 

0 1 2 3 kH : m  =  m  =  m  =  ...  =  m   �%���  k 2≥  #<N   

1 i jH : m  m≠   �=�>��
 i,j  
��P&� i  j,  i, j  {1, ... ,k}≠ ∈  
 
Y" ��������� !��" ����������J?�  �� =�>"��H�#

U������%�����!   K��%�U�
�U�

U�� ��;�?�����"�Z 
 
1. ����������M"�UVZ"�����Y�IY" ������
�%%��\�"��H&Y"�H�U�� ������
K��Y�I 

��� !��" ��#? #?�U��P;�%P<���P<���"  �=� ��JV 
�� ���; �
 ��#? #?�U�����������

A��Y�I�%%��\�"><�   0 1 2 3 kH : m  =  m  =  m  =  ...  =  m   �%���  k 2≥  #<N  1 i jH : m  m≠   
�=�>��
  i,j  
��P&� i  j,  i, j  {1, ... ,k}≠ ∈  ��g"?��� 
 

2.    ��N%����� !��" �������K��;�@� ��U��   Nadaraya-Watson Estimator (NW)    
}V����� !��" ����������Y�IY" ������
 ����&� �"��H&Y" 4 <� 
�NP�� ��� !��"P����   ��� !��" 
������I"���  ��� !��"��c K��""����<  #<N��� !��"���K �%��� 
 

3.     =�>"���� !��" ��������%����%%��\�"����<�� ��g"?���  $�I# &��� !��" 
 �������Y"�H�U��  -1/2

jn 0 m (x) = m (x) + n s(x)   K��JV 
��%��� S(x)  #
&���g" 3 <� 
�NP�� 

 

1) S1(x)  =  1   (Constant Shift) 

2) S2(x)  =  1 +  x  (Affine Shift) 

3) S3(x)  =  1 +  x + x
2 (Quadratic Shift) 

 
4. JV 
���N���@�A��U�����������
#<NP;�%��%���Y" ��P;
P	%P;�% 

P<���P<���"��N�A���� 1 K����?����?� �=�"�? ������
 �%���U"��U����;��&��%�U"���<c   
n = 20  U"�� <�� n = 50   #<NU"��Y>�& n = 100  
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���
��H������ 
 

Y"�&;""�Z <&�;�V��� ���#<N�b
~����� ���;UI��K����"��"�Z�>�#<NU�
U&������&�$�"�Z 
1.   ����N%����� !��" �������A��Y�I;�@� �����"�"�����%���   
2.  ���������
���� ���; �
��� !��" ��#? #?��N�%U����;��&�� 
3.   �������
����
�N>;&����� !��" ������� k ��� !��" (k = 2)A��Y�I 

;�@� ����������%���  
4.  ��";�?������ ���;UI�� 

 
�����K��9����	�����������C��A
G�������������������
��� 

 

�I�Y>I ( Xij , Yij), ji = 1, ... ,n , j = 1, ... ,k  #<N  
k

j

j=1

n = n∑  ��g"��;��&���	&%?�  

��N�� � k   <	&% }V����g"����N�&� �"#<N%� ��#? #?�����; �"   ijE Y  <  ∞   ���"�Z"?N$�I;&� 

P&�P��>;��#

%������"$U (Conditional Expectation)   ���� ��UVZ"P��  ij ij j ijE Y |X = m (X ) Y"���

�������� !��"  mj  ���� ;&���� !��" ������� (Regression Function)  ���"�Z"�%���$%&���
  mj  ?V�
?=���g"�I����N%��?� ��;��&���	&%�����g"����N �"?� ��N�� � k   <	&% 
 

1 1
11 11 n 1 n 1(X ,Y ), ... ,(X ,Y )  

2 2
12 12 n 2 n 2(X ,Y ), ... ,(X ,Y )  

    M          M  
k k

1k 1k n k n k(X ,Y ), ... ,(X ,Y )  

 

Stone (1977)   <&�;;&�K�����;$���;��N%��U�� mj  ?N��H&Y"�H�U�� 
    
 
 
 
 



 

10

1

i

n

1 1i 1n

i=1

m̂ (x)  =  Y W (x)∑  

2

i

n

2 2i 2n

i=1

m̂ (x)  =  Y W (x)∑                

    M   M  
k

i

n

k ki kn

i=1

m̂ (x)   =  Y W (x)∑  

 

�%���     x P��   ?	�����I�� ����N%����� !��" ������� 

  Xij P��   ��;#������NP&����  i   <	&%���  j, ji = 1, ... ,n ,  j = 1, ... ,k  

K�����   
ii i

11 1njn jnW (x)  =  W (x, X ,...,X )∈�      P��  P&��&;�"Z=�>"�  (Weight)  }V��%��%
���;&�  
1 2 k

i i i

n n n

1n 2n kn

i=1 i=1 i=1

W (x)  =  W (x)  =   ...  =  W (x)   =   1∑ ∑ ∑   

  �"����?� Y" ��JV 
�"�Z�I�� ����N%����� !��" �������%�  ;&���N%�� 
��;����%�����!���$%&���
P&�   

i
jnW (x)  ?NUVZ"��H& �
 x  >�����? <&�;$�I;&�  

i
jnW (x) ?NY>I

"Z=�>"� %�  �
  Xij �����H&Y <I �
?	�����I�� ����N%����� !��" ������� (x)  #<NY"U�N����; �"

?NY>I"Z=�>"� "I�� �
 Xij �����H&$ <?� ?	�����I�� ����N%����� !��" ��������� $�   
 ;�@� ����N%����� !��" ����������"��%Y�I �"��&��#��&><��%���H&�I;� �"><��;�@�Y"���"�Z
$�I��"�;�@� ����N%����� !��" ����������%���N���@�A�� 2  ;�@�P�� 1) Nadaraya _ Watson 
estimator (NW)  #<N  2)  k _ Nearest Neighbor Estimator (k _  nn)  
 

1) ;�@� Nadaraya-Watson Estimator (NW) 
 

Hardle (1993) $�I <&�;�V� Nadaraya-Watson estimator (NW)  K��Y>I  K   #�"  kernel 
function  }V��%�<� 
�N�%%���  h  P��  ����%�����!���
Y>I����
���� ;&� bandwidth  >���   
window - width    }V��%�P&���g"
;  (h > 0)  ���"�Z"��%�����N%����� !��" �������$�I���"�Z 
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j

j

ij

n
ij

ij n
i=1

j jn ijn
i=1ij

i=1

X  - x
K Y

h
m̂ (x)  =    =  W (x)Y

X  - x
K

h

 
  
 

 
  
 

∑
∑

∑
 ,       

 

ji = 1, ... ,n ,  j = 1, ... ,k    �%���P&��&;�"Z=�>"� P��
i

jnW (x)  

 

i j

ij

jn n
ij

i=1

X  - x
K

h
W (x)  =  

X  - x
K

h

 
  
 

 
  
 

∑
  

                              
2) ;�@�  k _ Nearest Neighbor Estimator  (k - nn) 

 
Stone (1977)  $�I��"�#"NY>IY�IP&��&;�"Z=�>"� K�� =�>"�Y>I  nR = R ,  n = 1, ... ,k  

K��  nR  ��g"�N�N������Y <I����	��N>;&��  x  #<N  Xij  ��;��� n  ?=�";" k ��;  K��P&��&;�"Z=�>"�   

i
jnW (x)  ��H&Y"�H� 

 

 
i j

ij

jn n
ij

i=1

X  - x
K

R
W (x)  =  

X  - x
K

R

 
  
 

 
  
 

∑
    

           
���"�Z"��;��N%��  k _ nearest neighbor estimator  (k - nn) ?V���H&Y"�H� 
 

j

j

ij

n
ij 

ij n
i=1

j jn ijn
i=1ij 

i=1

X - x
K Y

R
m̂ (x)  =    =  W (x)Y

X - x
K

R

 
  
 

 
  
 

∑
∑

∑
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;�@� ��U�� Nadaraya-Watson Estimator (NW)  #<N k _ Nearest Neighbor Estimator   
(k - nn)  %�<� 
�N���P<I��P<V� �"  #� �&�� �"���������%�����!���
Y>I����
Y";�@� ��U�� NW P��  
h  #<N����%�����!���
Y>I����
Y";�@� ��U��  k - nn  P�� nR  �%���  nR ��g"�N�N������Y <I����	�
�N>;&��  x  #<N  Xij  ��;��� n  ?=�";" k ��;  #�&��&��$� c��%����%�����!���
Y>I����
?� ��Z� 2  ;�@�"�Z
%�P;�%>%��Y"<� 
�N����; �"P��  �%���  h  #<N nR  %�P&��H�  ��� !��" ����������$�I?N����
 
(Smooth) #�&$%&�>%�N�% �
UI�%H<  Y"������ �"UI�%�%���  h  #<N nR %�P&���=� ��� !��" �������
?N�>%�N�% �
UI�%H< (Well - Fitting) #�&$%&����
  ���"�Z"Y" ��Y�I;�@� �����"�"�����%��� 
��N%����� !��" �������?N�I����g" ���<��  (Trade Off) �N>;&��P;�%����
#<NP;�%
�>%�N�% �
UI�%H< 

 
�%�����?����P&��L<��� =�<�����U��P;�%P<���P<���" (Mean Square Error : MSE) 

[ ] 2ˆ ˆMSE m(x)  =  E (m(x) - m(x)) 
    �
;&� [ ]ˆMSE m(x)   ��%����U��"Y>I��H&Y"�H�U��

P;�%��%��"@!�N>;&��  P;�%��"����� (Bias)  #<NP;�%#����;" (Variance) $�I���"�Z 

[ ] [ ] [ ]2ˆ ˆ ˆMSE m(x)  =  (Bias m(x) )  + Var m(x)  }V��Y" ����N%����� !��" �������"�Z" 
�I�Y>IP;�%�=�P�� �
P;�%�>%�N�%U����� !��" ������� �
UI�%H< ( h  #<N nR  %�P&���=�)    
P;�%#����;"?N%�P&��H�  Y"������ �"UI�%�I�Y>IP;�%�=�P�� �
P;�%����
 (h  #<N nR %�P&��H�) 
P;�%��"�����?N%�P&��H�  >�����? <&�;$�I;&��I����g" ���<�� �N>;&��P;�%��"�����#<NP;�%
#����;" (Takezawa, 1999)                  
    

���
����������������������	�������H��H��K��B��
���� �� 

 
  ������
<� 
�N�&�� w U����N�� � }V����?��g" ������
����&;"U��<� 
�N 
�&�� w U����N�� �;&���g"$���%���P��$;I>���$%&  >��� ������
 ��#? #?�U����N�� �;&�%�
 ��#? #?��&�� w ��%���P��$;I>���$%& ����  ������
<� 
�N"�Z;&� ������
A�;N���H��"���� 
(Goodness of Fit Test)  }V��<� 
�N ������
A�;N���H��"������&��>"V�� P��  ������
K��Y�I
��� !��" ��#? #?�U����;��&��  }V�����������
�����g"����HI?�  $�I# &  ���������
 KS 
(Kolmogorov-Smirnov test)  ���������
 V (Kuiper V test)  ���������
 C (Pyke  C test)  �����
����
 B (Brunk  B test)  ���������
 D (Derbin D test)  ���������
  2W  (Cramer-Von 
Mises 2W  test)   ���������
  2M  (Derbin  2M  test)  #<N���������
  2U  (Watson 2U  
test)   (Hegazy and Green, 1975) 
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��� !��" ��#? #?�U����;��&��U����;��&��  { }jx ,    j = 1, ... ,n   ��%��� =�>"�$�I

K��  

j
1

F(x)  =   (number of x   x)  
n

≤  

 

           
n

j
j=1

1
=  I(x  x)

n
≤∑  

 
 �%���  I  P��   Indicator  Function 
 
 �I���;��&���H #
&���g"��;��&���&�� (Sub Sample) ?=�";"  i   <	&%�������I����� !��" ��#? 
#?�U����;��&��  Fi  ���"�Z"��� !��" ��#? #?�U����;��&���;% (Pooled Sample) ��%����@�
��
$�IK�� 

i i
i

1
F  =  n F

n
∑  

 
 �%���  ni  P��  ?=�";"P&����� �Y" <	&%��� i 
         n P��  ?=�";"P&����� ���Z�>%� 
 
 ���������
���� ���;UI�� �
��� !��" ��#? #?�U����;��&������ ���;UI�� �
 ��JV 
�P��Z�"�Z
��N �
�I;����������
  Kolmogorov - Smirnov test  #<N Kuiper  test  K��%����<N��������"�Z 

1.  ���������
 Kolmogorov - Smirnov  test 
     Kolmogorov - Smirnov   %�><�  ��Y�I;��P&��
�����
"�H��	� (Maximum Deviation )  

U����� !��" ��#? #?�U����;��&��A��Y"#�&<N <	&%?� ��� !��" ��#? #?�U����;��&���;%
P=�";�$�IK�� 

 

( )2i i j j
j

i

1
KS  =  max n F (x )  -  F(x )

n
∑ ,   �%���   j = 1, ... ,n  

 2.  ���������
  Kuiper V  test  P=�";�$�IK�� 
 

 ( ) ( )i j j i j j
jj

V  =  max F (x ) - F(x )  - min F (x ) - F(x ) ,   �%���  j = 1, ... ,n  
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���������������K8� ������	����������� k ����	���  (k = 2)  

C��A
G����������������
��� 

 
Y" ������
 ����&� �"U����%��N���@�x ������� �N>;&�� 2  <	&%��N�� ������g" 

����N�&� �">��� ������
 ����&� �"U����� !��" ������� 2 ��� !��"�����g"����N�&� �"   
}V����Z� 2 ��� !��" ���������%��������
����
 �"$�I
"�; ����!U����;#����% Y #<N�; ����!
U����;#������N X   K��  1y  #<N 2y  ��g"P&�;��U����;#����% Y ?� ��N�� � <	&%��� 1 #<N
��N�� � <	&%��� 2 ��%<=���
  1x  #<N 2x  ��g"P&�;��U����;#������N  X  ?� ��N�� � <	&%��� 1 
#<N��N�� � <	&%��� 2 ��%<=���
  ��;��&����&"  ��JV 
�� ���; �
UI�%H< ��G<��?� ��� ��G<�� 
��� 1  #<N��� ��G<�����  2  Y>I 1y  #<N 2y  #�"P&�;��U����;#����%��g"UI�%H<� ���; �
?=�";"
��Z"��"���%�UI�
 ��&��?� ��� ��G<����� 1  #<N��� ��G<�����  2  ��%<=���
 Y>I 1x  #<N 2x  #�"
P&�;��U����;#������N��g"UI�%H<� ���; �
�������c;Y" ��G<��?� ��� ��G<����� 1  #<N 
��� ��G<�����  2  ��%<=���
   �I�� ��JV 
�;&���;#������N 1X  ?� ��� ��G<����� 1  #<N��;#��
����N 2X ?� ��� ��G<����� 2  �&�G<�&���;#����% 1Y  #<N 2Y  #� �&�� �">���$%&��&��$�  
}V���I�UI�%H<��� <&�;$%&%���;#������N X  ��JV 
���� <&�;��?����
$�I �
 �������
����
P&��L<���
U����N�� � k  <	&% }V����?Y�I><�  ��U�� ��;��P��N>!P;�%#����;"   #�&Y"���"�Z�H�#


P;�%��%��"@!�N>;&����;#����% Y #<N��;#������N X ��H&Y"�H�#

U�� ��;��P��N>! ��
�����   ���"�Z" ������
��� <&�;��%����=�$�IK�� �������
����
P&���%��N���@�x �������
U��#�&<N��� !��"�����g"����N�&� �" 
  

Brame  et al. (1998)   $�IJV 
�� ���; �
 ������
�%%��\�"�����H&Y"�H� 

a b δ : θ  -  θ =  0  �%��� aθ , bθ   P�� P&���%��N���@! �������U����� !��"��� 1  #<N  2  ��%<=���
 
 Y" �������
����
P&���%��N���@�x �������U�� 2 ��� !��" ������������g"����N �" 
��������I�����
��N �
�I;�  2 �&;"P�� 

1) ��;��N%��U��P;�%#� �&���N>;&��P&���%��N���@�x �����������H �	&%%� 
?� #�&<N��N�� ������g"����N�&� �" 

2) �&;"�
�����
"%���\�"U����;��N%��Y" 1) 
}V��Y" ����N%��P&�����%�����!>���P&���%��N���@�x �����$�IY�I;�@�A�;N"&�?N��g"

�H��	� (Maximum Likelihood Estimator : MLE) �"����?� ;�@� MLE  ?NY>I��;��N%�����%�P	��%
���
���������&�$�"�Z 
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 1. ��g"��;��N%�����P���I"P�;� (Consistent Estimator)   <&�;P���%���U"��U�� 

��;��&������%UVZ"  (n )→∞    
n

ˆlim Pr( θ  -  θ  >  ε)  =  0
→∞

  �%���  ε > 0  >��� <&�;�� "��>"V��;&�  

θ̂   ��g"��;��N%�����P���I"P�;�U�� θ   �I�  θ̂   <H&�UI�>�  θ   Y"����P;�%"&�?N��g" (Converge in 
Probability) �%��� n  %�P&�%�  w >��� n →∞   

2. ��;��N%��A�;N"&�?N��g"�H��	���g"��;��N%�����$�I?�  �� Maximized  
Likelihood Function  K�� 
 

L(θ y )  =  k(y)Pr(y θ )     ∝   Pr(y θ )  
 

 }V��#���Y>I�>c";&� Likelihood Function #��G�"��%��� !��"P;�%>"�#"&""&�?N��g" 
K�����;$�P&�P���� k(y)  $%&��%�����N%��P&�$�I (Not Estimable) ��&��$� c��%P&�P����?N$%&
��<���"#�<��}�U��P&���N%������%�����!���#� �&�� �"  ���"�Z"?V���g"$�$�I���?N�����
����
 
Likelihood U��P&���N%������%�����!U���}�>"V�� �
 Likelihood U���}����"   
  3. A��Y�I ���	&%��;��&���%�����;��&��%�U"��Y>�&   ��#? #?�U����;��&���	&%���
$�I?� ;�@�A�;N"&�?N��g"�H��	�  %� ��#? #?�#

� ��  K����;��N%�����P���I"P�;�U��P;�%
#����;"U�� θ̂   =�>"�K�� 
 

  

-1
2
logL(θ y)-1ˆV̂(θ) = 

n  θ θ

∂

′∂ ∂

 
 
     

    
4. �I�%���;��N%�����%���N���@�A��A��Y�I�����"$U� ��  ��;��N%��#

A�;N 

"&�?N��g"�H��	�  ?N��g"��;��N%�����%���N���@�A��   
 ���"�Z"  �%���$�IP&���N%������%�����!  }V��Y"���"�ZP��P&���%��N���@�x �������  ������

?N��H&Y"�H� δ  =  0   }V�� cP��  a bθ  =  θ   >��� a bθ  -  θ  =  0    �%��� aθ ,  bθ   P&���%��N���@�x ��
�����U����� !��"��� 1  #<N  2  ��%<=���
 
 Brame et al. ( 1998  Cited  Johnson and Kotz 1970 )    $�I��"�#";P�����%���NK��"!�&�
 ������
Y"���"�ZK��   �I� 1 2 nX , X , ..., X    ��g"��;#���	&%���%� ��#? #?�#

� ��  #<N��g"
����N�&� �" ���"�Z"��� !��"������I" (Linear Function)   U����;#���><&�"�Z?N%� ��#? #?�#


� ���I;� 
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���"�Z"  a b
ˆ ˆ ˆδ  =  θ  -  θ ~ 2

δN(δ,σ )  �%��� δ  P��P&��L<���U��G<�&��U����;#���	&% a bθ  -  θ   #<N 
2
δσ  P��P;�%#����;"G<�&��U����;#���	&% a bθ  -  θ   

 K�����;$���;��N%��P;�%#����;"G<�&��U����;#���	&% a bθ  -  θ  �H  =�>"�K�� 
 

a b

2 2 2
δ θ θ a bσ  =  σ  +  σ -  2COV(θ ,θ )   

 
Y" ���U�� 2 ��;#���	&%���%� ��#? #?�#

� ��#<N��g"����N�&� �"  ?N$�I;&� 

a b

2 2 2
δ θ θσ   =  σ  +  σ   Y"U�N����; �"  �&;"�
�����
"%���\�"U��G<�&��U����;#���	&% a bθ - θ  

P��  
a b

2 2 2
δ δ θ θσ  = σ  = σ  +  σ    ���"�Z"Y" ������
�%%��\�"  0H : δ  =  0  #<N 

1H : δ 0≠  ��%����=�$�IK��Y�I���������
 
 

    
δ

δ̂  -  0
Z  =  

σ
 

 
 }V�� ��#�<G<��%����=�$�I��&"����; �
 ������
�%%��\�"�����������;$�  
"� ?� "�Z"  Brame et al. ( 1998  Cited Koo and Hong 1980)    $�I��?�����&;"�
�����
"
%���\�"U��G<�&��U����;#���	&% a bθ - θ  Y"�� <� 
�N>"V��K��  

 

a b

2 2
a θ θb2

ˆ δδ
a b

ν σ  +  ν σ
σ   =  σ   =  

ν  +  ν
 

 
�%��� aν  #<N bν  P�� ��J�P;�%��g"����N (Degree of  Freedom)  ������P<I�� �
UI�%H< <	&% a #<N 
b  ��%<=���
 K�����������
��H&Y"�H�U��  
 

a b

2 2
a θ θb

a b

δ̂  -  0
t  =  

ν σ + ν σ

ν + ν
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�����H�����������BG�� 

 
 �������
����
�N>;&����� !��" ������� k ��� !��" ������� (k 2)≥ A��Y�I 

;�@� �����"�"�����%��� "�Z"  �"����?� $%&���
�H�#

U����� !��" ������� m(.)  >�����?
 <&�;$�I;&���g" ����N%��P&���� !��" �������������J?�  �� =�>"��H�#

U������%�����!  
 �������
����
�N>;&����� !��" �������K����?����?� G<�&���N>;&����%��N���@�x �������  
��&"����; �
;�@� ����������%��� }!$%&��%����=�$�I  ���"�Z"$�I%�GHI��"�#";P���&�� w � ���; �
  ��
�����
����
�N>;&����� !��" ������� k ��� !��" ������� (k 2)≥  ���"�Z  
 
 Delgado (1993)  ����
 ����&� �"U����� !��" �������K�� =�>"�Y>I  

{(Xi , Yi , Zi),  i  =  1, �,n}  ��g"��;��&���	&%?� ��;#���	&%  {X , Y , Z}  ��;#����%  Y #<N Z  
��%��"@! �
��;#������N  X  ��%��;#

 �������  
 
 1E(Y X  =  x )  =  m (x)   #<N  2E(Z X  =  x )  =  m (x)   
   

 =�>"�Y>IP;�%P<���P<���"U�� �������P��   1 Y -  m (x)  #<N 2 Z -  m (x) ��g"

����N �
  X  #<N��?%� ��#? #?����#� �&�� �"$�I  2
1E  m (x) <  ∞ ,  2

2E  m (x) <  ∞  , 
22

Y 10  <  σ   =   E Y- m (X) <  ∞  #<N 22
Z 20  <  σ   =   E Z - m (X) <  ∞  

 
�%%��\�"U�� ������
P�� 
 

 0 1 2H : m (x)  =  m (x)   �=�>��
 x∈ X  �	 P&� 

1 1 2H : m (x)   m (x)≠   �=�>��
 x∈ X  
��P&� 
 

 Y" ��JV 
�"�Z X  ��g"��;#���	&%���%�P&���H&�N>;&��  0  �V� 1  P;�%P<���P<���"U�� ��
�������g"����N �"  �%�����?������%�%%��\�"><�    ������
?N��H&Y"�H�U�� 
 

t

1 2
-  < t < -

sup (m (x)  -  m (x))f(x)dx   =  0
∞ ∞ ∞

∫     (4) 
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  =�>"�Y>I  Di = Yi
  -  Zi  ?N$�I;&�  Weighted Empirical Process  P�� 

 
n

-1
j j

- < t < j=1

sup n D I(X  <  t)
∞ ∞

∑  

 
���"�Z"?N$�I;&� ����N%��P&�������P<I�� �
�% �����}I��%��U���% ����� (4)  �%���  I(A)  P�� 
Indicator Function  U���>�	 ���! A  ���������
U�� Delgado (1993)  ?V���H&Y"�H�U�� 
 

 
-1/2

n-1 n

n j+1 j j j
-  < t < j=1 j=1

T   =  (D  -  D ) sup D I(X  <  t)
∞ ∞

 
 
  
∑ ∑      (5) 

 
}V��?N%�P&�Y>�&A��Y�I�%%��\�"����<�� #<N?N%�P&��<c A��Y�I�%%��\�"><�  
#<N?�  ����N�	 �!Y�I  Kolmogorov v s  Law of Large Number (KLLN)   ?N$�I;&�  
 

2
n-1

w. p. 1-1 2
j+1 j

j=1

(2n) (D - D ) /2 σ→∑   �%��� n →∞  ���"�Z"�% �� (5) ?N��H&Y"�H�U�� 

 
n

2 -1/2
i i

- < t < i=1

Isup (nσ ) D (X  <  t)
∞ ∞

∑  ��������?N��;?��
� ���; �
 Asymptotic Distribution   

 
U�����������
A��Y�I�%%��\�"><�   �
;&�A��Y�I�%%��\�"><� ��g"?��� 
 

n d
2 -1/2

i i
- < t < 0 t 1i=1

Isup (nσ ) D (X <  t)  T = sup B(t)
∞ ∞ ≤ ≤

→∑  �%��� n →∞   B(t)   

P�� Standard Brownian Motion    =�>"� αT  K����� αPr(T  >  T )  =  α   ���"�Z"  

n α
n
lim Pr(T > T ) = α
→∞

  A��Y�I�%%��\�"><� ��g"?���  #<N   n α
n
lim Pr(T > T )  =  1
→∞

  

A��Y�I�%%��\�"����<�� ��g"?���  ���"�Z"�%%��\�"><� ?N�H �~���@����N��
"���=�P�� α  �%��� 

n αT  >  T   P&�;� b�#<N  P _ Value  ��%���P=�";�$�I?�  
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( ) { }1-1 j 2 2 2

j=0

Pr(T  >  b)  =  1 -  4π (-1) 2j  +  1 exp -(2j+1) π / (8b ) ,  b  >  0
∞

−∑

   
A��Y�I�%%��\�"����<��   
 

td
2 -1/2

n
0 < t < 1 0

T sup C(σ ) f(x)  f(x)dx  +  B(t)→ ∫    �%��� n →∞ ,  C  P��  P&�P���� 

 

#<N  
t

0

f(x)  f(x)dx  =  0∫   c�&��%��� f(x) = 0   �=�>��
  x  �	 P&�  

 
 ������
�%%��\�"��%���U���$��H& ������
 ����&� �"U����� !��" ������� k 

��� !��"$�I���"�Z    

�%%��;&�%���;��&���	&%  { }(i) (p)
ni 1

(X ,Y , ... , Y ) ,   i  =  1, ... ,n  ?� ��;#���	&% 
(1) (p)(X, Y , ... , Y )  ��;#�� (1) (p)Y , ... , Y

)  %�P;�%��%��"@! �
 X  �����;#

 ������� 
 

(k)
kE(Y X  =  x )   =   m (x),  k  =  1, ... ,p  �I�� ������
�%%��\�"�����H&Y"�H� 

 

0 mkH : m (x)  =  m (x)   �=�>��
   m k≠   �	 P&�  m, k = 1, ... ,p   #<N x∈ �    

1 mkH : m (x)   m (x)≠  �=�>��
  m k≠    
��P&�  m, k = 1, ... ,p   #<N x∈ �    
 

 =�>"�Y>I   
p

-1 (k)
j

j=1

Y   =  p Y∑ ,           (k)k
j jj

D  =  Y  -  Y    #<N   

    

       
-1/2

n-1 n
k k k 2 k
n j + 1 j j

-  < t < j=1 j=1

IT  =  (D  -  D ) /2 sup D (X <  t)
∞ ∞

 
 
  
∑ ∑  

 
���������
P��   k

n n
1   k   p

T  = max T
≤ ≤
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 Young and Bowman (1995)   JV 
�� ���; �
���>� ������
 ����&� �"U����� !��" 
 ������� k ��� !��"K����;#

 ���������H&Y"�H� 
 

ij j ij j ij ijY  =  m (X ) + σ (X )ε            ji = 1, ... ,n , j = 1, ... ,k  

 
�%%��\�"U�� ������
��H&Y"�H� 
 

0 1 2 3 kH : m  =  m  =  m  = ... =  m   �%���  k 2≥      
   1 i jH : m  m≠   �=�>��
 i, j  
��P&� i  j,  i, j  {1,  ... , k}≠ ∈  

 
K��UI��%%���<��?"�����"$U�&�� w U�� ������
�%%��\�"��N �
$��I;� 
 

1. 
k

i
i=1

N  =  n∑  

     i
i

n 1
  =  k  +  O( ) ,   i = 1,...,k

N n
  �%���  1 kk , ... ,k    (0,1)∈  

 

2. Y>I  f1(x) , �, fk(x)  #�"  ��� !��"P;�%>"�#"&""&�?N��g"U����;#������N Xj  j = 1, ... ,k  
�����H&Y"�&;� [0,1]    

 

3.  

j

j

n
ij

ij
i=1

j n
ij

i=1

X  - x
K Y

h
m̂ (x)  =    

X  - x
K

h

 
  
 

 
  
 

∑

∑
  #�"��;��N%��  Nadaraya _ Watson  U����� !��" �� 

 
�������� j   #<N  h  P������%�����!���
Y>I����
 
 
4.  ����N%�� Common Regression  ���P=�";�?� ��;��&����Z�>%���H&Y"�H�U�� 
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jnk
ij

ij
j = 1i = 1

nk
ij

j =1i = 1

x - X
K Y

h
m̂(x)  =  

x - X
K

h

j

 
  
 

 
  
 

∑ ∑

∑ ∑
 

 

}V����g" ����N%����� !��" ��������=�>��
 �������%�����!���
Y>I����
   hi= h,    
i  = 1, � ,k   #";P����Z"\�"U�� Young and Bowman (1995)   %�?�  ��;��P��N>!P;�%
#����;"�������;  (One _ Way Analysis of Variance)  K�������Y" ������
�%%��\�"��H&Y"
�H�  

( )
j

2nk
(2)
n ij j ij

j =1 i = 1

1
ˆ ˆT   =  m(X )  -  m (X )

N
∑ ∑  

 
�%���  1 kˆ ˆ ˆm ,  m , ..., m  P=�";�%�?� UI��%%��UI����  3  #<N 4  ��%<=���
 
"� ?� "�Z  Young and Bowman  (1995)   $�I#���Y>I�>c";&�A��Y�I�%%��\�"><� >���

 ����&� �"U��#�&<N��� !��" ���������g"?���  ���������
   (2)
nT  %�P	��%
������"�Z 

 

( )
(2) d

(2) (2) 2r 2k
k,2N K

D
N h T  +  B h  -  N 0, β

Nh

 
 
 
 

→    K�� 

 
1 1k

j(2) 2 2
j jk

j=1-1 0

f (x)
D   =  K (u)du 1 -  k  σ (x) dx

R(x)

 
  
 

∑∫ ∫  

 
R   #�"  Convex Combination A��Y�I��� !��"P;�%>"�#"&""&�?N��g"   <&�;P��  
 

k

j j
j = 1

fR(t)  =  k (x)∑  

   

  j

1 1k
(r)2 2 (r) (r) 2 2 (r) 2

r 1 1 r r 1k j j
jj=10 0

β  f
f

dt dx
= k ((m R) - m (R) ) (x) - k k ((m f ) -  m ) (x)

(x)R(x)
∑∫ ∫  
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21k
j j2 4

j

j=1 0

1
2
k,2

-1

k f (x)
σ (x)  -  1 dx  

R(x)
β  =  2 (K*K) (u)du 

  
  
  
∑∫∫   

 

         

1k k
j j l l2 2

j l 2
j = 1l = 10

l j

f fk (x)k (x)
+  σ (x)σ (x) dx

R (x)
≠

∑ ∑ ∫  

 
A��Y�I�%%��\�"����<��   1 i jH : m  m≠   �=�>��
 i, j  
����; i  j,  i, j  {1,  ... , k}≠ ∈  �����

����
  (2)
nT  %�P	��%
������"�Z 

 

( ) ( )
d

(2) 2 2
k,2 k,2NN T  -  M  N 0,γ→  

 

�%���   ( )
1k k 2 j j l l2

k,2 j l
j = 1  l = 1 0

  l < j

f f
m (x) (x)

k (x)k (tx
M  =   -  m (x)  dx

R(x)
∑ ∑ ∫  

2

1k k
2 2l l
k,2 j l j j j

j = 1 l = 10
l ¹j

f
f

k (x)
γ  =  4 ( m (x)  -  m (x)) σ (x) k (x)dx

R(x)

 
 
 
  
 

∑ ∑∫  

 
 Koul and Schick (1997)  JV 
�� ���; �
���>� ������
 ����&� �"U����� !��" ��
����� 2 ��� !��"$�I# & 1m  #<N  2m  �%����%%��\�"U�� ������
��H&Y"�H�  0 1 2H : m  =  m  
,  1 1 2H : m  >  m   K����?����P&�U����;#������N X  Y" 2 <� 
�NP�� Common Design  #<N 

Distinct Design  �%��� Common Design  %�U"��U����;��&��  n1 = n2 = n     =�>"���;#������N X  
Y>I 1,j 2,j jX  =  X  =  X ,  j =   1, 2 , � , n,   ( 1 nX ,..., X  ��g"����N�&� �")   Y"U�N��� Distinct 

Design  ��;#������N X  ��H&Y"�H�  1,1 1,2 1,nX ,X ,...,X  ��g"����N �
 2,1 2,2 2,nX ,X ,...,X  
 
 ���������
 ��� Common Design  ��H&Y"�H�U�� 
 

 ( )
n

1 j 1,j 2,j
j = 1

1
ˆ ˆT   =  ν(X ) ψ(ε )  -  ψ(ε )

2n
∑  
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 ���������
 ��� Distinct Design  ��H&Y"�H�U�� 
 

1 2n n
1 2

2 2,tk,j 1,j 2,j
1 2 1 2j=1 j=1

n n 1 1
ˆ ˆT  =   ν(X )ψ(ε )  -  ν(X )ψ(ε )

n  + n n n

 
 
 
 

∑ ∑  

 
 �%��� ν  ,  ψ   #�" Measurable Function  #<N ν 0≥  K����� 
 

            k,j k,j k,jˆ ˆε  =  Y  -  m(X )   kj  =  1,2, ... ,n      k  =  1, 2  

 
k

k

n2
ij

ij
k = 1 j = 1

n2
ij

k =1 j = 1

x - X
K Y

h
m̂(x)  =  

x - X
K

h

 
  
 
 
  
 

∑ ∑

∑ ∑
     

 

Koul and Schick (1997)  $�I#���� ���; �
P	��%
���U�����������
 T1  #<N  T2   $;I
���"�Z 

 
-   ���U�� Common Design  (���������
P�� T1  )  K�� 
 

( )
o

n

1 Pj 1,j 2,j
j=1

1
ˆ ˆT   =  ν(X ) ψ(ε )  -  ψ(ε )   +  O (1)

2n
∑    P��  Asymptotic  1N(0,τ )  

 
}V����%�����N%�� 1τ   $�IK�� 
 

2
2 n

2
1 j 1,j 2,j

j = 1 j = 1

1 1
ˆ ˆτ̂   =  ν (X ) (ψ(ε )  -  ψ(ε ))

n 2n
∑ ∑  

-   ���U�� Distinct Design  (���������
P�� T2  )  K�� 
 

1 2

o

n n
1 2

2 2,t Pk,j 1,j 2,j
1 2 1 2j=1 j=1

n n 1 1
ˆ ˆT  = ν(X )ψ(ε )  -  ν(X )ψ(ε )   +  O (1)

n +n n n

 
 
 
 

∑ ∑   
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P��  Asymptotic 2N(0,τ )  }V����%�����N%�� 2τ   $�IK�� 
 

k k

2
n n2 2

2 2
2 k,j k,j 2,k 2,k

1 2 1 2k = 1 j=1 k = 1 j = 1

1 1
ˆ ˆτ̂  =  ν (X )ψ (ε ) - ν(X )ψ(ε )

n  + n n + n 

 
 
 
 

∑ ∑ ∑ ∑  

 
Munk and Dette (1998) $�I��I�����������
����������
����
�N>;&����� !��" ������� 2 

��� !��"  1m (x)  #<N 2m (x)  K�� 1 2i i i i(X ,Y )  =  ( m (x)  +  ε ,  m (x) + η  )   �����
����
 =�>"�K�� Weighted L2 _ Distance   

 

( )1 2 1 2

1
222 2

0

M  =  M (f , g)   =   m  - m  m (x) -  m (x) dx= ∫  

 
K���%%��\�"U�� ������
��H&Y"�H� 
 

2
0H : M  =  0   #<N  2

1H : M  0≠  
 

K�� M2 ��%����U��"$�IY"�H� 
 

) )1,i 1,i+1 2,j 2,j+1
1 2 1 2x x

1m n
2 2

, x ,x
i = 0 j = 0 0

M (m , m )  =  I (x)I (x)(m (x)  -  m (x)) dx 
 

∑ ∑ ∫    (6) 

 
}V����%�����N%�� M2  $�IK��  
 

m n
2

ij i+1 j+1 i j
i = 0 j = 0

M̂  =  λ (X  -  Y )(X  -  Y )∑ ∑  

 
 �%��� 0 1X  =  X ,  0 1Y =  Y ,  m+1 mX  =  X  #<N n + 1 nY  =  Y     m, n 1≥  
 
Y"���"�Z  ijλ    =�>"�$�IK��  
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) )22, i ,j + 111, i ,i + 1
x ,xx

1

ij ,x
0

(xIλ   =  I (x)( )dx 


∫ ,      i = 1, � , m    j = 1, � ,n 

 
         { }1,i  + 1 2,j + 1 1,i 2,j

2,t1,i + 1 2,j + 1 1,i x   x   x  x
  (x  x -  x  x )I

∩ > ∪
= ∩ ∪  

 
"� ?� "�Z"  Munk and Dette (1998)  $�I#���Y>I�>c";&��%��� n ,  m→∞ →∞  #<N 

  
m 1

  =  k (0, )
(n+m) 2

∈  ?N$�I;&�    1/2 2 2 2ˆ(n + m) (M -  M ) N(0, )ζ→  �%���  2N(0,ζ )  #�" 

 
 ��#? #?�#

� �����%�P&��L<�����&� �
 0  P;�%#����;"  2ζ  K��P;�%#����;" 2ζ  >�$�IK��  
 

2 2 2 -1 4 2 2 -1 4 2 2 2 2
ε ε η η ε ηζ (M )  =  ζ  =  k (σ  +  4σ M )  +  (1 -  k) (σ  +  4σ M )  +  2σ σ ι(r,s)  

 
2 2
ε ησ , σ   P��    P;�%#����;"U����� !��" �������  1(x)m   #<N 2 (x)m  ��%<=���
 

 

 ������   n
 = q

m
∈�  ?N$�I;&�  

 
2 4 2 2 -1 4 2 2 2 2 -1

ε ε η η ε ηζ   =  (q + 1)(σ  + 4σ M )  +  (1  +  q) (σ   +  4σ M )  +  2σ σ (1 + q )  

 

�I�   n = m  ?N$�I;&� 
 

2 2 2 2 2 2 2
ε η ε ηζ  =  2(σ  +  σ )  +  8M (σ  +  σ )  

 
"� ?� "�Z" Munk and Dette (1998)$�I�����
����
�=�"�? ������
 �
;�@� ��U�� 

Delgado  �
;&�;�@�U�� Delgado %���N���@�A���� ;&�Y" ������P;�%#� �&���N>;&�� 1(x) m  
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#<N 2 (x)m   �����H&Y"�H�U�� Linear  ��&"  1(x) = x + 1m ,  2 (x) = x m   ���"�Z"  

1 2(x) - (x)  =  1m m   Y"U�N���;�@� ��U�� Munk and Delte  ?N%���N���@�A���� ;&�Y" ������
P;�%#� �&���N>;&��  1(x)m  #<N 2 (x)m   ��H&Y"�H�U�� Oscillating  Function  ��&"  

1 2(x)  -  (x) =  sin(2πx)m m  
 
Neumeyer and Dette (2003) $�I��"����������
����������
����
 ����&� �"U�� ��� !��"

 ������� 2 ��� !��" }V��#";P����Z"\�"%�?�  ��>�G<�&���N>;&��  2 ��� !��" ��#? #?��N�%
U����;��&��U��P;�%P<���P<���"  K���%%��\�"U�� ������
��H&Y"�H�  

 

0 1 2H : m  =  m    #<N 1 1 2H : m   m≠  
 

?� ��;#

 ������� 
 

iij ij i ij ij iY  =  m (X )  +  σ (X )ε ,   j = 1, ... , n ,  i = 1, 2  

 

$�I =�>"�Y>I��;#������N  Xij  (j = 1, � ,ni)   P��P&����� ������g"����N �"K��%���� !��"
P;�%>"�#"&""&�?N��g"   fi (x)  Y"�&;�  [0,1]   (i = 1 , 2 )  #<N%�UI��%%���
�Z���I"� ���; �
 ��
����
�%%��\�"���"�Z 

 

1. 
i

n
ij

i
i j=1

f̂
x  -  X1

(x)  =  K
n h h

 
  
 

∑  #�"��;��N%����� !��"P;�%>"�#"&""&�?N��g"U����;

#������N Xij  ij = 1, ... , n ,  i = 1, 2   #<N   1 2
1 2
ˆ ˆf f

n n
f̂(x)  =  (x)  +  (x)

N N
 #�"��;

��N%����� !��"P;�%>"�#"&""&�?N��g"?� ��;#������N��Z�  2  <	&% $�I# & 

1 2
11 1n 21 2nX , ..., X ,  X , ..., X  

 
2.  Y" ��JV 
�P��Z�"�Z =�>"�Y>I����%�����!���
Y>I����
  h  %�U"����&� �" K��%�P	��%
��� 
 

4d 2h 0,  Nh 0 ,  Nh→ → →∞  
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3.  
P

1 1 2 2f̂ ff̂(x)   (x)  =  k (x)  +  k f (x)→  
 

4.  U�N��� n →∞   i
i

n 1
k  + O( ),  i = 1, 2

N n
→   #<N  ik (0,1)∈  

 
5. ��;��N%�� Nadaraya-Watson U����� !��" ������������N �
$��I;���;��&����Z� 2   <	&%
 =�>"�K�� 
 

i
n2

ij
ij

i=1 j=1

x  -  X1 1
m̂(x)  =  K Y

ˆNh h f(x)

 
  
 

∑∑  

 

            1 1 1 2 2 2
ˆ ˆˆ ˆ(n /N)f (x)m (x)  +  (n /N)f (x)m (x)

= 
f̂(x)

 

 

 �%���      
i

n
ij

i ij
i j=1 i

m̂
f̂

x  -  X1 1
(x)  =  K Y

n h h (x)

 
  
 

∑  

 
6.  A��Y�I�%%��\�"><� U�� ������
 ����&� �"U����� !��" �������?N$�I;&�  

0 1 2(x) (x) H : m  =  m =  m(x)    �=�>��
  i = 1, 2     K��$�I =�>"�P;�%P<���P<���"Y" 2 
<� 
�N����&�$�"�Z 
 

          ( )3 - i
ij ij ij ij 3 - i ijf̂

n ˆˆe   =  Y  -  m(X ) (X )f (X )
N

  #<N     

 

           ( )ij ij ij i ij
i

f̂
N

ˆf   =  Y  -  m(X ) (X )
n

 

 
7. ��?���� Marked Empirical Process  K�� 
 

{ } { }
1 2n n

(1)
1j 1j 2j 2jN

j=1 j=1

1 1
R̂ (t)  =  e I X   t   -  e I X   t

N N
≤ ≤∑ ∑  
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{ } { }
1 2n n

(2)
1j 1j 2j 2jN

j=1 j=1

1 1
R̂ (t) = f I X   t   -  f I X   t

N N
≤ ≤∑ ∑  

 
�%��� [ ]t 0,1∈   #<N I{.} #�" Indicator Function  ���������
��H&Y"<� 
�N�&�$�"�Z 
 

 )
(i)

t  0,1 N
ˆsup R (t)∈  

 
      -      A��Y�I�%%��\�"><� U�� ����&� �"U����� !��" �������  ?N$�I;&�  
 

  (i) 2d
N

1 1ˆE R (t)    = O   +  O(h )  =  o ,   l  =  1,2
Nh n

            
 

 
- A��Y�I�%%��\�"����<�� U�� ��$%&��&� �"U����� !��" �������  ?N$�I;&� 

 

( ) 2

t
(1) d

1 2 2 1N
0

1 f fˆE R (t)   =  k k m (x)  -  m (x) (x)f (x) (x)dx  +  O(h ) 
  ∫  

 

( )
t

(2) d
1 2 2N

0

1
ˆE R (t)   =  k k m (x)  -  m (x) dx  +  O(h ) 

  ∫  

 
A��Y�I�%%��\�"><� U�� ����&� �"U����� !��" �������  Marked Empirical Process 

(1)
N

ˆNR   ?N<H&�UI��H&  Gaussian Process  ���%�P&��L<�����&� �
 0 ��� !��"P;�%#����;"�&;%  
 

s t
(1) 2 2 2

1 2 2 2 1 1 1 1 2 2

0

f f f fH (s,t) = (σ (x)k (x)  +  σ (x)k (x))k (x)k (x)f (x)dx

∧

∫  

 
Y"�=�"������; �"A��Y�I�%%��\�"><� U�� ����&� �"U����� !��" �������  Marked 

Empirical Process (2)
N

ˆNR   ?N<H&�UI��H&   Gaussian Process  ���%�P&��L<�����&� �
 0 ��� !��"P;�%
#����;"�&;%  
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s t

(2) 2 2
1 2 2 2 1 1

1 1 2 20

f f
f f

1
H (s,t) = (σ (x)k (x) + σ (x)k (x)) dx

k (x)k (x)

∧

∫  

 
       Rardo-Fernandez  (2007) $�IJV 
�� ���; �
���������
����������
����
 ����&� �"U�� 
 k  ��� !��" ��#? #?�U��P;�%P<���P<���" K���%%��\�"U�� ������
��H&Y"�H�U�� 
 
  0 ε1 ε2 εkH : F  =  F  =  ... = F  

1 εi εjH : F F≠    �=�>��
 i, j  
��P&�  i  j,  i,j  {1,  ... , k}≠ ∈  

 
K�����������
$�I# &   
 

k
2

CM εj
j=1

ˆ ˆS  =  U (y)dF (y)∑∫  

 

�%���  ( )t1 k  ˆ ˆ ˆU(y) = U (y), ... ,U (y) ,  -  < y < ∞ ∞  

 

( )
j

1/2
ε εj j

ˆ ˆ ˆU (y)  =  n F (y)  -  F (y) ,  j = 1,2, ... , k  

 
K����;��N%����� !��" ��#? #?�P;�%P<���P<���"  εjF̂ (y)   P��  

 

  
j

n
ij j ij

εj
j j iji=1

ˆY   -  m (X )1
F̂ (y)  =  I   y

ˆn σ (X )

 
 
 
 

≤∑  

 
#<N��;��N%����� !��" ��#? #?�P;�%P<���P<���"  εF̂ (y)    A��Y�I�%%��\�"><�   P�� 
 

j
nk

ij j ij
ε

j ijj=1 i=1

ˆY  -  m (X )1
F̂ (y)  =  I   y

ˆn σ (X )

 
 
 
 

≤∑∑  
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K�����  jm̂ (x)  #<N  2
jσ̂ (x)  #�"��;��N%����� !��" �������#<N��� !��"U��P;�%#����;"

K��  
j

n

j ij ij
i=1

m̂ (x)  =  w (x, h )Y∑  

 
j

n
2 2 2
j ij ij j

i=1

ˆσ̂ (x)   = w (x, h )Y  -  m (x)∑  

 

ijw (x,h)  P�� Nadaraya _ Watson Weight  P=�";�$�I?�  

 

j

ij

ij n
ij

i =1

x - X
K

h
w (x,h )  =  

x - X
K

h′

 
  
 

 
  
 

∑
 

 
G<?�  ��JV 
� ��#? #?�U�����������
A��Y�I�%%��\�"><� �
;&� 

k - Dimensional U�� ( )t1 k
ˆ ˆ ˆU(y)  =  U (y), ..., U (y) ?N<H&�UI��H&  k - dimensional Gaussian  

Process ( )t1 kU(y) = U (y), ... ,U (y)  ���%�KP����I��U��P;�%#����;"�&;%   
 

k
1/2 1/2

j j j j l l l, l l l
j jl=1

,
I(l  =  j) I(l  =  j )

Cov(U (y),U (y )) = p p 1- 1- E(ψ (X ,Y y)ψ (X ,Y y ))
p p

′ ′
′

  ′
′ ′    

  
∑

 

�=�>��
 j = 1, � ,k 
 

2 2
j j j j

j ε ε ε2
j jj

 
v - m (u) (v- m (u)) - σ (u) v - m (u)

ψ (u,v,y) = I y - F (y) + yf (y) +  f (y)
σ (u) σ (u)2σ (u)

 
≤  

 
 



�\���9	�6K������� 
 

 �\���9	 

 
1. P�%��;����!#<
�c��  Processor  Intel (R)  Core(TM) 2 Duo  CPU P 7450 @ 2.13  

GHZ, 1.58 GHZ >"&;�P;�%?=�  2 GB  
2. K��# �% SAS  version 9.1 

������� 

 
 ��;�?��Y"P��Z�"�Z��g" ��JV 
�� ���; �
���>� ������
 ����&� �"U����� !��" ����

����� k ��� !��"K����;#

 ���������H&Y"�H� 
 

ij j ij j ij ij iY  =  m (X ) + σ (X )ε ,  i = 1, ... ,k,  j = 1, ... ,n   
   

 �%���  j ijm (X )  P�� ��� !��" �������U�� Y 
" X  K�����  
                                                      j ij ij ijm (X ) =  E(Y |X )  

       2
j ijσ (X )  P��  P;�%#����;" K����� 2

j ij ij ijσ (X ) = Var(Y |X )  

         ijε   P�� P;�%P<���P<���"  K�����  ij ijE(ε |X ) = 0  #<N ijVar(ε ) = 1  

 
�%%��\�"U�� ������
��H&Y"�H� 
 

0 1 2 3 kH : m  =  m  =  m  =  ...  =  m   �%���  k 2≥      

1 i jH : m  m≠   �=�>��
 i, j  
��P&� i  j,  i, j  {1,  ... , k}≠ ∈  

 
 ;�@��=��"�" ��;�?����N �
$��I;� 

1) JV 
����������
 ����&� �"U����� !��" ������� k ��� !��" 
2)  ��?=�<��#

 (Simulation) 
3)  ����N�	 �!���������
 ����&� �"U����� !��" ������� k  ��� !��" (k = 3)  �
 

UI�%H<?���  K��%����<N���������&�$�"�Z 
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1.   JV 
����������
 ����&� �"U����� !��" ������� k ��� !��"   ��N �
$��I;� 
1.1  JV 
�� ���; �
 ����&� �"U�� ��#? #?�U��P;�%P<���P<���"}V��"=�$��H& �� 

����
�%%��\�" 0 1 2 3 kH : m  =  m  =  m  =  ...  =  m   �%���  k 2≥  #<N 1 i jH : m  m≠   
�=�>��
 i, j  
��P&� i  j,  i, j  {1,  ... , k}≠ ∈  

       1.2  >�G<�&���N>;&����;��N%�� ��#? #?�U��P;�%P<���P<���"A��Y�I 
�%%��\�"><� #<N��;��N%�� ��#? #?�U��P;�%P<���P<���"U����� !��" ���������� !��"
��� j  εj0 εj

ˆ ˆF (y) -  F (y)  �%����%%��\�"><� ��g"?���  

1.3  JV 
�� ���; �
 ��#? #?�  U�� k _ Dimensional  Process  

( )1 2 k
ˆ ˆ ˆ ˆU(y) = U (y) , U (y), ... ,U (y)  �%����%%��\�"><� ��g"?���K��Y�I><�  ��U�� Cramer _ 

Wold Device #<N Donsker Theorem   
1.4  JV 
� ��#? #?�U�����������
A��Y�I�%%��\�"><� K��Y�IG<<��@! 

���$�I?�  ��JV 
�Y"UI� 1.3  #<N Continuous Mapping Theorem  
1.5 >�G<�&���N>;&����;��N%�� ��#? #?�U��P;�%P<���P<���"A��Y�I 

�%%��\�"><� #<N��;��N%�� ��#? #?�U��P;�%P<���P<���"U����� !��" ���������� !��"
��� j  εj0 εj

ˆ ˆF (y) -  F (y)  �%����%%��\�"����<�� ��g"?��� 

1.6 JV 
�� ���; �
 ��#? #?�U�� k _ Dimensional  Process  

( )1 2 k
ˆ ˆ ˆ ˆU(y) = U (y) , U (y) , ..., U (y)  �%����%%��\�"����<�� ��g"?���K��Y�I><�  ��U�� 

Donsker Theorem   
1.7 JV 
� ��#? #?�U�� ���������
A��Y�I�%%��\�"����<�� K��Y�I 

G<<��@!���$�I?�  ��JV 
�Y"UI� 1.6  #<N Continuous Mapping Theorem  
 

 ��JV 
����������
 ����&� �"U����� !��" ������� k ��� !��"    ��N �
$��I;� 
UI�� <��&�� w  ����&�$�"�Z 
 
UI�� <��=�>��
 ��JV 
����������
 ����&� �"U����� !��" ������� k ��� !��"     
 

1.     =�>"�Y>I    
j j ij

j ij j

ˆY  -  m (X )

σ̂ (X ) / n
      #�"��;��N%��P;�%P<���P<���"U����N�� ���� 

j  K�����   ij ijE(ε |X ) = 0  #<N   ijVar(ε ) = 1  
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 2.   =�>"�Y>I  
j ij

j ij j

ˆY  -  m(X )

σ̂ (X ) / n
   #�"��;��N%��P;�%P<���P<���"�%����%%��\�"><� 

��g"?��� 
 

 3.    �=�>��
  j = 1, ... , k,      
j

n

j ij ij
i=1

m̂ (x) = W (x,h)Y∑  

                      
j

n
2 2 2
j ij ij j

i=1

ˆσ̂ (x)  = W (x,h)Y  -  m (x)∑  

 

         �%��� 
j

ij

ij n
ij

i =1

x - X
K

h
w (x, h ) = 

x - X
K

h′

 
  
 

 
  
 

∑
      P��   Nadaraya _ Watson Weight 

 
                        K  P�� Kernel Function 
              h               P�� ����%�����!���
Y>I����
 
 

4.     =�>"�Y>I  
j

nk

ij ij
j=1i=1

m̂(x)  =  W (x,h)Y∑∑  #�"��;��N%��U��  Common  

Regression  Function  1 2 km(x)  =  m (x)  =  m (x)  =  ... =  m (x)  �%����%%��\�"><� ��g"
?��� 
 

5.    �����Y>I�&���&� ��JV 
�Y"���"�ZY�I����%�����!���
Y>I����
  h  ����; �"Y" ����N%��   

j
ˆ ˆm(x) , m (x)  #<N jσ̂ (x)  

 
6.    �=�>��
  j = 1, ... , k  ��;��N%�� ��#? #?�U��P;�%P<���P<���"P�� 
 

jn
j j ij

εj
j i = 1 j ij j

 
 

ˆY - m (X )1
F̂ (y)  =  I  y

n σ̂ (X )/ n

 
 
 
 

≤∑  
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#<N��;��N%�� ��#? #?�P;�%P<���P<���"�%����%%��\�"><� ��g" 
?���P�� 

         
jn

j ij
εj0

j i = 1 j ij j

ˆY  - m(X )1
F̂ (y) = I  y

n σ̂ (X )/ n

 
 
 
 

≤∑  

 
7. Y"���"�Z$�I�����
����
��;��N%�� ��#? #?�U��P;�%P<���P<���"Y" 

#�&<N��N�� � K��Y�I  k _ Dimensional Process ���"�Z 

 

  ( )1 2 k
ˆ ˆ ˆ ˆU(y) = U (y) , U (y) , ... ,U (y) ,  -  < y < ∞ ∞  

 

( )1/2
j j εj0 εj

ˆ ˆ ˆU (y)  =  n F (y) - F (y) , j = 1, ... , k  

 
8. "� ?� ��;��N%�� ��#? #?�U��P;�%P<���P<���"Y"UI� 6   =�>"���;��N%��  

 ��#? #?�U��P;�%P<���P<���"Y"�� <� 
�N>"V�����"�Z 

 

jnk j j ij
ε

j=1 i=1 j ij j

ˆY   -  m (X )1
F̂ (y)  =  I   y

n σ̂ (X )/ n

 
 
 
 

≤∑∑      #<N 

 

        
jnk j ij

ε0
j=1i=1 j ij j

ˆY   -  m(X )1
F̂ (y)  =  I   y

n σ̂ (X )/ n

 
 
 
 

≤∑∑  

 
Y"�=�"������; �"  Joint Process   P��  ( )1/2

ε0 ε
ˆ ˆ ˆU(y)  =  n F (y) - F (y) , -  < y < ∞ ∞   

 

 9.     =�>"�Y>I  j
j

n
p  > 0

n
→   ?N$�I;&�   

k

mix j j

j=1

f (x) = p f (x)∑  P��  Mixture U��

��� !��"P;�%>"�#"&""&�?N��g"U�� Xj  �%���  jf (x)  P��  ��� !��"P;�%>"�#"&""&�?N��g"U��  Xj    
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10.    A��Y�I�%%��\�"����<��    m̂(x)   ��g"��;��N%��U�� 
 

-1/2
n 0m (x) = m (x) + n S(x)     

   

�%���  
k

j
j j

mixj=1

f (x)
S(x) = p s (x)

f (x)
∑  #<N jnm̂ (x)  ��g"��;��N%��U�� 

       
     -1/2

jn 0m (x) =  m (x) + n s(x)   

 
11.    �=�>��
  j = 1, ... , k  
          11.1  Xj ��g"��;#���	&%�&��"����  xx∈ �  #<N%���� !��"P;�%>"�#"&""&�?N��g"  

jf (x)  

                 11.2    jf (x) ,  jm (x)  #<N jσ (x)   �&��"����#<N��%���>��"	��"@!��"��
��� 2  $�I 

           11.3    
x

xinf ∈� jf (x) > 0   #<N 
x

xinf ∈� jσ (x) > 0  

 
12.    �=�>��
  j = 1, ... , k           

         12.1    j
j

n
p  > 0

n
→    U�N n →∞  

        12.2    4nh  0→   #<N 3+2δ -1
j n nn h (logh )  → ∞  �=�>��
   δ > 0  U�N��� h 0→  

 
13.    K  ��g"  Kernel ��� !��"���%��%
���    
       13.1   2u K(u)du < ∞∫  

        13.2   K(u)du = 1∫  

        13.3   uK(u)du = 0∫  

 
14.   �=�>��
  j = 1, ... , k           

               14.1  jF (y x )   ��g"��� !��"����&��"����Y"  (x , y)  #<N��%���>��"	��"@!����
 �
 y  

$�I 
        14.2  jF (y x )   ��g"��� !��"����&��"����Y"  (x , y)  #<N��%���>��"	��"@!����
 �
 x  

$�I 
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 ��JV 
����������
 ����&� �"U����� !��" ������� k ��� !��" "=�$��H&�b
~�
� 
�&�� w ����I��JV 
�  ��N �
$��I;��b
~�
���� 1  ��g"�b
~�
����#���Y>I�>c";&� ����&� �"U�� 
 ��#? #?�U��P;�%P<���P<���" P�� ����&� �"U����� !��" �������}V��"=�$��H& ������

�%%��\�" 0 1 2 3 kH : m  =  m  =  m =  ... =  m #<N 1 l jH : m  m≠  �=�>��
 i, j   
��P&� 

i  j,  i,j  {1,  ... , k},≠ ∈ �b
~�
���� 2 ��g" �����H?"!�����>�G<�&���N>;&����;��N%��   
 ��#? #?�U��P;�%P<���P<���"A��Y�I�%%��\�"><� #<N��;��N%�� ��#? #?�U��P;�%
P<���P<���"U����� !��" ���������� !��"��� j   εj0 εj

ˆ ˆF (y) -  F (y)  �%����%%��\�"><� ��g"?���  

�b
~�
���� 3 ��g" �����H?"!�����>� ��#? #?�U�� k _ Dimensional  Process U�� 

( )1 2 k
ˆ ˆ ˆ ˆU(y) = U (y) , U (y) , ... ,U (y) �%����%%��\�"><� ��g"?��� K��Y�I><�  ��U�� Cramer _ 

Wold Device  #<N Donsker Theorem  �b
~�
���� 4  ��g" �����H?"!�����>� ��#? #?�U�������
����
A��Y�I�%%	��\�"><� K��Y�IG<<��@!���$�I?�  �����H?"!�b
~�
���� 3 #<N Continuous 
Mapping Theorem �b
~�
���� 5 ��g" �����H?"!�����>�G<�&���N>;&����;��N%�� ��#? #?�U��
P;�%P<���P<���"A��Y�I�%%��\�"><�    #<N��;��N%�� ��#? #?�U��P;�%P<���P<���"U��
��� !��" ���������� !��"��� j   εj0 εj

ˆ ˆF (y) -  F (y)  �%����%%��\�"����<�� ��g"?���  �b
~�
���� 6 

��g" �����H?"!�����>� ��#? #?�U�� k _ Dimensional  Process U�� 

( )1 2 k
ˆ ˆ ˆ ˆU(y) = U (y) , U (y) , ... ,U (y)   �%����%%��\�"����<�� ��g"?���   K��Y�I><�  ��U�� 

Cramer _ Wold Device #<N Donsker Theorem  #<N�b
~�
���� 7 ��g" �����H?"!�����>� ��#? 
#?�U�����������
A��Y�I�%%��\�"����<�� K��Y�IG<<��@!���$�I?�  �����H?"!�b
~�
���� 6 
#<N Continuous Mapping Theorem 
 
�^;_��� 1.1 εj0 εjF (y)  =  F (y)  �%���   -  < y < ∞ ∞ �=�>��
�	  j = 1 , 2 , ... , k    c�&��%���  

1 km(x)  =  m (x)  =   ...   =  m (x)   �=�>��
�	   xx∈ �  
 

���FH�	      =�>"�Y>I εj0 εjF (y)  =  F (y)   �I��#���;&�  1 km(x)  =  m (x)  =   ...   =  m (x)  �����

 ��#? #?�U��P;�%P<���P<���"�>%��" �"  #���;&�K%�%"�!��� 1  #<NK%�%"�!���  2  U�� 
#�&<N ��#? #?��I����&� �" 
 

 ��?����K%�%"�!���  1   
j jij j ij

j ij j j ij j

 
Y  - m(X ) Y  - m (X )

E   =  E   =  0
σ (X )/ n σ (X )/ n

   
   
   
   
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  ?N$�I;&� jm(x)  =  m (x)  

 
 ��?����K%�%"�!���  2   

 
22

j j jij ij ij

j ij j j ij j j ij j

  
Y  - m(X ) Y  - m(X ) Y  - m(X )

 Var   =  E  -  E
σ (X )/ n σ (X )/ n σ (X )/ n

                
        
        

 

                         
2

j ij

j ij j

  
Y  - m(X )

 =  E  
σ (X )/ n

    
  
   

 

 

            j j j

22

j j jij ij ij

j ij j j ij j j ij j

  
Y  - m (X ) Y  - m (X ) Y  - m (X )

 Var   =  E  -  E
σ (X )/ n σ (X )/ n σ (X )/ n

                
        
        

 

                  

                                                    j

2

j ij

j ij j

  
Y  - m (X )

 =  E  
σ (X )/ n

    
  
   

 

 
�"����?� K%�%"�!���  2  U��#�&<N ��#? #?���&� �"  ���"�Z" 

 

                           
j jij j ij

j ij j j ij j

Y  - m(X ) Y  - m (X )
 Var   =  Var

σ (X ) / n σ (X ) / n

   
   
   
   

 

 
?N$�I;&�  jm(x)  =  m (x)  

 
Y"��� <�
 �" =�>"�Y>I  1 km(x)  =  m (x)  =  ...  =  m (x)    �I��#���;&�  εj0 εjF (y)  =  F (y)  

 
   ��?����K%�%"�!���  1   �"����?�    jm(x)  =  m (x)  
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?N$�I;&�  
j jij j ij

j ij j j ij j

 
Y  - m(X ) Y  - m (X )

  =  
σ (X ) / n σ (X ) / n

   
   
   
   

 

 

                                      
j jij j ij

j ij j j ij j

Y  - m(X ) Y  - m (X )
 E   =  E  =  0
σ (X ) / n σ (X ) / n

   
   
   
   

 

 
   ���"�Z"K%�%"�!���  1 U��#�&<N ��#? #?���&� �" 
 

��?����K%�%"�!���  2    �"����?�    jm(x)  =  m (x)  

 

?N$�I;&�               
j jij j ij

j ij j j ij j

Y  - m(X ) Y - m (X )
   =  
σ (X ) / n σ (X ) / n

   
   
   
   

 

                                

                                    
22

j jij j ij

j ij j j ij j

 Y - m(X ) Y  - m (X )
 E   =  E
σ (X ) / n σ (X ) / n

   
   
   
   

 

 
 ���"�Z"K%�%"�!���  2 U��#�&<N ��#? #?���&� �"   
 

�"����?� K%�%"�!���  1  #<NK%�%"�!���  2  U��P;�%P<���P<���"   
j ij

j ij j

 
Y  - m(X )

  
σ (X ) / n

 
 
 
 

��&� �
 
j j ij

j ij j

 
Y  - m (X )

  
σ (X ) / n

 
 
 
 

?V�$�I;&�   εj0F (y) #<N εj F (y)  %� ��#? #?��>%��" �"   <&�;P��   

 

εj0 εjF (y)  =  F (y)    ����NLN"�Z" εj0 εjF (y)  =  F (y)    �=�>��
�	 j = 1, ... ,k    c�&��%���   

 

1 km(x)  =  m (x)  =  ...  =  m (x)   �=�>��
�	   xx∈ �  
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�^;_��� 1.2 ε0 εF (y) = F (y) , -  < y < ∞ ∞    c�&��%��� 1 km(x)  =  m (x)  =  ...  =  m (x)   
�=�>��
�	   xx∈ �  
 

���FH�	     =�>"�Y>I   ε0 εF (y) = F (y)   �I��#���;&�  1 km(x)  =  m (x)  =  ...  =  m (x)  
 ����� ��#? #?�U��P;�%P<���P<���"�>%��" �"  #���;&�K%�%"�!��� 1  #<NK%�%"�!��� 2  U��#�&
<N ��#? #?��I����&� �" 
 

��?����K%�%"�!��� 1   
k kj jij j ij

j j
j=1 j=1j ij j j ij j

Y  - m(X ) Y  - m (X )
 p E    =  p E     =  0

ˆ ˆσ (X )/ n σ (X )/ n

   
   
   
   

∑ ∑  

 
 ?N$�I;&� jm(x)  =  m (x)  

 
��?����K%�%"�!��� 2   �"����?�  
 

2 2
k k kj j jij ij ij2 2

j j j

j=1 j=1 j=1j ij j j ij j j ij j

 
Y  - m(X ) Y  - m(X ) Y  - m(X )

p E = Var p + p E
ˆ ˆ ˆσ (X )/ n σ (X )/ n σ (X )/ n

      
      
      

      
∑ ∑ ∑  

 
2

k j ij2
j

j=1 j ij j

Y  - m(X )
 p E 0

σ̂ (X )/ n

  
  
  

  

=∑  

 

���"�Z"    
2

k kj jij ij2
j j

j=1 j=1j ij j j ij j

Y  - m(X ) Y  - m(X )
Var p    =  p E     

ˆ ˆσ (X )/ n σ (X )/ n

   
   
   
   

∑ ∑  

 
2 2

k k kj j jj ij j ij j ij2 2
j j j

j=1 j=1 j=1j ij j j ij j j ij j

 
Y  - m (X ) Y  - m (X ) Y  - m (X )

p E = Var p + p E
ˆ ˆ ˆσ (X )/ n σ (X )/ n σ (X )/ n

      
      
      

      
∑ ∑ ∑  

 
2

k j j ij2
j

j=1 j ij j

Y  - m (X )
 p E 0

σ̂ (X )/ n

  
  
  

  

=∑  
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���"�Z"    
2

k kj jj ij j ij2
j j

j=1 j=1j ij j j ij j

Y  - m (X ) Y  - m (X )
Var p    =  p E     

ˆ ˆσ (X )/ n σ (X )/ n

   
   
   
   

∑ ∑  

 
�"����?� K%�%"�!��� 2  ��&� �"?N$�I;&� 
 

      
k kj jij j ij

j j
j=1 j=1j ij j j ij j

Y  - m(X ) Y  - m (X )
Var p    =    Var p  

ˆ ˆσ (X )/ n σ (X )/ n

   
   
   
   

∑ ∑  

 
?N$�I;&� jm(x)  =  m (x)  

 
Y"��� <�
 �" =�>"�Y>I  1 km(x)  =  m (x)  =  ...  =  m (x)    �I��#���;&�  ε0 εF (y) = F (y)  
 
��?����K%�%"�!��� 1    �"����?�   jm(x)  =  m (x)  

 
k kj jij j ij

j j
j=1 j=1j ij j j ij j

    
Y  - m(X ) Y  - m (X )

 p    =  p
ˆ ˆσ (X )/ n σ (X )/ n

   
   
   
   

∑ ∑  

 
k kj jij j ij

j j
j=1 j=1j ij j j ij j

Y  - m(X ) Y  - m (X )
 p E    =  p E     =  0

ˆ ˆσ (X )/ n σ (X )/ n

   
   
   
   

∑ ∑  

 
���"�Z" K%�%"�!��� 1 U��#�&<N ��#? #?���&� �" 

 
��?����K%�%"�!���  2    �"����?�   jm(x)  =  m (x)  

 
k kj jij j ij

j j
j=1 j=1j ij j j ij j

   
Y  - m(X ) Y  - m (X )

p    =  p   
ˆ ˆσ (X )/ n σ (X )/ n

   
   
   
   

∑ ∑  
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2 2

k kj jij j ij2 2
j j

j=1 j=1j ij j j ij j

Y  - m(X ) Y  - m (X )
 p E    =  p E     

ˆ ˆσ (X )/ n σ (X )/ n

   
   
   
   

∑ ∑  

 
���"�Z"K%�%"�!���  2  U��#�&<N ��#? #?���&� �" 

 
�"����?� K%�%"�!���  1  #<NK%�%"�!���  2  U��P&��L<���U��P;�%P<���P<���"   
 

k j ij
j

j=1 j ij j

Y  - m(X )
 p   

σ (X ) / n

 
 
 
 

∑ ��&� �
 
k j j ij

j
j=1 j ij j

Y  -  m (X )
 p   

σ (X ) / n

 
 
 
 

∑ ?V�$�I;&� ε0F (y) #<N ε F (y)  %�   

 
 ��#? #?��>%��" �"   <&�;P��   ε0 εF (y)  =  F (y)    ����NLN"�Z"   ε0 εF (y) = F (y),  
 
-  < y < ∞ ∞     c�&��%��� 1 km(x)  =  m (x)  =  ... =  m (x)   �=�>��
�	   xx∈ �  
 
�b
~�
����  2  ��N �
$��I;�
�#�� ��� 1 _ 3  K��%�U�Z"��"#<N;�@� �����H?"!����&�$�"�Z 

 
������ 1  A��Y�IUI�� <���� 1 _ 13  �=�>��
  j = 1, ... ,k  Y� w  ?N$�I;&� 
 

j
n

j j ij j j 1
pj j

j i=1j j j ij j

m̂ (x) - m (x) Y  - m (X )1
f (x)dx   =    +  O (n h)

nσ (x)/ n σ (X )/ n

−∑∫  

 
���FH�	  Hardel (1993) $�I =�>"�Y>I��;��N%��U����� !��" ���������&� �
 
 

   
j

n

j ij ij
i=1

m̂ (x) = W (x,h)Y∑  

 

#�&         ij
ij

j

K(x - X )
W (x,h)   =  

f̂ (x)
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�%���   -1K (u)  =  (nh) K(u / h)  
 
 ��;��N%��U����� !��"P;�%>"�#"&""&�?N��g"U��  jf (x)   P��  

 
j

n
ij

j
j i=1

x - X1
f̂ (x)  =  K

n h h

  
      
∑  

 
���"�Z"��;��N%��U��  jm (x)  P�� 

 
j

n
ij

j ij
i=1j j

x - X1
m̂ (x)  =  K Y

ˆ hn hf (x)

 
  
 

∑  

 

���"�Z"   ( )
j

n
ij

j j ij j
i=1j j

x - X1
m̂ (x) - m (x) =  K Y  -  m (x)

ˆ hn hf (x)

 
  
 

∑  

 
Wand and Jones (1995)  $�I#���Y>I�>c";&�  -1/2

j j p jf̂ (x)  f (x)  =  O (n h)−   

 
1 -1/2

j j p jf̂ (x) (f (x))  -  1  =  O (n h)−    #<N  -1/2
j j p jm̂ (x) - m (x) =  O (n h)  

 
#�" jf̂ (x)  �I;� jf (x)  ?N$�I;&� 

 

( )
j

n
ij 1

pj j ij j j
j j i=1

x - X1
m̂ (x) - m (x) =  K Y  - m (x) O (n h)

n hf (x) h
− 

  
 

+∑   ���"�Z" 

 

j

ij
ij jn

j j j -1
pj j

j ji=1j j j j

x - X

h
K (Y - m (x))

m̂ (x) - m (x) f (x)1
f (x)dx  = dx +O (n h)

n h f (x)σ (x)/ n σ (x)/ n

 
 
 ∑∫ ∫  
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j

ij
ij jn

-1
p j

j i=1 j j

x - X

h
 

K (Y - m (x))
1

 =  dx  + O (n h)
n h σ (x)/ n

 
 
 ∑∫  

 

ij
ij j

j j

x - X

h
K (Y - m (x))

 dx 
σ (x)/ n

 
 
 ∫  �=�$�IK�� 

 
B�`���� 1  Y�I��P"�P ����"��� ����<���"��;#�� 
 

Y>I      ij j ij
1 ij

j ij j

Y  -  m (X )
S (X )  = 

σ (X )/ n

 
 
 
 

 

           ijx - X
u  =  

h

 
  
 

 

         ij hu  =  x - X  
          ijx  =  hu + X  

         h(du)  =  dx  
 

���"�Z"

ij
ij j

1 ij
j j

 

x - X
K (Y - m (x))

h
dx  =  h K(u)S (hu + X )du

σ (x)/ n

 
  
 ∫ ∫  

 

B�`���� 2   �N?���"	 �%���<��!��"��
 2 U�� S1  ��
  Xij   ���"�Z"
 

2 3
1 1 1 pij ij ij h K(u)S (hu + X )du = hS (X ) K(u)du + h S (X ) uK(u)du + O (h)′∫ ∫ ∫  

 
?� UI�� <�  13.2  #<N 13.3  
 

2 3
1 1 1 pij ij ijh K(u)S (hu + X )du = hS (X )(1) + h S (X )(0) + O (h )′∫  
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�%���  ij j ij
1 ij

j ij j

Y  -  m (X )
S (X )  = 

σ (X )/ n

 
 
 
 

 

 

���"�Z"  ij j ij
1 ij

j ij j

Y  -  m (X )
 h K(u)S (hu + X )du  =  h

σ (X )/ n∫  

 
j

n
j j ij j ij 1

pj j
j i=1j j j ij j

m̂ (x) - m (x) Y  -  m (X )h
f (x)dx  =    + O (n h)

n hσ (x)/ n σ (X )/ n

−∑∫  

 
j

n
j j ij j ij 1

pj j
j i=1j j j ij j

m̂ (x) - m (x) Y  -  m (X )1
f (x)dx  =    + O (n h)

nσ (x)/ n σ (X )/ n

−∑∫  

 

  ���"�Z"              
j

n
j j ij j ij 1

pj j
j i=1j j j ij j

m̂ (x) - m (x) Y  -  m (X )1
f (x)dx  =    + O (n h)

nσ (x)/ n σ (X )/ n

−∑∫  

 
������  2  A��Y�IUI�� <� 1 _ 13  �=�>��
  j = 1, ... , k  Y� w ?N$�I;&� 
 

rnk
j ir 1ir ir

pj
mix irr=1 i=1j j j ir j

f (X )ˆ Y - m(X )m(x) - m(x) 1
f (x)dx  =    + O (nh)

n f (X )σ (x)/ n σ (X )/ n

−∑∑∫  

 
?�  ��� !��"P;�%>"�#"&""&�?N��g"U��  jf (x)   P�� 
 

j
n

ir

r i=1

x - X1
f̂(x)  =  K

n h h

       
∑  

 
���"�Z"?N$�I;&���� !��"P;�%>"�#"&""&�?N��g"U��  mixf (x)   P��  
 

rnk
ir

mix
r=1 i=1

x - X1
f̂ (x)  =  K

nh h

  
  
   
∑∑  
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���"�Z"��;��N%��U��  m(x)  P�� 
 

rnk
ir

ir
r = 1i = 1mix

x - X1
m̂(x)  =  K Y

ˆ hnhf (x)

 
 
 

∑ ∑  

 

���"�Z"      ( )
rnk

ir
ir

r = 1i = 1mix

x - X1
m̂(x) - m(x) =  K Y  - m(x)

ˆ hnhf (x)

 
 
 

∑ ∑  

 
Wand and Jones (1995)  $�I#���Y>I�>c";&� -1/2

mix mix pf̂ (x) f (x)  =  O (nh)−   #<N  

 
1 -1/2

mix mix pf̂ (x) (f (x))  -  1  =  O (nh)−   ���"�Z" 

 

( )
rnk

1ir
pir

r=1 i=1mix

x - X1
m̂(x) - m(x) =  K Y  - m(x) O (nh)

nhf (x) h

− 
 
 

+∑∑    ���"�Z"  

 

j

ir
n irk

j ir
j

mix irj=1i=1j j j j

x - X
K (Y - m(x))

f (X )ˆ hm(x) - m(x) 1
f (x)dx  =  dx  

nh f (X )σ (x)/ n σ (x)/ n

 
 
 ∑∑∫ ∫  

 

  -1
p+  O (nh)  

 

ir
ir 

j ir

mix irj j

x - X
K (Y - m(x))

f (X )h
  dx 

f (X )σ (x)/ n

 
 
 ∫ �=�$�IK�� 

 
B�`���� 1  Y�I��P"�P ����"��� ����<���"��;#�� 
 
Y>I  -1

1 ir j j mix jS (x)  =  (Y  - m(x)) n f (x)(f (x)σ (x))  

 ijx - X
u  =  

h

 
  
 

 

            ir hu  =  x - X  
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              irx  =  hu + X  

              h(du)  =  dx  
 

���"�Z"

ir
ir

j ir
1 ir

mix irj j

 

x - X
K (Y  -  m(x))

f (X )h
dx   =  h K(u)S (hu  +  X )du

f (X )σ (x)/ n

 
 
 ∫ ∫  

 

B�`���� 2   �N?���"	 �%���<��!��"��
 2 U�� S1  ��
  Xij     ���"�Z"
 

2 3
1 1 1 pir ir ir h K(u)S (hu + X )du = hS (X ) K(u)du + h S (X ) uK(u)du + O (h)′∫ ∫ ∫  

 
�"����?�  K(u)du  1=∫   #<N uK(u)du  0=∫  

 
2 3

1 1 1 pir ir ir h K(u)S (hu + X )du = hS (X )(1) + h S (X )(0) + O (h )′∫  

 

�%���  ir ir

j ir j

j ir
1 ir

mix ir

Y  -  m(X )

σ (X ) n

f (X )
S (X )  =  

f (X )

   
   
     

 

 

���"�Z"  j irir ir
1 ir

mix irj ir j

 
f (X )Y - m(X )

h K(u)S (hu + X )du = h
f (X )σ (X )/ n

 
 
  

∫  

 
rnk

j ir 1ir ir
pj

mix irr=1i=1j j j ir j

f (X )ˆ Y  -  m(X )m(x) - m(x) h
f (x)dx  =    +  O (nh)

nh f (X )σ (x)/ n σ (X )/ n

− 
 
  

∑∑∫  

 
rnk

j ir 1ir ir
pj

mix irr=1 i=1j j j ir j

f (X )ˆ Y  -  m(X )m(x) - m(x) 1
f (x)dx  =    +  O (nh)

n f (X )σ (x)/ n σ (X )/ n

− 
 
  

∑∑∫  

 

 ���"�Z"    
rnk

j ir 1ir ir
pj

mix irr=1i=1j j j ir j

f (X )ˆ Y  -  m(X )m(x) - m(x) 1
f (x)dx  =   + O (nh)

n f (X )σ (x)/ n σ (X )/ n

− 
 
  

∑∑∫  
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������ 3  A��Y�IUI�� <�  1 _ 13   �=�>��
  j = 1, ... ,k  Y� w 
 

j
2 2n

j j ij j ij j ij 1
pj j2

j i=1j j j ij j

 σ̂ (x) - σ (x) (Y -  m (X )) - σ (X )1
f (x)dx   =    + O (n h)

nσ (x)/ n 2σ (X )/ n

−∑∫  

 
���FH�	  ?���H� j jσ̂ (x) - σ (x)   K�� 

 

( )22 2
j jj j

j j
j j

 - 
σ̂ (x) - σ (x)σ̂ (x) - σ (x)

σ̂ (x) - σ (x)  =  
2σ (x) 2σ (x)

    (7) 

 
?�  Proposition 3 U�� Akritas and Van Keilegom (2001)  $�I#���;&�  �%��� 

x
x R jinf σ (x) > 0∈  

 
���%��� 2 U���% �� (7)  ��&� �
 -1

p jO ((n h) )   ���"�Z"?N$�I;&� 

 
2 2
j j -1

pj j j
j

σ̂ (x) - σ (x)
σ̂ (x) - σ (x) =  + O ((n h) )

2σ (x)
     (8) 

 

?�   
j

n
2 2 2
j ij ij j

i=1

ˆσ̂ (x)  = W (x,h)Y  -  m (x)∑  ?N$�I;&� 

 

( )
j

n
2 2 2
j ij ij j

i=1

ˆσ̂ (x) = W (x,h) Y  -  m (x)∑     (�"����?�  
j

n
2 2

ij j j
i=1

ˆ ˆW (x,h) m (x) = m (x)∑ )  (9) 

 
���"�Z"

j
n

ij 2 2
ij j j

j j j ji=1
j 2

jj j j j

 

(x - X )1
K (Y - m (x)) - σ (x)

σ̂ (x) - σ (x) n h h f (x)
f (x)dx  dx

f (x)σ (x)/ n 2σ (x)/ n

 
 

=
∑∫

∫  

 

     1
p j +  O (n h)−  
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j
n

ij 2 2
ij j j

j i=1 1
p j2

j j

 

(x - X )1
K (Y - m (x)) - σ (x)

n h h
= dx + O (n h)

2σ (x)/ n

−

 
 ∑∫

 

 

�I�� ��
2 2

ij j jij

2
j j

 
(Y - m (x)) - σ (x)(x - X )

K dx
h 2σ (x)/ n

 
 ∫  

 
B�`���� 1  Y�I��P"�P ����"��� ����<���"��;#�� 
 

Y>I  
2 2

ij j j
1 2

j j

(Y - m (x)) - σ (x)
 S (x) =

2σ (x)/ n
 
 
 
 
 

 

   ijx - X
u  =  

h

 
  
 

 

ij hu  =  x - X  
 ijx  =  hu + X  

 h(du)  =  dx  
 

���"�Z"
2 2

ij j j

2
j j

ij
ij

(Y - m (x)) - σ (x)
  

2σ (x)/ n

(x - X )
K dx = h K(u) S(hu + X )du

h

 
 
 
 

∫ ∫  

 
B�`���� 2   �N?���"	 �%���<��!��"��
 2 U�� S1  ��
  Xij  ���"�Z"
 

2 3
1 1 1 pij ij ij h K(u)S (hu + X )du = hS (X ) K(u)du + h S (X ) uK(u)du + O (h)′∫ ∫ ∫  

 
?� UI�� <�  13.2  #<N 13.3  
 

2 3
1 1 1 pij ij ij h K(u)S (hu + X )du = hS (X )(1) + h S (X )(0) + O (h )′∫  
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�%��� 
2 2

ij j j
1 2

j j

(Y - m (x)) - σ (x)
 S (x) =

2σ (x)/ n
 
 
 
 
 

     

 

���"�Z"

j
n

2 2
ij j ij j ij

j j 1i=1
pj j2

jj j j ij j

 

(Y - m (X )) - σ (X )
σ̂ (x) - σ (x) h

f (x)dx  O (n h)
n hσ (x)/ n 2σ (X )/ n

−= +
∑

∫  

 

���"�Z" 

j
n

2 2
ij j ij j ij

j j 1i=1
X p j2

jj j j ij j

(Y - m (X )) - σ (X )
σ̂ (x) - σ (x) 1

 f (x)dx  O (n h)
nσ (x)/ n 2σ (X )/ n

−= +
∑

∫  

 

�^;_���  2  A��Y�IUI�� <� 1 -13  #<N�%%��\�"><�  0(H )  �=�>��
  j = 1, ... ,k  
 

rnk
j irir ir

rεj0 εj εj
r mix ir jr=1 i=1 j ir j

 
f (X )Y - m(X ) I(r = j)1ˆ ˆF (y) - F (y)  =  f (y) p -  

n f (X ) pσ (X )/ n

         
∑ ∑  

 
                                 1/2

p + o (n)−  

 
���FH�	    εj0 εj εj0 εj εj εj

ˆ ˆ ˆ ˆF (y) - F (y) = F (y) - F (y)  - F (y) - F (y)   
       (10) 

 
��N�	 �!?�  �����H?"!�b
��
����  1 U�� Akritas and Van Keilegom (2001)  �%���  
 

    e
(Y -  m(x))

F (y)  =  P(ε y )  =  P   y
σ(x)/ n

 
  
 

≤ ≤  ?N$�I;&� 

 

    e e e X
ˆˆy(σ(x) - σ(x)) + (m(x) - m(x))+(Y-Y)

F̂ (y) - F (y)  =  f (y) dF (x)
σ(x) n∫    

 

                { }
j

n
-1/2

e pj
i=1

 
1

+ I(ε y)   -  F (y) + o (n)
n

≤∑      (11) 
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?� �% �� (11)  A��Y�I�%%	��\�"><�    1 km(x)  =  m (x)  =  ...  =  m (x)  
 

�%���   j
j

j j

Y   -  m(x)
ε  = 

σ (x)/ n
   ���"�Z" 

 

j j j j
εj0 εj εj j

j j

 ˆˆy(σ (x) - σ (x)) + (m(x) - m(x)) + (Y - Y )
F̂ (y) - F (y)  =  f (y) f (x)dx

σ (x)/ n∫    

 

                             
j

j ij

j ij j

1/2
pεj

j

n

i=1

Y - m(X )
 + y  -

σ (X )/ n

1
I  F (y)  +  o (n)

n
−

 
 
 
 

≤∑   (12) 

 
?� �% �� (12)  ���"�Z" 
 

j j

j j

j j
j j

j j

σ̂ (x) - σ (x)

σ (x)/ n

ˆˆy(σ (x) - σ (x)) + (m(x) - m(x)) + (Y-Y)
f (x)dx = y f (x)dx 

σ (x)/ n

 
 
 
 

∫ ∫         

          

                                                                                                j
j j

m̂(x) - m(x)
+ f (x)dx 

σ (x)/ n
∫  

   

                                                                                                 j j
j

j j

Y  - Y
+ f (x)dx 
σ (x)/ n
∫  

?� 
�#��  2       
 

 
rnk

j ir -1ir ir
pj

j mix irr=1i=1 j ir j

f (X )ˆ Y - m(X )m(x) - m(x) 1
f (x)dx  =    +  O (nh)

σ (x) n f (X )σ (X )/ n
∑∑∫  

 
#<N
�#��  3  
 

j
2 2n

j j ij j ij j ij 1
pj j2

jj i=1 j ij j

  - σ̂ (x) - σ (x) (Y -  m (X )) σ (X )1
f (x)dx   =    +  O (n h)

σ (x) n 2σ (X )/ n

−∑∫  



 

51

?N$�I;&�  A��Y�I�%%	��\�"><�    1 km(x)  =  m (x)  =  ...  =  m (x)  
 

j
n 2 2

ij ij j ij
εj0 εj εj 2

j i=1 j ij j

(Y  - m(X )) - σ (X )1
F̂ (y) - F (y)  =  yf (y)

n 2σ (X )/ n
∑  

 

                              
rnk

j irir ir
εj

mix irr=1 i=1 j ir j

f (X )Y - m(X )1
+ f (y)

n f (X )σ (X )/ n
∑∑     

 

                                            j j
j

j j

Y  - Y
+ f (x)dx 
σ (x)/ n∫  

                             

   
jn

j ij 1/2
pεj

j i=1 j ij j

Y - m(X )1
+ y  - F (y) + o (n)

n σ (X ) / n

−
 
 
 
 

≤∑   (13) 

?� 
�#��  1  
 

j
n

j j ij j ij 1
pj j

j i=1j j j ij j

m̂ (x) - m (x) Y - m (X )1
f (x)dx  =    + O (n h)

nσ (x)/ n σ (X )/ n

−∑∫   ?N$�I;&� 

 

j j j j j j
εj εj εj j

j j

ˆˆy(σ (x) - σ (x)) + (m (x) -  m (x)) + (Y -Y )
F̂ (y) - F (y)  =  f (y) f (x)dx

σ (x)/ n∫  

 

                           
j

n
j ij -1/2

pεj j
j i=1 j ij j

 - 
Y  -  m(X )1

 + I ( y)  F (y)  +  o (n )
n σ (X )/ n

 
 
 
  

≤∑   

 
j

n 2 2
ij ij j ij

εj εj εj 2
j i=1 j ij j

(Y  - m(X )) - σ (X )1
F̂ (y) - F (y)  =  yf (y)

n 2σ (X )/ n
∑  

 

                
j

n
ij ij

εj
j i=1 j ij j

 Y -  m(X )1
+ f (y)

n σ (X )/ n
∑        
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                              j j
j

j j

Y  - Y
+ f (x)dx 
σ (x)/ n∫  

 

                              
jn

j ij -1/2
pεj j

j i=1 j ij j

Y  -  m(X )1
+ I y  -  F (y)  +   o (n )

n σ (X ) / n

 
 
 
 

≤∑   (14) 

 

εj0 εj
ˆ ˆF (y) - F (y)  P=�";�$�I?� �% �� (13) _ (14)  ���"�Z" 

 
rnk

j irir ir
εj0 εj εj

mix irr=1i=1 j ir j

f (X )Y - m(X )1
F̂ (y) - F (y)  =   f (y)

n f (X )σ (X )/ n
∑∑  

 

    
j

n
ij ij 1/2

pεj
j i=1 j ij j

 
Y  -  m(X )1

-  f (y)  o (n)
n σ (X )/ n

−+∑  

 
?���H�Y>%&?N$�I;&� 
 

rnk
j irir ir

rεj0 εj εj
r mix ir jr=1 i=1 j ir j

f (X )Y - m(X ) I(r = j)1ˆ ˆF (y) - F (y)  =  f (y) p  -  
n f (X ) pσ (X )/ n

         
∑ ∑  

 
  1/2

p + o (n)−  

 
�^;_���  3  �%%	��UI�� <� 1 _ 13 ��g"?���A��Y�I�%%��\�"><�   �=�>��
  j = 1, ... , k     
k _ Dimensions  U��  t

1 j
ˆ ˆ ˆU(y) = (U (y) , ... , U (y))   Converges Weakly  �UI��H&   

t
1 jU(y) = (U (y) , ... , U (y))   �%���  

 
rnk

j irir ir
j εj j

j ir mix ir jr=1 i=1

f (X )Y - m(X ) I(r = j)
U (y ) =  f (y)p  - 

σ (X ) f (X ) p

 
 
 
 

∑∑   P��  ��;#���	&%� ��   

 
���%�P&��L<�����&� �
 0  #<N%�KP����I��P;�%#����;"�&;%P�� 
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2k
j irr ir

j j εj εj j j
j ir j ir mix ir jr=1

f (X )σ (X ) I(r=j)
Cov(U (y),U (y)) = f (y)f (y)p p E -

σ (X )σ (X ) f (X ) p
′ ′ ′

′

  
  

   
∑  

 

           
j ir

mix ir j

f (X ) I(r=j )
 - 

f (X ) p

′

′

 ′
   
 

 
���FH�	   K�� Cramer _ Wold device  #���Y>I�>c";&�  Weak Convergence  U��  Multidimensional 
process   cP��  Weak Convergence  U��  Linear Combination Y� w U��#�&<N�&;"��N �
 
(Serfling, 1980) 
 

  =�>"�Y>I bj  ��g"?=�";"?��� Y� w  t
1 j

ˆ ˆ ˆU(y)  =  (U (y) , ... , U (y))     

 
1/2

j j εj0 εj
ˆ ˆ ˆU (y) = n (F (y) - F (y) ) K�� Cramer _ Wold device   Linear Combination U�� Û(y)  P��  
 

k
1/2

j εj0 εjj
j=1

ˆ ˆ ˆZ(y) = b n (F (y) - F (y) )∑  

?� �b
��
�  2  
 

rnk
j irir ir

εj0 εj εj
mix irr=1i=1 j ir j

f (X )Y  -  m(X )1
F̂ (y)  -  F (y)  =   f (y)

n f (X )σ (X )/ n
∑∑  

 

                                 
j

n
ij j ij 1/2

pεj
j i=1 j ij j

Y   -   m (X )1
-  f (y)   o (n)

n σ (X )/ n

−+∑  

 

���"�Z"           
rnk k

j ir1/2 ir ir
j εjj

mix irj=1 r=1 i=1 j ir j

f (X )Y  -  m(X )1
Ẑ(y)  =  b n f (y)

n f (X )σ (X )/ n






∑ ∑∑   

 

                                              
jn

ij j ij 1/2
pεj

j i=1 j ij j

Y  -  m (X )1
-  f (y) o (n)

n σ (X )/ n

−





+∑  
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rnk k

j irir ir
j j εj

j ir mix irj=1 r=1 i=1

f (X )Y  -  m(X )1
Ẑ(y)  =  b n f (y)

n σ (X ) f (X )





∑ ∑∑  

 

                                          
j

n
ij j ij 1/2

pεj
j iji=1

Y  -  m (X )
-   f (y)   o (n)

σ (X )

−



+∑  

 

?���H�Y>%&?N$�I;&� 
rnk k

j irrir ir ir
j j εj

r ir j ir mix irr=1i=1 j=1

f (X )Y  -  m(X ) σ (X )1
Ẑ(y)  =  b n f (y)

n σ (X ) σ (X ) f (X )
∑∑ ∑  

 

 
jr

nnk
1/2r r ir ir

εr p
r r irr=1 i=1 i=1

Y  -  m(X )b n1
-  f (y)   o (n)

n p σ (X )

−+∑∑ ∑  

 

�V���;�&;% 
rnk

ir ir

r irr=1i=1

Y - m(X )1

n σ (X )
∑∑  ?N$�I;&� 

 
rnk k

j irrir ir ir r r
εrj j εj

r rir j ir mix irr=1 i=1 j=1

f (X )Y -   m(X ) σ (X ) b n1
Ẑ(y)  =  b n f (y)  - f (y)

n σ (X ) σ (X ) f (X ) p

 
 
 
 

∑∑ ∑  

 

         1/2
p + o (n)−  

 
rnk k

j irrir ir ir
r εrj j εj

r ir j ir mix irr=1 i=1 j=1

f (X )Y - m(X ) σ (X )
Ẑ(y)  =  b p f (y)  -  b f (y)  

σ (X ) σ (X ) f (X )

 
 
 
 

∑∑ ∑  

 
         1/2

p + o (n)−  

 

 
rnk

1/2
r pir ir

r=1 i=1

Ẑ(y)  =  (X ,Y ,y) + o (n)−Ψ∑∑  

 

�%���  
k

jr
r r εrj j εj

r j mixj=1

f (u)σ (u)v - m(u)
(u,v,y)  =  b p f (y)  -  b f (y)

σ (u) σ (u) f (u)

 
 
 
 

Ψ ∑  
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�=�>��
  r  =  1, ... , k,      
rn

r r ir ir
i=1

Ẑ (y)  =  (X ,Y ,y) Ψ∑  

 
��?���� Class U�� Function  
 

{ }r r = (u,v) Ψ (u,v,y),  -  < y < → ∞ ∞F    F  P�� Indexed  Process−F  
 
���"�Z"  rẐ (y) P��  r Indexed  Process−F   (Van der Vaart and Wellner, 1996) 
 
K�����;$��=�>��
 Class U����� !��"  1G  #<N 2G   $�I"���% 
 

{ }1 2 1 2 1 1 2 2G  +  G   =  g  +   g ,  g   G ,  g   G∈ ∈   ���"�Z"���<� 
�!U��  Class   rF  ��%��� 
 
�U��"$�IY"�H�U�� 
  

k + 1

r rj

j = 1

  F= ∑F    �=�>��
 j = 1, ... ,k  

 

���"�Z"       jr
rj j j εj

rj mix

f (u)σ (u) v -  m(u)
 = (u,v) b p f (y) , -  < y <  

σ (u) f (u) σ (u)

  
 
  

→ ∞ ∞F  

 

r εrr,k+1
r

v - m(u)
  = (u,v)  b f (y) ,  -  < y <  

σ (u)

 
 
 

→ − ∞ ∞F  

 
 =�>"�Y>I M  ��H&Y"<� 
�NU��  εj

y, j=1,...,k

sup f (y)   <  M  

 
���"�Z" -1

2rjN (δ, ,L (P))  2Mδ  
≤F  �I�  δ  <  2M    #<N 

 

[ ] rj 2N (δ, ,L (P)) 1=F   �I�  δ > 2M     
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�%���  [ ]N    P��  Bracketing  Number 

 

          P       P��  Probability Measure  ������P<I�� �
 Joint Distribution U�� (Xr , Yr) 
 

       L2(P)  P��  L2  - Norm                       (Van der Vaart and Wellner , 1996) 
 
 "� ?� "�Z"K���b
��
�  2.10.16 U��  Van der Vaart and Wellner (1996)  �
;&� 

 
1

r 2 rj
1

N (δ, ,L (P))    N (δ, ,L(p))
k

j
      

+

=
≤ ∏F F     (15) 

 
Take log  �% �� (15)  ?N$�I;&� 
 

k+1

r 2 2rj
j=1

log N (δ, ,L (P))  logN (δ, ,L (P))      
≤ ∑F F   #<N 

 

                [ ] [ ]

2Mk+1

r 2 rj 2

j=10 0

log N (δ, , L (P))dδ  log N (δ,F ,L (P))  dδ

∞

≤ ∑∫ ∫F    (16) 

 

?�  (16) ��%�����	�$�I;&� r 2

0

 log N (δ, ,L (P))dδ  

∞

∫ F  Finite  #<N?� �b
~�  2.5.6 Y"  

Van der Vaart and Wellner (1996)  Class U��  Function P��  Donsker  ���"�Z"  Weak  Convergence  
U��  rẐ (y) ?N<H&�UI��H&  rZ (y)  }V��P��  Gaussian Process ���%�P&��L<�����&� �
 0  #<N  Covariance 
Function 
 
       r r r r r rCov(Z (y),Z (y ))  =  E Ψ(X ,Y ,y)Ψ(X ,Y ,y )  ′ ′     
 
?�   Cramer _ Wold Device  ��%�����N�	 �!Y�I �
  Weak Convergence U��  k _ Dimensional 

U�� Û(y)   <&�;P�� rÛ (y)  P�� r
ˆ (y) Z �%���  br = 1 ?�   
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rn

r r ir ir
i=1

Ẑ (y)  =  (X ,Y ,y) Ψ∑  

 
rn k

j ir 1/2rir ir ir
r r εr pj j εj

r ir j ir mix iri=1 j=1

f (X )Y - m(X ) σ (X )
Ẑ (y)  =  b p f (y) - b f (y)  + o (n)

σ (X ) σ (X ) f (X )

−
 
 
 
 

∑ ∑  

���"�Z" 
 

rn k
j ir 1/2rir ir ir

r εr pj εj
r ir j ir mix iri=1 j=1

f (X )Y - m(X ) σ (X )
Û (y)   =  p f (y)  - f (y)   +  o (n)

σ (X ) σ (X ) f (X )

−
 
 
 
 

∑ ∑  

 

 
r

j

nk
j ir 1/2r ir

pεj j
j ir mix irr=1 1

f (X )Y  -  m(X ) I(r = j)
=  f (y)p   -    + o (n)

σ (X ) f (X ) pi

−

=

 
 
 
 

∑∑   (17) 

 
?� �% �� (17)   t

1 j
ˆ ˆ ˆU(y)  =  (U (y) , ... , U (y))   ?N  Converges Weakly  �UI��H&    

 
t

1 jU(y) = (U (y) , ... , U (y))   �%��� 

 

rnk
j irir ir

j εj j
j ir mix ir jr=1 i=1

f (X )Y  -  m(X ) I(r = j)
U (y ) =  f (y)p   -  

σ (X ) f (X ) p

 
 
 
 

∑∑  

 
 P����;#���	&%� ��  ���%�P&��L<�����&� �
 0  #<N%�KP����I��P;�%#����;"�&;%P�� 
 

r
n 2

j irir ir
j j

j ir j ir mix ir ji=1

k

εj εj j j
r=1

f (X )(Y - m(X )) I(r = j)
Cov(U (y),U (y)) -

σ (X )σ (X ) f (X ) p
 = f (y)f (y)p p E′

′
′ ′

  
     
∑∑  

 

                                      j ir

mix ir j

f (X ) I(r = j )
 - 

f (X ) p

′

′

 
 

  

′  

 

�%���  ( )
rn

2 2
ir ir ir

i=1

Y  -  m(X )  =  σ (X)∑  ���"�Z" 
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2k
j irr ir

j j εj εj j j
j ir j ir mix ir jr=1

f (X )σ (X ) I(r = j)
Cov(U (y),U (y)) = f (y)f (y)p p E  - 

σ (X )σ (X ) f (X ) p
′ ′ ′

′

  
  

   
∑  

 

         
j ir

mix ir j

f (X ) I(r = j )
 - 

f (X ) p

′

′

 ′
   
 

 
�^;_��� 4.1 �%%��UI�� <�  1_13  ��g"?���  A��Y�I�%%��\�"><�    �=�>��
  j = 1, ... , k    
  

k
d1

KS j
yj=1

U sup U (y)→∑      �%��� 
k

1
KS j

yj=1

ˆU sup U (y)=∑  

 

���FH�	  �"����?�  
k

1
KS j

yj=1

ˆU sup U (y)=∑   ?�  �b
��
� 3  #<N Continuous Mapping Theorem  

?N$�I;&� 

   
k k

d1
KS j j

y yj=1 j 1

ˆU sup U (y) sup U (y)
=

→=∑ ∑  

 

�%��� 
rnk

j irir ir
j εj j

j ir mix ir jr=1 i=1

f (X )Y  -  m(X ) I(r = j)
U (y ) =  f (y)p   -  

σ (X ) f (X ) p

 
 
 
 

∑∑  P��  ��;#���	&%� ��   

 
���%�P&��L<�����&� �
 0  #<N%�KP����I��P;�%#����;"�&;%P�� 
 

2k
j irr ir

j j εj εj j j
j ir j ir mix ir jr=1

f (X )σ (X ) I(r = j)
Cov(U (y),U (y)) = f (y)f (y)p p E -

σ (X )σ (X ) f (X ) p
′ ′ ′

′

  
  

   
∑  

         

        
j ir

mix ir j

f (X ) I(r = j )
 - 

f (X ) p

′

′

 ′
   
 

 
���"�Z"  jU (y)   P�� ��;#���	&% Half _ Normal ��%�P&��L<���  
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2
j irr ir

j ir j ir mix ir j

k

εj εj j j
r=1

f (X )σ (X ) I(r = j)
 - 

σ (X )σ (X ) f (X ) p
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  

 

                          

                j jn ij
ij

j ij j

ij j ij-1/2
j

j ij j

Y  -  m (X )
 y X  =  x

σ (X ) / n

S(X ) - s (X )
= P n   f (x)dx

σ (X ) / n

   
   − ≤       
∫  

 
��N�	 �!Y�I Taylor Expansion  ?N$�I;&� 
 

jn ij
ij

j ij j

εj0 j

Y -  m (X )
  y X  =  x)  

σ (X ) / n
F (y)  = P f (x)dx 

 
 ≤
 
 

∫  

 

ij j ij
ij

j ij j

jn ij1/2
ij j

j ij j

S(X ) - s (X
 y X  =  x  

σ (X ) / n

Y - m (X )
+  n P y X  =  x  f (x)dx

σ (X ) / n

−
   
   ≤
   

  

′ ≤ ∫  
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jn ij ij j ij1/2
ij ij j

j ij j j ij j

Y -  m (X ) S(X ) - s (X )
+ n P  y X  =  x y X = x)f (x)dx

σ (X ) / n σ (X ) / n

−
   
   
   
   

′′ ≤ ≤∫  

 
1/2

p+  o (n) −  

 

���"�Z"  ij j ij-1/2 1/2
pεj0 εj εj

j ij j

S(X ) - s (X )
F (y)  =   F (y)  +  n f (y)E  +  o (n) 

σ (X ) / n

−
 
 
 
 

  (21) 

 
?� �% �� (12)  Y" �����H?"!�b
��
�  2 
 

    
jn

nj ij
εj0

j i=1 j ij j

Y  -  m (X )1
F̂ (y)  =  I    y

n σ (X ) / n

 
 
 
 

≤∑   

 

                                j j
εj j

j j

ˆy(σ (x) - σ (x)) 
+  f (y) f (x)dx 

σ (x)/ n∫     (22) 

 

     j j
εj j

j j

Y  - Y
+  f (y) f (x)dx 

σ (x)/ n∫  

 

                   1/2n
pεj j

j j

m̂(x)  -  m (x) 
+  f (y) f (x)dx  +  o (n)

σ (x)/ n

−∫  

?� �% �� (21) ?N$�I;&� 
 

    
j

n
j jn ij

εj0
j i=1 j ij j

Y  -  m (X )1
F̂ (y)  =  I   y

n σ (X ) / n

 
 
  
 

≤∑   

 

                                 j j
εj j

j j

ˆy(σ (x) - σ (x)) 
+  f (y) f (x)dx 

σ (x)/ n∫   
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     j j
εj j

j j

Y  - Y
+  f (y) f (x)dx 

σ (x)/ n∫  

 

                   n
εj j

j j

m̂(x) -  m (x) 
+  f (y) f (x)dx 

σ (x)/ n
∫  

 

     
ij j ij-1/2 1/2

pεj
j ij j

S(X ) - s (X )
 n f (y)E   o (n)

σ (X ) / n

−
 
 
 
 

+ +   (23) 

 
?� G< �����H?"!Y"�b
��
����  2  �% �� (14) 
 

     
jn

j jn ij
εj

j i=1 j ij j

Y   -  m (X )1
F̂ (y)  =  I   y

n σ (X / n )

 
 
 
 

≤∑  

 

     εj j
j j

ˆy(σ(x) - σ(x))
+  f (y)  f (x)dx

σ (x)/ n
∫  

 

     j j
εj j

j j

Y  - Y
+  f (y) f (x)dx 

σ (x)/ n∫  

 

     j jn -1/2
pεj j j

j j

m̂ (x) -  m (x)
+  f (y)  f (x)dx  +  o (n )

σ (x)/ n

 
 
 
 
∫   (24) 

 
�% �� (24) _ (23)  ?N$�I;&� 
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     n
εj0 εj εj j

j j

m̂(x) -   m (x)ˆ ˆF (y)  -  F (y)  =   f (y) f (x)dx 
σ (x)/ n

 
 
 
 
∫  

 

       j jn
εj j

j j

m̂ (x)  -  m (x)
-  f (y) f (x)dx 

σ (x)/ n

 
 
 
 
∫  

 

            ij j ij-1/2 1/2
pεj

j ij j

S(X )  -  s (X )
+  n f (y)E   o (n)

σ (X ) / n

−
 
 
 
 

+  

?� 
�#�� ��� 1  
 

rnk
j ir 1nn ir ir

pj
mix irr=1i=1j j j ir j

f (X )ˆ Y - m (X )m(x) - m (x) 1
f (x)dx  =  + O (nh)

n f (X )σ (x)/ n σ (X )/ n

−
 
 
 
 

∑∑∫  

 
?� 
�#�� ���  2  
 

jn
j jn ij jn ij 1

pj j
j i=1j j j ij j

m̂ (x) - m (x) Y  -  m (X )1
f (x)dx  =  +  O (n h)

nσ (x)/ n σ (X )/ n

−
 
 
 
 

∑∫   ���"�Z" 

 
jnk

j irrnir ir
εj0 εj εj

mix irr=1i=1 j ir j

f (X )Y  -  m (X )1ˆ ˆF (y) - F (y)  =  f (y)  
n f (X )σ (X )/ n

 
 
 
 
∑∑  

 

   
jn

ij jn ij
εj

j i=1 j ij j

Y  -  m (X )1
-  f (y)  

n σ (X )/ n

 
 
 
 
∑                    

 

   ij j ij-1/2 1/2
pεj

j ij j

(S(X ) - s (X ))
+  n f (y)E   o (n)

σ (X ) / n

−
 
 
 
 

+   (25) 
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?� �% �� (25)  ?���H�Y>%&?N$�I;&� 
 

rnk
j irrnir ir

rεj0 εj εj
r mix ir jr=1 i=1 j ir j

f (X )Y -  m (X ) I(r = j)1ˆ ˆF (y) - F (y)  =  f (y) p  -   
n f (X ) pσ (X )/ n

         
∑ ∑  

 

    ij j ij-1/2 1/2
pεj

j ij j

S(X ) - s (X )
+  n f (y)E   o (n)

σ (X ) / n

−
 
 
 
 

+  

 

�^;_������  6 �%%��UI�� <� 1 _ 14  ��g"?���  A��Y�I�%%��\�"����<��    �=�>��
  j = 1, ... , k    
k _ Dimensions  U��  t

1 j
ˆ ˆ ˆU(y) = (U (y) , ... , U (y))   Converges Weakly  �UI��H&  U(y) + E(y)  

�%���  t
1 kU(y) = (U (y) , ... , U (y))   #<N 

rnk
j irir ir

j εj j
j ir mix ir jr=1 i=1

f (X )Y  -  m(X ) I(r = j)
U (y ) =  f (y)p  - 

σ (X ) f (X ) p

 
 
 
 

∑∑   P��  ��;#���	&%� �����%�

P&��L<�����&� �
 0  #<N%�KP����I��P;�%#����;"�&;%P�� 
 

2k
j irr ir

j j εj εj j j
j ir j ir mix ir jr=1

f (X )σ (X ) I(r = j)
Cov(U (y),U (y)) = f (y)f (y)p p E -

σ (X )σ (X ) f (X ) p
′ ′ ′

′

  
  

   
∑  

         

        
j ir

mix ir j

f (X ) I(r = j )
 - 

f (X ) p

′

′

 ′
   
 

 
1/2 1/2

ε1 1 εk k1 k
E(y)  =  (p f (y)e  , ... , p f (y)e )  
 

ij j ij
j

j ij j

S(X )  -  s (X )
e   =  E

σ (X )/ n

 
 
 
 

 

 

            
k

j
j j

mixj=1

f (u)
S(u)  =  p s (u)

f (u)
∑  
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���FH�	  ?�  Cramer _ Wold Device  (Serfling, 1980)  #���Y>I�>c";&�  Weak Convergence U�� 
Multidimensional  ��&� �
 Weak Convergence U��  Linear Combination U��#�&<N�&;"��N �
 
��?����  Linear Combination U��  Ẑ(y)   

 

  
k

1/2
j εj0 εjj

j=1

ˆ ˆ ˆZ(y)  =  b n (F (y)  -  F (y) )∑   ?� �b
��
����  5  

 
rnk

j irrnir ir
εj0 εj εj

mix irr=1i=1 j ir j

f (X )Y -  m (X )1ˆ ˆF (y) - F (y)  =  f (y)  
n f (X )σ (X )/ n

 
 
 
 
∑∑  

 

                               
jn

ij jn ij
εj

j i=1 j ij j

Y  -  m (X )1
-  f (y)  

n σ (X )/ n

 
 
 
 
∑   

 

                                ij j ij-1/2 1/2
pεj

j ij j

S(X ) - s (X )
+  n f (y)E   o (n)

σ (X ) / n

−
 
 
 
 

+    ���"�Z"  

 

        
rnk k

j ir1/2 rn rir ir ir
j εjj

j ir mix irrj=1 r=1 i=1 ir j

f (X )Y  -  m (X ) σ (X )1
Ẑ(y)  =   b n f (y  

n σ (X ) f (X )σ (X )/ n






∑ ∑∑  

 

                                
jn

ij jn ij
εj

j j i=1 j ij j

Y  -  m (X )1 1
-  f (y)  

n n σ (X )/ n






∑   

 

                                
k

ij j ij1/2 -1/2 1/2
pj εjj

j=1 j ij j

S(X )  -  s (X )
+  b n n f (y)E  + o (n)

σ (X ) / n

−
 
 
 
 

∑  

 
?���H�Y>%&?N$�I 
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rnk k
j irrn rir ir ir r r

εrj j εj
r rir j ir mix irr=1 i=1 j=1

f (X )Y  -  m (X ) σ (X ) b n1
Ẑ(y)   b n f (y) f (y)

n σ (X ) σ (X ) f (X ) p

  
  
   

= −∑ ∑ ∑  

 

         1/2 -1/2 1/2rir ir
r r εr p

r rir

S(X )  -  s (X )
 +  b n n f (y)E  +  o (n)

σ (X ) / n

−
 
 

  
   ���"�Z" 

 
rnk k

j irrn rir ir ir
r εrj j εj

r ir j ir mix irr=1 i=1 j=1

f (X )Y  -  m (X ) σ (X )
Ẑ(y)    b p f (y)  -  b f (y)

σ (X ) σ (X ) f (X )

  
  
   

= ∑ ∑ ∑  

 

         1/2 -1/2 1/2rir ir
r r εr p

r rir

S(X )  -  s (X )
 +  b n n f (y)E  +  o (n)

σ (X ) / n

−
 
 

  
 

 

           
rnk

-1/2
r pir ir

r=1 i=1

=  Ψ (X ,Y ,y)  +  o (n)
 
 
  

∑ ∑  

 

�%���         
k

jr
r r εrj j εj

r j mixj=1

f (u)σ (u)v - m(u)
(u,v,y)  =  b p f (y)  -  b f (y)

σ (u) σ (u) f (u)

 
 
 
 

Ψ ∑                    

 

                                           1/2 1/2r
r r εr p

r r

S(u) -  s (u)
 b p f (y)E   +  o (n)

σ (u) / n

−
 
 
 
 

+  

�=�>��
  r = 1, ... , k  
 

                           
rn

r r ir ir
i=1

Ẑ (y)  =  (X ,Y , y) Ψ∑  

 
��?���� Class U�� Function  
 

{ }r r = (u,v) Ψ (u,v,y) , - < y < → ∞ ∞F    F  P�� - Indexed  ProcessF  
 
���"�Z"  rẐ (y) P��  - Indexed  ProcessF   (Van der Vaart and Wellner, 1996) 



 

74

K�����;$��=�>��
 class U����� !��"  1G  #<N  2G   $�I"���% 
 

{ }1 2 1 2 1 1 2 2G + G  = g  +  g ,  g G ,  g G∈ ∈   ���"�Z"���<� 
�!U��  class   rF  ��%����U��" 
 
$�IY"�H�U�� 

k+1

r rj
j=1

F  = F∑    �=�>��
 j = 1, ... ,k  

 

���"�Z"  jr
rj j j εj

rj mix

f (u)σ (u) v - m(u)
  = (u,v) b p f (y)  ,  -  < y <  

σ (u) f (u) σ (u)

  
 
  

→ ∞ ∞F  

 

          1/2 r
r εr r r εrr, k+1

r r r

S(u)  -  s (u)v - m(u)
 = (u,v) - b f (y)    b p f (y)E

σ (u) σ (u) / n

         
→ +F  

 
 =�>"�Y>I M  ��H&Y"<� 
�NU��  εj

y, j = 1, ... ,k

sup f (y)  <  M  

 
���"�Z" -1

2rjN (δ, ,L (P))  2Mδ  
≤F  �I�  δ < 2M    #<N 

 

2rjN (δ, ,L (P))  1  
=F   �I�  δ > 2M     

 
�%���  [ ]N   P��  Bracketing  Number 

 

          P      P��  Probability Measure  ������P<I�� �
 Joint Distribution U�� (Xr , Yr) 
 

       L2(P)   P��  L2  - norm                       (Van der Vaart and Wellner, 1996) 
 
 "� ?� "�Z"K���b
��
�  2.10.16  U��  Van der Vaart and Wellner (1996)  �
;&� 
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[ ]

k+1

rj

j=1

r 2  N (δ,F ,L(p))N (δ, ,L (P))   
≤ ∏F      (26) 

 
Take log  �% �� (26)  ?N$�I;&� 

 
k

j=1

r 2 2rjlog N (δ, ,L (P))  logN (δ, ,L (P))      
≤ ∑F F   #<N 

 

       
2Mk+1

r 2 2rj
j=10 0

log N (δ, ,L (P))dδ  log N (δ,F ,L (P))  dδ      

∞

≤ ∑∫ ∫F    (27) 

 

?�  (27) ��%�����	�$�I;&� r 2

0

log N (δ, ,L (P))dδ   

∞

∫ F  finite  #<N?� �b
��
� 2.5.6 Y"  

Van der Vaart and Wellner (1996)  Class U��  Function P��  Donsker  ���"�Z"  Weak  Convergence  
U��  rẐ (y) ?N<H&�UI��H&  rZ (y)  }V��P��  Gaussian Process ���%�P&��L<�����&� �
 0  KP����I��U��
P;�%#����;" 
 
       [ ]r r r r r rCov(Z (y),Z (y ))  =  E Ψ(X ,Y ,y)Ψ(X ,Y ,y )′ ′     
 
��&"����; �
 �����H?"!Y"�b
��
����  3  �"����?�  rÛ (y)  P�� rẐ (y)   �%���  jb  = 1 

 

?�  
rn k

j irrn rir ir ir
r r εrj j εj

r ir j ir mix iri=1 j=1

f (X )Y  -  m (X ) σ (X )
Ẑ (y)   =  b p f (y)   -  b f (y)  

σ (X ) σ (X ) f (X )

 
 
  

∑ ∑  

 

        1/2 1/2rir ir
r r εr p

r rir

S(X ) - s (X )
+  b p f (y)E   + o (n)

σ (X ) / n

−
 
 
 
 
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���"�Z" 
rn k

j irrm rir ir ir
r εrj εj

r ir j ir mix iri=1 j=1

f (X )Y  -  m (X ) σ (X )
Û (y)   =  p f (y)   -   f (y)  

σ (X ) σ (X ) f (X )

 
 
  

∑ ∑  

 

            1/2 rir ir
r εr p

r rir

(S(X )  -  s (X ))
+  p f (y)E  +  o (1)

σ (X ) / n

 
 
 
 

 

 

            
rnk

j irr rn r
r εj j

r r mix ir jr=1 i=1

f (X )Y -  m (X ) I(r = j)
Û (y)  =   f (y)p  -   

σ (X ) f (X ) p

 
 
 
 

∑∑    

    

                    1/2 rir ir
r εr p

r rir

(S(X ) - s (X ))
 + p f (y)E  + o (1)

σ (X ) / n

 
 
 
 

                        (28) 

 
?� �% �� (28)  ?N$�I;&�  Û(y)  ?N  Converges Weakly  �UI��H& U(y) + E(y)  

t
1 kU(y)  =  (U (y) , ... , U (y))   �%��� 

rnk
j irir ir

j εj j
j ir mix ir jr=1 i=1

f (X )Y -  m(X ) I(r = j)
U (y ) =  f (y)p  - 

σ (X ) f (X ) p

 
 
 
 

∑∑  P��  ��;#���	&%� ��   

���%�P&��L<�����&� �
 0  #<N%�KP����I��P;�%#����;"�&;%P�� 
 

r
n 2

j irir ir

j ir j ir mix ir ji=1

k

j j εj εj j j
r=1

f (X )(Y - m(X )) I(r = j)
-

σ (X )σ (X ) f (X ) p
Cov(U (y),U (y)) = f (y)f (y)p p E

′
′ ′ ′

  
     
∑∑  

 

                                          j ir

mix ir j

f (X ) I(r = j )
 - 

f (X ) p

′

′

 
 

  

′  

 

�%��� ( )
rn

2 2
ir ir ir

i=1

Y  -  m(X ) =  σ (X)∑  ���"�Z" 
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2k
j irr ir

j ir j ir mix ir jr=1
j j εj εj j j

f (X )σ (X ) I(r = j)
E -
σ (X )σ (X ) f (X ) p

Cov(U (y),U (y)) = f (y)f (y)p p
′

′ ′ ′

  
     

∑  

         

         
j ir

mix ir j

f (X ) I(r=j )
 - 

f (X ) p

′

′

 ′
   
 

 
           1/2 1/2

ε1 1 εk k1 k
E(y)  =  (p f (y)e  , ... , p f (y)e )  

 

                ij j ij
j

j ij j

S(X ) - s (X )
e  =  E

σ (X )/ n

 
 
 
 
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j = 1 ... , k     
 

       
k

d1 1/2
KS j j εjj

yj=1

U sup U (y)  +  p e f (y)→∑    

 

       �%���   
k

1
KS j

yj=1

ˆU  = sup U (y)∑  

 
���FH�	   ?� �b
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k k
d1 1/2

KS j j j εjj
y yj=1 j=1

ˆU  = sup U (y) sup U (y)  +  p e f (y)→∑ ∑ ,  

 

    ij j ij
j

j ij j

S(X ) - s (X )
e   =  E

σ (X )/ n

 
 
 
 
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j = 1 ... , k     
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k
d1 1/2 1/2

KU j j εj j j εjj jyyj=1

U  sup U (y)  +  p e f (y)  - inf U (y)  +  p e f (y)
 

→  
  

∑    

 

�%��� 
k

1
ku j j

yyi=1

ˆ ˆU  =  sup U y  - inf U y

 
 
 
  

∑  

 
?� �b
��
�  6  #<N Continuous Mapping Theorem  ?N$�I;&� 

 
k

d1 1/2 1/2
KU j j εj j j εjj jyyj=1

U  sup U (y)  +  p e f (y)  - inf U (y)  +  p e f (y)
 

→  
  

∑  

 

ij j ij
j

j ij j

S(X ) - s (X )
e   =  E

σ (X )/ n

 
 
 
 

 

 
�^;_������  7.3 �%%��UI�� <� 11 _ 14  ��g"?���  A��Y�I�%%��\�"����<��  �=�>��
  

j = 1 ... , k     
 

d2
KS

y

U sup U(y)  +  e(y)→    

 

�%���   2
KS

y

ˆU sup U(y)=   

 

         
k

1/2
jj

j=1

U(y) = p U (y)∑  

 

         
k

1/2
εj jj

j=1

e(y) = p f (y)e∑  

 
���FH�	    ��&"����; �
 �����H?"!�b
~�
���� 4.3  ?� �b
~�
����  6  #<N  Continuous Mapping 
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d2
KS

y y

ˆU  = sup U(y) sup U(y)  +  e(y)→   �%���  
k

1/2
jj

j=1

U(y) = p U (y)∑  

 
k

1/2
εj jj

j=1

e(y) = p f (y)e∑  

 
�^;_������  7.4  �%%��UI�� <� 11_ 14  ��g"?���  A��Y�I�%%��\�"����<��  �=�>��
  

j = 1 ... , k     
 

  d2
KU

yy

U  sup U(y) +  e(y)  - inf U(y) +  e(y)
 

→  
  

 

 

                        �%���   2
ku

yy

ˆ ˆU  =  sup U(y)  - inf U(y)
 
 
  

 

 

      
k

1/2
jj

j=1

U(y) = p U (y)∑  

 

      
k

1/2
εj jj

j=1

e(y) = p f (y)e∑  

 
���FH�	    ��&"����; �
 �����H?"!�b
~�
���� 4.4  ?� �b
��
�  6  #<N  Continuous Mapping 
Theorem  ?N$�I;&� 

 

d2
ku

yy y
y

ˆ ˆU = sup U(y)  - inf U(y)  sup U(y) +  E(y)  - inf U(y) +  E(y)

     →        

 

 
k

1/2
εj jj

j=1

e(y) = p f (y)e∑  
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 2.     ��?=�<��#

 (Simulation) 
              2.1     ������
 ����&� �"U����� !��" ������� 2 ��� !��"  �=��"�" ������&�$�"�Z 
                              2.1.1    =�>"���� !��" �������Y" 4  <� 
�NP��  

 1)  ��� !��"P����  Y = b   
 2)  ��� !��"������I"��� ( )Y = a x  + b  
 3)  ��� !��"��c K��""����<  Y = exp(ax) + b  
 4)  ��� !��"���K �%��� Y = sin(aπx) + b  

��� !��" ��������%����%%��\�"><� ��g"?���  ��H&Y"�H�U�� 
1)  ��� !��"P���� 1 2m (x) = m (x)  �%���  1 2 b  =  b =  2  
2)  ��� !��"������I"���  1 2m (x) = m (x)  �%���  1 2a  =  a  =  2,  
      1 2 b  =  b =  0  
3)  ��� !��"��c K��""����<  1 2m (x) = m (x) �%��� 1 2a  =  a  =  2,   
      1 2 b  =  b =  0  
4)  ��� !��"���K �%��� 1 2m (x) = m (x) �%���       
     1 2a  =  a  =  2, 1 2 b  =  b =  0  

 ��� !��" ��������%����%%��\�"����<�� ��g"?��� $�I# &��� !��" �� �������Y"�H�U��  
1/2

2 1 m (x) = m (x) + n s(x)−   K��JV 
�Y" 3 <� 
�NP�� 

1) S1(x)  =  1   (Constant Shift) 

2) S2(x)  =  1 +  x  (Affine Shift) 

3) S3(x)  =  1 +  x + x
2 (Quadratic Shift) 

  2.1.2   �&;"�
�����
"%���\�"Y"��;#

 ���������H&Y"<� 
�NU��  

1σ (x) = 0.25  #<N 2 σ (x) = 0.50  
  2.1.3    =�>"�Y>IP;�%P<���P<���"U��#�&<N��� !��" �������%� ��#? #?� 
Y" 2 <� 
�N����&�$�"�Z 
   1) 1 2ε ~ N(0,1),  ε ~ N(0,1)  
   2) 1 2ε ~ Exponential (1) - 1, ε ~ Exponential (1) - 1  
  2.1.4    =�>"�Y>I��;#������N X1 #<N X2 %� ��#? #?�#

�H"����!%  [0 , 1] 

1 2X ~ U(0,1),  X ~ U(0,1)  
  2.1.5   Y" ����N%����� !��" ������� =�>"�Y>I Kernel Function  P�� 
Epanechnikov  K��   2K(u)  =  0.75(1  -  u )I( u  < 1)  
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  2.1.6   ����%�����!���
Y>I����
  h   =�>"�Y>I%�P&����"�Z -3/10
j j

h  = cn   �%���   

c  %�P&���&� �
 1  nj     P��   U"��U����;��&��U��UI�%H<�	���� j 
  2.1.7    =�>"�Y>IU"��U����;��&��%�<� 
�N����&�$�"�Z  

  1)  (n1 , n2) = (20,20) 
  2)  (n1 , n2) = (20,50) 
  3)  (n1 , n2) = (50,50) 
  4)  (n1 , n2) = (50,100) 
  5)  (n1 , n2) = (100,100) 

  2.2     ������
 ����&� �"U�� 3 ��� !��" ������� �=��"�" ������&�$�"�Z 
   2.2.1   ��� !��" ��������%����%%��\�"><� ��g"?�����H&Y"�H�U�� 

 1)  ��� !��"P���� 1 2 3m (x)  =  m (x)  =  m (x) �%���  1 2 3b = b = b = 2  
 2)  ��� !��"������I"���  1 2 3m (x)  =  m (x)  =  m (x)  �%���    
       1 2 3a = a = a = 2,  1 2 3b = b = b = 0 , 
 3)  ��� !��"��c K��""����<  1 2 3m (x)  =  m (x)  =  m (x)  �%���  
      1 2 3a = a = a = 2,  1 2 3b = b = b = 0  
 4)  ��� !��"���K �%��� 1 2 3m (x)  =  m (x)  =  m (x)  �%���       
      1 2 3a = a = a = 2,  1 2 3b = b = b = 0  

��� !��" ��������%����%%��\�"����<�� ��g"?���$�I# &��� !��" �� �������Y"�H� 
U��  1/2

2 1 3 m (x)  =  m (x)  +  n s(x)  =  m (x)−   K��JV 
�Y" 3 <� 
�NP�� 

1) S1(x)  =  1   (Constant Shift) 

2) S2(x)  =  1 +  x  (Affine Shift) 

3) S3(x)  =  1 +  x + x
2 (Quadratic Shift) 

  2.2.2   �&;"�
�����
"%���\�"Y"��;#

 ���������H&Y"<� 
�NU��  

1 2 3σ (x)  =  0.25,  σ (x)  =  0.50, σ (x)  =  0.75  
  2.2.3    =�>"�Y>IP;�%P<���P<���"U��#�&<N��� !��" �������%� ��#? #?� 
Y" 2 <� 
�N����&�$�"�Z 
   1) 1 2 3ε ~ N(0,1) , ε ~ N(0,1), ε ~ N(0,1)  
   2) 1 2ε ~ Exponential (1) - 1, ε ~ Exponential (1) - 1,  
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    3ε ~ Exponential (1) - 1  
  2.2.4    =�>"�Y>I��;#������N X1 , X2  #<N X3  %� ��#? #?�#

�H"����!%   
[0 , 1] 

1 2 3X ~ U[0,1],  X ~ U[0,1] ,  X ~ U[0,1]  
  2.2.5  Y" ����N%����� !��" ������� =�>"�Y>I Kernel Function  P�� 
Epanechnikov  K��   2K(u)  =  0.75(1  -  u )I( u  < 1)  

  2.2.6   ����%�����!���
Y>I����
   =�>"�Y>I%�P&����"�Z -3/10
j j

h  = cn   �%���   c  

%�P&���&� �
 1,     nj     P��   U"��U����;��&��U��UI�%H<�	���� j 
  2.2.7    =�>"�Y>IU"��U����;��&��%�<� 
�N����&�$�"�Z  

 1)  (n1 , n2 , n3) = (20,20,20) 
 2)  (n1 , n2 , n3) = (20,50,20) 
 3)  (n1 , n2 , n3) = (50,50,50) 
 4)  (n1 , n2 , n3) = (50,100,50) 
 5)  (n1 , n2 , n3) = (100,100,100) 

   2.3    ��P=�";�P&�;� b� (Critical Value)  U�����������
  
1 1 2 2
KS KU KS KUU , U , U , U  Y�I><�  ��U�� Bootstrap Mechanism K�� =�>"�Y>I Bootstrap 

Replication  B = 200   #<N�=� ����<����Z���Z" 1,000  P��Z�  K��  Bootstrap Mechanism  %�
U�Z"��"Y" ���=��"�" ������&�$�"�Z 

   2.3.1    =�>"�Y>I Bootstrap Replication  b= 1, � , B     ( B = 200)  �=�>��
  

ji = 1, ... ,n ,  j = 1, ... ,k    Y>I *
ij,bε   ��g"��;��&���	&%���%���� !��" ��#? #?���g" 

2 1/2

j j j(1  -  h ) V  +  h Z    Vj  P�� ��� !��" ��#? #?�U�� jε ,  ~ N(0,1),  Z
-3/10

j j
h  = cn  #<N   

c  %�P&���&� �
 1     
  2.3.2  �=�>��
  ji = 1, ... ,n ,  j = 1, ... ,k    =�>"� New Response  A��Y�I
�%%��\�"><� P��  

* *
ij,b j ij j ij ij,bˆ ˆY   =   m (X )  +  σ (X )ε  

 
  2.3.3  P=�";����������
  1* 1* 2* 2*

KS KU KS KUU , U , U , U  K�� 
1* 1* 2* 2*
KS KU KS KUU , U , U , U  ��g"���������
���$�I%�?�  Bootstrap Sample  

*
ij ij,b j{(X , Y ), i  =  1, ..., n ,  j = 1, ... , k}  
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  2.3.4  ?� U�Z"��"  2.3.3  ><��?� �=�?"P�
?=�";" Bootstrap Sample  (B = 
200)  Y>I 1*

KS , (b)U   ��g" Order Statistic U�� 1* 1*
KS , 1 KS , BU , ... , U   }V�����������
��;���" w  

1* 2* 2*
KU, (b) KS, (b) KU  (b) U , U , U    c�=��"�" ����&"����; �"  ���"�Z" 

1* 1* 1* 1*
KS, (1-α)B KS, (1-α)B KS, (1-α)B KS, (1-α)BU , U , U , U  ?N��g"P&���N%��U��  

(1 - α ) - Quantiles U�� ��#? #?�U�����������
 1 1 2 2
KS KU KS KUU , U , U , U  

  2.3.5  ?� U�Z"��" 2.3.1  �V� 2.3.4  U�����������
 
1 1 2 2
KS KU KS KUU , U , U , U  �=�}Z=� 1,000  P��Z�  #<NP=�";�>�����&;"U�� ���~���@A��Y�I

�%%��\�"><�  (P;�%P<���P<���"��N�A���� 1)  #<N����&;"U�� ���~���@A��Y�I�%%��\�"
����<��  (�=�"�? ������
) K�����<N�����U��P;�%��%���Y" ��P;
P	%P;�%P<���P<���"
��N�A���� 1  #���Y"A�PG";    
 
 3.  ����N�	 �!���������
 ����&� �"U����� !��" ������� k  ��� !��" (k = 3)  
 �
UI�%H<?���   

��g" ����N�	 �!Y�I������=�>��
 ������
 ����&� �"U����� !��" ������� k  ��� !��"  
(k = 3)   �
UI�%H<?���}V��$�I# &  P&�Y�I?&���L<����&�P��;����"#<N���$�I�L<����&�P��;����"?=�#" ��%
?��>;��?=�";" 76 ?��>;��  K�� =�>"�Y>I Y =  log (P&�Y�I?&���L<����&�P��;����")  X = log (���$�I
�L<����&�P��;����")  #<N�=� �������
����
��I"KPI� �������U��UI�%H< 3  <	&%  }V��$�I# &UI�%H< 
Y"�� �.J.  2547 (;� <%)   �� �.J.  2549 (����><���%)  #<N�� �.J.  2550 (��%�><���%)  K��A����� 4
#���#G"A�� �� �N?���N>;&�� log (���$�I�L<����&�P��;����")  #<N  log (P&�Y�I?&���L<����&�
P��;����") }V����N%����I"KPI� ��������N>;&�� log (���$�I�L<����&�P��;����") #<N   
log (P&�Y�I?&���L<����&�P��;����") �� �.J. 2547 �I;���I"��N  ��N%����I"KPI� ��������N>;&��  
log (���$�I�L<����&�P��;����")  #<N  log (P&�Y�I?&���L<����&�P��;����")  �� �.J. 2549  �I;���I" 
��N?	���N  ��N%����I"KPI� ��������N>;&��  log (���$�I�L<����&�P��;����") #<N   
log (P&�Y�I?&���L<����&�P��;����") �� �.J.  2550  �I;���I"�V
  "� ?� "�Z"Y"�&;"U����;#������N  
X = log (���$�I�L<����&�P��;����")  $�I%� ��#�<�Y>I��H&Y"�&;�U��  [0,1]   
  ������
 ����&� �"U��  3  ��� !��" ������� �=�>��
���������
  1

KSU    #<N  
1
KUU  �=��"�" ��K�� =�>"�Y>I����%�����!���
Y>I����
  %�P&���&� �
 0.10, 0.15, 0.20, 0.25, 0.30, 

0.35 #<N 0.40  ><��?� "�Z">�P&� P _ value  U�� ���������
 1
KSU  #<N 1

KUU  ?�  1,000  
Bootstrap  Replications 
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          log (P&�Y�I?&���L<����&�P��;����")    

            
                                                                                             Log (���$�I�L<����&�P��;����")   
 

C����� 4  #G"A�� �� �N?���N>;&��  log (���$�I�L<����&�P��;����")  #<N  log (P&�Y�I?&���L<��� 
               �&�P��;����") �� �.J. 2547  (;� <%)  �� �.J. 2549 (����><���%) #<N�� �.J. 2550     
               (��%�><���%)K����N%����I"KPI� ��������N>;&��  log (���$�I�L<����&�P��;����") #<N   
               log (P&�Y�I?&���L<����&�P��;����") �� �.J. 2547  �I;���I"��N   �� �.J. 2549  �I;���I"��N 
               ?	���N  #<N �� �.J.  2550  �I;���I"�V
 
 

�����:   ���=��;?A�;N�J�
\ �?#<N���P%U��P��;����" �.J. 2545  2547  2549  #<N 2550   
          �=�"� ��"�����#>&����� (2551)  

 

 

 

 

 

 

 



E6�6K��H��9	 

 
E6 

 

 

 G< ��;��P��N>!UI�%H<#
&���g"  3  �&;"���"�Z 
 
� ����� 1 ������������� ����B������	����������� 2 ����	��� 

 
 =�>"�Y>I��� !��" ��������%����%%��\�"><� ��g"?�����H&Y"�H�U�� 

1)  ��� !��"P���� 1 2m (x) = m (x)  �%���  1 2 b  =  b =  2  
2)  ��� !��"������I"���  1 2m (x) = m (x)  �%���  1 2a  =  a  =  2,  
      1 2 b  =  b =  0  
3)  ��� !��"��c K��""����<  1 2m (x) = m (x) �%��� 1 2a  =  a  =  2,   
      1 2 b  =  b =  0  
4)  ��� !��"���K �%��� 1 2m (x) = m (x) �%���       
     1 2a  =  a  =  2, 1 2 b  =  b =  0  

  =�>"���� !��" ��������%����%%��\�"����<�� ��g"?���$�I# &��� !��" �� ������� 
Y"�H�U��  1/2

2 1 m (x) = m (x) + n s(x)−   K��JV 
�Y" 3 <� 
�NP�� 

1) S1(x)  =  1   (Constant Shift) 

2) S2(x)  =  1 +  x  (Affine Shift) 

3) S3(x)  =  1 +  x + x
2 (Quadratic Shift) 

 =�>"�Y>IP;�%P<���P<���"U��#�&<N��� !��" �������%� ��#? #?� Y" 2 <� 
�N
����&�$�"�Z 
   1) 1 2ε ~ N(0,1),  ε ~ N(0,1)  
   2) 1 2ε ~ Exponential (1) - 1, ε ~ Exponential (1) - 1  

 
G< ��;��P��N>!UI�%H<#������  �������� 1 _ 8 
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������� 1  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"><� U����;#

��� 1) - 4) �=�>��
 
                  ���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������ 1 2σ (x) = 0.25, σ (x) = 0.50    
                  �%��� ��#? #?�U��P;�%P<���P<���" 1 2ε ~ N(0,1), ε ~ N(0,1)  
 

(n1 , n2) 
��;
#


��� 

1

KSU   2

KSU   1

KUU   2

KUU   
�N��
"���=�P�� �N��
"���=�P�� �N��
"���=�P�� �N��
"���=�P�� 

0.05 0.10 0.05 0.10 0.05 0.10 0.05 0.10 
(20 , 20) 1) 0.040 0.074* 0.044 0.080* 0.035* 0.074* 0.040 0.077* 

 2) 0.042 0.080* 0.040 0.078* 0.040 0.078* 0.036 0.075* 
 3) 0.030* 0.074* 0.038 0.074* 0.028* 0.070* 0.034* 0.071* 
 4) 0.034* 0.076* 0.040 0.080* 0.030* 0.074* 0.040 0.077* 

(20 , 50) 1) 0.044 0.090 0.048 0.084 0.040 0.088 0.044 0.081* 
 2) 0.048 0.092 0.050 0.086 0.045 0.090 0.046 0.084 
 3) 0.034* 0.084 0.040 0.082* 0.032* 0.080* 0.036 0.080* 
 4) 0.035 0.086 0.040 0.080* 0.032* 0.082* 0.036 0.078* 

(50 , 50) 1) 0.048 0.080* 0.048 0.082* 0.045 0.080* 0.044 0.080* 
 2) 0.052 0.090 0.054 0.094 0.050 0.088 0.050 0.092 
 3) 0.054 0.084 0.052 0.090 0.052 0.080* 0.049 0.088 
 4) 0.060 0.080* 0.058 0.098 0.058 0.082* 0.055 0.096 

(50,100) 1) 0.060 0.114 0.048 0.084 0.058 0.112 0.045 0.082* 
 2) 0.054 0.104 0.040 0.082* 0.054 0.100 0.037 0.080* 
 3) 0.060 0.114 0.044 0.090 0.058 0.112 0.041 0.089 
 4) 0.056 0.104 0.042 0.088 0.054 0.102 0.039 0.087 

(100,100) 1) 0.052 0.100 0.042 0.089 0.052 0.100 0.039 0.087 
 2) 0.050 0.100 0.040 0.087 0.050 0.100 0.037 0.085 
 3) 0.052 0.102 0.040 0.086 0.052 0.100 0.038 0.084 
 4) 0.054 0.106 0.042 0.088 0.052 0.102 0.040 0.085 

 
8����8
\ *  #�"P;�%P<���P<���"��N�A���� 1 ��H&"� �&;�U�� ��P;
P	% 
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                           ��;#

��� 1                                                                ��;#

��� 2 

       
��;#

��� 3                                                                ��;#

��� 4 

                                                                   �N��
"���=�P�� 0.05 

       
��;#

��� 1                                                                ��;#

��� 2 

       
��;#

��� 3                                                                ��;#

��� 4 

                                                            �N��
"���=�P�� 0.10 
 
C����� 5  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"><� U����;#

���  1) - 4) �=�>��
����� 
               ����
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������ 1 2σ (x) = 0.25, σ (x) = 0.50    ��#?  
               #?�U��P;�%P<���P<���" 1 2ε ~ N(0,1), ε ~ N(0,1)  �%����N��
"���=�P����&� �
  
               0.05  #<N 0.10 
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             ?� �������� 1  #<NA�����  5  �
;&� ��P;
P	%P;�%P<���P<���"��N�A���� 1 �=�>��
�����
����
 1 1 2 2

KS KU KS KUU , U , U , U   ?N�=�$�I���%�����;��&��%�U"��Y>�&UVZ"  K���%��� =�>"��N��


"���=�P����&� �
 0.05  U"����;��&��  (n1 , n2)  =  (100,100)  P;�%P<���P<���"��N�A� 
��� 1 ?N��H&A��Y"�&;�  [0.036 , 0.063]  #<N�%��� =�>"��N��
"���=�P����&� �
 0.10  U"����;��&�� 
(n1 , n2)  =  (100,100)  P;�%P<���P<���"��N�A���� 1 ?N��H&Y"�&;�   [0.084 , 0.115]  Y"�	  
��;#

 �������  }V��#���Y>I�>c";&����������
��%���P;
P	%P;�%P<���P<���"��N�A� 
��� 1 $�I���%�����;��&��%�U"��Y>�& 
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������� 2  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  1) - 4)  
                  ��� Constant Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������  
               1σ (x) = 0.25, 2σ (x) = 0.50 �%��� ��#? #?�U��P;�%P<���P<���"   
                 1 2ε ~ N(0,1), ε ~ N(0,1)  
 

(n1 , n2) 
��;
#


��� 

1

KSU   2

KSU   1

KUU   2

KUU   
�N��


"���=�P�� 
�N��


"���=�P�� 

�N��

"���=�P�� 

�N��
 

"���=�P�� 

0.05 0.10 0.05 0.10 0.05 0.10 0.05 0.10 
(20 , 20) 1) 0.896 0.920 0.904 0.924 0.894 0.910 0.898 0.914 

 2) 0.906 0.926 0.914 0.930 0.908 0.920 0.912 0.920 
 3) 0.882 0.922 0.902 0.926 0.888 0.912 0.892 0.916 
 4) 0.380 0.442 0.396 0.452 0.376 0.432 0.380 0.436 

(20 , 50) 1) 0.892 0.916 0.898 0.922 0.888 0.902 0.892 0.906 
 2) 0.904 0.950 0.912 0.954 0.900 0.940 0.902 0.944 
 3) 0.890 0.896 0.896 0.900 0.876 0.886 0.896 0.896 
 4) 0.408 0.500 0.428 0.506 0.388 0.496 0.392 0.498 

(50 , 50) 1) 0.906 0.926 0.908 0.924 0.892 0.912 0.902 0.916 
 2) 0.922 0.960 0.920 0.958 0.916 0.946 0.912 0.942 
 3) 0.914 0.952 0.908 0.942 0.898 0.938 0.898 0.932 
 4) 0.392 0.520 0.392 0.510 0.332 0.500 0.336 0.504 

(50,100) 1) 0.922 0.946 0.918 0.936 0.918 0.936 0.918 0.934 
 2) 0.936 0.960 0.936 0.946 0.916 0.940 0.910 0.926 
 3) 0.918 0.960 0.898 0.940 0.912 0.948 0.896 0.937 
 4) 0.468 0.552 0.408 0.512 0.448 0.532 0.406 0.509 

(100,100) 1) 0.972 0.980 0.948 0.958 0.960 0.970 0.946 0.955 
 2) 0.996 0.996 0.960 0.940 0.980 0.980 0.958 0.937 
 3) 0.966 0.976 0.926 0.936 0.956 0.966 0.924 0.933 
 4) 0.546 0.640 0.444 0.526 0.538 0.596 0.442 0.523 
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��;#

��� 1                                                                ��;#

��� 2 

              
��;#

��� 3                                                                ��;#

��� 4 

�N��
"���=�P�� 0.05 

              
��;#

��� 1                                                                ��;#

��� 2 

              
��;#

��� 3                                                                ��;#

��� 4 

�N��
"���=�P�� 0.10 
 

C����� 6  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

��� 
              1) - 4)  ��� Constant Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������   
              1 2σ (x) = 0.25, σ (x) = 0.50     ��#? #?�U��P;�%P<���P<���" 1ε ~ N(0,1),  
             2 ε ~ N(0,1) �%����N��
"���=�P����&� �
 0.05 #<N 0.10 
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������� 3  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

��� 1) - 4)  
                  ��� Affine Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������   
               1σ (x) = 0.25, 2σ (x) = 0.50  �%��� ��#? #?�U��P;�%P<���P<���"   
                 1 2ε ~ N(0,1), ε ~ N(0,1)  
 

(n1 , n2) 
��;
#


��� 

1

KSU   2

KSU   1

KUU   2

KUU   
�N��


"���=�P�� 
�N��


"���=�P�� 

�N��

"���=�P�� 

�N��
 

"���=�P�� 

0.05 0.10 0.05 0.10 0.05 0.10 0.05 0.10 
(20 , 20) 1) 0.900 0.920 0.908 0.924 0.898 0.910 0.902 0.914 

 2) 0.908 0.928 0.916 0.932 0.910 0.922 0.914 0.922 
 3) 0.886 0.926 0.906 0.930 0.892 0.916 0.896 0.920 
 4) 0.382 0.446 0.398 0.456 0.378 0.436 0.382 0.440 

(20 , 50) 1) 0.898 0.920 0.904 0.926 0.894 0.906 0.898 0.910 
 2) 0.908 0.950 0.916 0.954 0.904 0.940 0.906 0.944 
 3) 0.892 0.898 0.898 0.902 0.878 0.888 0.898 0.898 
 4) 0.414 0.502 0.434 0.508 0.394 0.498 0.398 0.500 

(50 , 50) 1) 0.910 0.928 0.912 0.926 0.896 0.914 0.906 0.918 
 2) 0.926 0.962 0.924 0.960 0.920 0.948 0.916 0.944 
 3) 0.920 0.956 0.914 0.946 0.904 0.942 0.904 0.936 
 4) 0.396 0.520 0.396 0.510 0.336 0.500 0.340 0.504 

(50,100) 1) 0.928 0.948 0.924 0.938 0.924 0.938 0.924 0.936 
 2) 0.938 0.962 0.938 0.948 0.918 0.942 0.912 0.928 
 3) 0.924 0.960 0.904 0.940 0.918 0.948 0.902 0.937 
 4) 0.474 0.556 0.414 0.516 0.454 0.536 0.412 0.513 

(100,100) 1) 0.976 0.980 0.952 0.958 0.964 0.970 0.950 0.955 
 2) 0.998 0.998 0.962 0.942 0.982 0.982 0.960 0.939 
 3) 0.968 0.978 0.928 0.938 0.958 0.968 0.926 0.935 
 4) 0.546 0.642 0.444 0.528 0.538 0.598 0.442 0.525 
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��;#

��� 1                                                                ��;#

��� 2 

           
��;#

��� 3                                                                ��;#

��� 4 

�N��
"���=�P�� 0.05 

           
��;#

��� 1                                                                ��;#

��� 2 

           
��;#

��� 3                                                                ��;#

���  4 

�N��
"���=�P�� 0.10 
 

C����� 7  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

��� 1) - 4)  ���  
               Affine Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������ 1σ (x) = 0.25,  
              2σ (x) = 0.50    ��#? #?�U��P;�%P<���P<���" 1 2ε ~ N(0,1), ε ~ N(0,1) �%����N��
   
              "���=�P����&� �
 0.05 #<N 0.10 



 

93


������� 4  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

��� 1) - 4)  
                  ��� Quadratic Shift  �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������   
               1σ (x) = 0.25, 2σ (x)  =  0.50 �%��� ��#? #?�U��P;�%P<���P<���"   
                 1 2ε ~ N(0,1), ε ~ N(0,1)  
 

(n1 , n2) 
��;
#


��� 

1

KSU   2

KSU   1

KUU   2

KUU   
�N��


"���=�P�� 
�N��


"���=�P�� 

�N��

"���=�P�� 

�N��
 

"���=�P�� 

0.05 0.10 0.05 0.10 0.05 0.10 0.05 0.10 
(20 , 20) 1) 0.902 0.920 0.910 0.924 0.900 0.910 0.904 0.914 

 2) 0.910 0.930 0.918 0.934 0.912 0.924 0.916 0.924 
 3) 0.890 0.930 0.910 0.934 0.896 0.920 0.900 0.924 
 4) 0.384 0.450 0.400 0.460 0.380 0.440 0.384 0.444 

(20 , 50) 1) 0.904 0.924 0.910 0.930 0.900 0.910 0.904 0.914 
 2) 0.912 0.950 0.920 0.954 0.908 0.940 0.910 0.944 
 3) 0.894 0.900 0.900 0.904 0.880 0.890 0.900 0.900 
 4) 0.420 0.504 0.440 0.510 0.400 0.500 0.404 0.502 

(50 , 50) 1) 0.914 0.930 0.916 0.928 0.900 0.916 0.910 0.920 
 2) 0.930 0.964 0.928 0.962 0.924 0.950 0.920 0.946 
 3) 0.926 0.960 0.920 0.950 0.910 0.946 0.910 0.940 
 4) 0.400 0.520 0.400 0.510 0.340 0.500 0.344 0.504 

(50,100) 1) 0.934 0.950 0.930 0.940 0.930 0.940 0.930 0.938 
 2) 0.940 0.964 0.940 0.950 0.920 0.944 0.914 0.930 
 3) 0.930 0.960 0.910 0.940 0.924 0.948 0.908 0.937 
 4) 0.480 0.560 0.420 0.520 0.460 0.540 0.418 0.517 

(100,100) 1) 0.980 0.980 0.956 0.958 0.968 0.970 0.954 0.955 
 2) 1.000 1.000 0.964 0.944 0.984 0.984 0.962 0.941 
 3) 0.970 0.980 0.930 0.940 0.960 0.970 0.928 0.937 
 4) 0.546 0.644 0.444 0.530 0.538 0.600 0.442 0.527 
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��;#

��� 1                                                                ��;#

��� 2 

           
��;#

��� 3                                                                ��;#

��� 4 

                                                                 �N��
"���=�P�� 0.05 

            
��;#

��� 1                                                                ��;#

��� 2 

            
��;#

��� 3                                                                ��;#

��� 4 

                                                            �N��
"���=�P�� 0.10 
 
C����� 8  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

��� 1) - 4)  ���  
               Quadratic Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������   
             1σ (x) = 0.25, 2σ (x) = 0.50    ��#? #?�U��P;�%P<���P<���" 1ε ~ N(0,1),  

             2 ε ~ N(0,1) �%����N��
"���=�P����&� �
 0.05 #<N 0.10 
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 ?� �������� 2 _ 4  #<NA����� 6 - 8  �
;&�����N��
"���=�P����&� �
 0.05 #<N 0.10   
����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  1) - 4)  �=�>��
�����
����
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������ 1 2σ (x) = 0.25, σ (x) = 0.50 �%��� ��#? #?�U��
P;�%P<���P<���" 1 2ε ~ N(0,1),ε ~ N(0,1)  ?N%�P&��=�"�? ������
�H�UVZ"�%���U"��U��
��;��&������%UVZ"   K���L��NY"��;#

��� 1 ��;#

��� 2  #<N��;#

��� 3  P&��=�"�? ������
 
�H�UVZ"?"� ��
�V�  1  Y"U�N�����;#

��� 4  }V��$�I# &��;#

���K �%���?NY>IP&��=�"�? ������
 
��=� ;&���;#

���" w �%�����?������� �� Shift   �
;&� ��� Quadratic Shift Y>IP&��=�"�? ������

�H�����	�  ���<�%�$�I# &   ��� Affine Shift  #<N  Constant Shift  ��%<=���
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������� 5  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"><� U����;#

���  1) - 4) �=�>��
  
                  ���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������ 1 2σ (x) = 0.25, σ (x) = 0.50    
                  �%��� ��#? #?�U��P;�%P<���P<���" 1ε ~ Exponential (1) - 1,  
                 2 ε ~ Exponential (1) - 1  
 

(n1 , n2) 
��;
#


��� 

1

KSU   2

KSU   1

KUU   2

KUU   
�N��
"���=�P�� �N��
"���=�P�� �N��
"���=�P�� �N��
"���=�P�� 

0.05 0.10 0.05 0.10 0.05 0.10 0.05 0.10 
(20 , 20) 1) 0.042 0.078* 0.046 0.082* 0.040 0.074* 0.044 0.080* 

 2) 0.044 0.084 0.042 0.078* 0.040 0.080* 0.038 0.076* 
 3) 0.028* 0.076* 0.040 0.076* 0.028* 0.074* 0.040 0.074* 
 4) 0.034* 0.080* 0.040 0.082* 0.030* 0.076* 0.040 0.080* 

(20 , 50) 1) 0.046 0.092 0.048 0.090 0.044 0.090 0.046 0.090 
 2) 0.046 0.092 0.050 0.086 0.046 0.090 0.048 0.084 
 3) 0.036 0.086 0.042 0.084 0.034* 0.080* 0.042 0.084 
 4) 0.038 0.088 0.042 0.082* 0.034* 0.084 0.040 0.080* 

(50 , 50) 1) 0.046 0.080* 0.048 0.084 0.044 0.080* 0.048 0.080* 
 2) 0.054 0.094* 0.056 0.096 0.052 0.090 0.054 0.094 
 3) 0.054 0.086 0.054 0.090 0.054 0.084 0.054 0.090 
 4) 0.058 0.080* 0.056 0.098 0.054 0.080 0.054 0.094 

(50,100) 1) 0.058 0.110 0.054 0.108 0.056 0.104 0.052 0.104 
 2) 0.052 0.102 0.050 0.102 0.050 0.100 0.050 0.102 
 3) 0.058 0.112 0.056 0.114 0.054 0.110 0.054 0.110 
 4) 0.056 0.104 0.058 0.108 0.054 0.102 0.054 0.104 

(100,100) 1) 0.054 0.100 0.054 0.102 0.054 0.098 0.052 0.100 
 2) 0.052 0.100 0.050 0.102 0.050 0.100 0.050 0.100 
 3) 0.052 0.104 0.054 0.108 0.052 0.102 0.052 0.104 
 4) 0.054 0.108 0.054 0.110 0.054 0.106 0.054 0.106 

 

8����8
\ *  #�"P;�%P<���P<���"��N�A���� 1 ��H&"� �&;�U�� ��P;
P	% 
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��;#

��� 1                                                                ��;#

��� 2 

                
��;#

��� 3                                                                ��;#

��� 4 

�N��
"���=�P�� 0.05 

              
��;#

��� 1                                                                ��;#

��� 2 

              
��;#

��� 3                                                                ��;#

��� 4 

�N��
"���=�P�� 0.10 
 

C����� 9  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"><� U����;#

���  1) - 4) �=�>��
����� 
               ����
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������ 1 2σ (x) = 0.25, σ (x) = 0.50     ��#?  
               #?�U��P;�%P<���P<���" 1 2ε ~ Exponential (1) - 1, ε ~ Exponential (1) - 1 �%���    
               �N��
"���=�P����&� �
 0.05 #<N 0.10 
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 ?� �������� 5  #<NA�����  9   �
;&� ��P;
P	%P;�%P<���P<���"��N�A���� 1 �=�>��
�����
����
 1 1 2 2

KS KU KS KUU , U , U , U   ?N�=�$�I���%�����;��&��%�U"��Y>�&UVZ"  K���%��� =�>"��N��


"���=�P����&� �
 0.05  U"����;��&�� (n1 , n2)  =  (50,100) #<N  (n1 , n2)  =  (100,100)  
P;�%P<���P<���"��N�A���� 1 ?N��H&Y"�&;�  [0.036 , 0.063]  Y"�	 ��;#

 �������  #<N�%���

 =�>"��N��
"���=�P����&� �
 0.10  U"����;��&�� (n1 , n2)  =  (50,100)   #<N  (n1 , n2)  =  
(100,100)  P;�%P<���P<���"��N�A���� 1 ?N��H&Y"�&;�  [0.084 , 0.115]   Y"�	 ��;#

 �������
}V��#���Y>I�>c";&����������
��%���P;
P	%P;�%P<���P<���"��N�A���� 1 $�I���%�����;��&��%�
U"��Y>�& 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

99


������� 6  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  
                 1) - 4)  ��� Constant Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������   
                 1 2σ (x) = 0.25, σ (x) = 0.50  �%��� ��#? #?�U��P;�%P<���P<���"   

               1ε ~ Exponential (1) - 1, 2 ε ~ Exponential (1) - 1  
 

(n1 , n2) 
��;
#


��� 

1

KSU   2

KSU   1

KUU   2

KUU   
�N��


"���=�P�� 
�N��


"���=�P�� 

�N��

"���=�P�� 

�N��
 

"���=�P�� 

0.05 0.10 0.05 0.10 0.05 0.10 0.05 0.10 
(20 , 20) 1) 0.896 0.920 0.900 0.922 0.896 0.918 0.896 0.920 

 2) 0.908 0.924 0.912 0.928 0.906 0.920 0.908 0.926 
 3) 0.872 0.910 0.892 0.912 0.872 0.906 0.892 0.912 
 4) 0.376 0.422 0.396 0.426 0.370 0.416 0.390 0.422 

(20 , 50) 1) 0.892 0.912 0.892 0.914 0.890 0.908 0.888 0.914 
 2) 0.902 0.940 0.912 0.946 0.900 0.934 0.908 0.940 
 3) 0.896 0.906 0.906 0.924 0.896 0.912 0.902 0.920 
 4) 0.388 0.496 0.398 0.506 0.388 0.496 0.394 0.504 

(50 , 50) 1) 0.910 0.920 0.912 0.926 0.904 0.920 0.908 0.922 
 2) 0.926 0.954 0.924 0.954 0.924 0.950 0.920 0.948 
 3) 0.918 0.946 0.916 0.946 0.914 0.942 0.912 0.942 
 4) 0.402 0.510 0.402 0.512 0.398 0.508 0.398 0.510 

(50,100) 1) 0.918 0.942 0.918 0.940 0.914 0.932 0.914 0.936 
 2) 0.946 0.950 0.944 0.948 0.940 0.946 0.944 0.946 
 3) 0.940 0.944 0.930 0.940 0.934 0.944 0.926 0.938 
 4) 0.438 0.516 0.432 0.512 0.432 0.512 0.428 0.510 

(100,100) 1) 0.968 0.970 0.962 0.968 0.962 0.978 0.958 0.964 
 2) 0.976 0.980 0.972 0.976 0.974 0.976 0.972 0.976 
 3) 0.960 0.972 0.958 0.972 0.956 0.968 0.956 0.966 
 4) 0.520 0.536 0.504 0.530 0.518 0.532 0.500 0.526 

 



 

100

                
��;#

��� 1                                                                ��;#

��� 2 

                
��;#

��� 3                                                                ��;#

���  4 

�N��
"���=�P�� 0.05 

                 
��;#

��� 1                                                                ��;#

���  2 

                
��;#

��� 3                                                                ��;#

���  4 

�N��
"���=�P�� 0.10 
 

C����� 10  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

��� 1) - 4)  ���   
                 Constant Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������    
                   1σ (x) = 0.25, 2σ (x) = 0.50   ��#? #?�U��P;�%P<���P<���"   

               1ε ~ Exponential (1) - 1, 2ε ~ Exponential (1) - 1 �%����N��
"���=�P�� 

                 ��&� �
 0.05 #<N 0.10 



 

101


������� 7  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  1) - 4)  
                  ��� Affine Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������   
               1σ (x) = 0.25, 2σ (x) = 0.50  �%��� ��#? #?�U��P;�%P<���P<���"    
               1ε ~ Exponential (1) - 1,  2ε ~ Exponential (1) - 1  

 

(n1 , n2) 
��;
#


��� 

1

KSU   2

KSU   1

KUU   2

KUU   
�N��


"���=�P�� 
�N��


"���=�P�� 

�N��

"���=�P�� 

�N��
 

"���=�P�� 

0.05 0.10 0.05 0.10 0.05 0.10 0.05 0.10 
(20 , 20) 1) 0.898 0.920 0.902 0.922 0.898 0.918 0.898 0.920 

 2) 0.910 0.926 0.914 0.930 0.908 0.922 0.910 0.928 
 3) 0.876 0.914 0.896 0.916 0.876 0.910 0.896 0.916 
 4) 0.378 0.426 0.398 0.430 0.372 0.420 0.378 0.426 

(20 , 50) 1) 0.898 0.916 0.898 0.918 0.896 0.912 0.894 0.918 
 2) 0.906 0.940 0.916 0.946 0.904 0.934 0.912 0.940 
 3) 0.898 0.908 0.908 0.926 0.898 0.914 0.904 0.922 
 4) 0.394 0.498 0.404 0.508 0.394 0.498 0.400 0.506 

(50 , 50) 1) 0.914 0.922 0.916 0.928 0.908 0.922 0.912 0.924 
 2) 0.930 0.956 0.928 0.956 0.928 0.952 0.924 0.950 
 3) 0.924 0.950 0.922 0.950 0.920 0.946 0.918 0.946 
 4) 0.406 0.510 0.406 0.512 0.402 0.508 0.402 0.510 

(50,100) 1) 0.924 0.944 0.924 0.942 0.920 0.934 0.920 0.938 
 2) 0.948 0.952 0.946 0.950 0.942 0.948 0.946 0.948 
 3) 0.944 0.948 0.936 0.940 0.940 0.944 0.932 0.938 
 4) 0.444 0.520 0.438 0.516 0.438 0.516 0.434 0.514 

(100,100) 1) 0.972 0.970 0.966 0.968 0.966 0.978 0.962 0.964 
 2) 0.978 0.982 0.974 0.978 0.976 0.978 0.974 0.978 
 3) 0.962 0.974 0.960 0.974 0.958 0.970 0.958 0.968 
 4) 0.520 0.538 0.504 0.532 0.518 0.534 0.500 0.528 
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��;#

��� 1                                                                ��;#

��� 2 

              
��;#

��� 3                                                                ��;#

���  4 

�N��
"���=�P�� 0.05 

              
��;#

��� 1                                                                ��;#

��� 2 

              
��;#

��� 3                                                               ��;#

��� 4 

�N��
"���=�P�� 0.10 
 

C����� 11  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

��� 1) - 4)  ���   
                Affine Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������ 1σ (x) = 0.25,  
                2σ (x) = 0.50   ��#? #?�U��P;�%P<���P<���" 1ε ~ Exponential (1) - 1,  
                2ε ~ Exponential (1) - 1 �%����N��
"���=�P����&� �
 0.05  #<N  0.10 
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������� 8  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  1) - 4)  ���   
                 Quadratic Shift  �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������   
               1σ (x) = 0.25, 2σ (x) = 0.50  �%��� ��#? #?�U��P;�%P<���P<���"    
               1ε ~ Exponential (1) - 1, 2ε ~ Exponential (1) - 1  
 

(n1 , n2) 
��;
#


��� 

1

KSU   2

KSU   1

KUU   2

KUU   
�N��


"���=�P�� 
�N��


"���=�P�� 

�N��

"���=�P�� 

�N��
 

"���=�P�� 

0.05 0.10 0.05 0.10 0.05 0.10 0.05 0.10 
(20 , 20) 1) 0.900 0.920 0.904 0.922 0.900 0.918 0.900 0.920 

 2) 0.912 0.928 0.916 0.932 0.910 0.924 0.912 0.930 
 3) 0.880 0.918 0.900 0.920 0.880 0.914 0.900 0.920 
 4) 0.380 0.430 0.400 0.434 0.374 0.424 0.340 0.430 

(20 , 50) 1) 0.904 0.920 0.904 0.922 0.902 0.916 0.900 0.922 
 2) 0.910 0.940 0.920 0.946 0.908 0.934 0.916 0.940 
 3) 0.900 0.910 0.910 0.928 0.900 0.916 0.906 0.924 
 4) 0.400 0.500 0.410 0.510 0.400 0.500 0.406 0.508 

(50 , 50) 1) 0.918 0.924 0.920 0.930 0.912 0.924 0.916 0.926 
 2) 0.932 0.960 0.930 0.960 0.930 0.956 0.926 0.954 
 3) 0.930 0.954 0.928 0.954 0.926 0.950 0.924 0.950 
 4) 0.410 0.510 0.410 0.512 0.406 0.508 0.406 0.510 

(50,100) 1) 0.930 0.946 0.930 0.944 0.926 0.936 0.926 0.940 
 2) 0.950 0.954 0.948 0.952 0.944 0.950 0.948 0.950 
 3) 0.948 0.950 0.938 0.946 0.942 0.950 0.934 0.944 
 4) 0.450 0.524 0.444 0.520 0.444 0.520 0.440 0.518 

(100,100) 1) 0.976 0.970 0.970 0.968 0.970 0.978 0.966 0.964 
 2) 0.980 0.984 0.976 0.980 0.978 0.980 0.976 0.980 
 3) 0.964 0.976 0.962 0.976 0.960 0.972 0.960 0.970 
 4) 0.520 0.540 0.504 0.534 0.518 0.536 0.500 0.530 
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��;#

��� 1                                                                ��;#

��� 2 

             
��;#

��� 3                                                                ��;#

��� 4 

�N��
"���=�P�� 0.05 

             
��;#

��� 1                                                                ��;#

��� 2 

             
��;#

��� 1                                                                ��;#

��� 2 

�N��
"���=�P�� 0.10 
 

C����� 12  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

��� 1) - 4)  ���   
                 Quadratic Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������   
              1σ (x) = 0.25, 2σ (x) = 0.50  �%��� ��#? #?�U��P;�%P<���P<���"  

               1ε ~ Exponential (1) - 1, 2ε ~ Exponential (1) - 1  
                �%����N��
"���=�P����&� �
 0.05 #<N 0.10 
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 ?� �������� 6 _ 8  #<NA�����  10 - 12  �
;&�����N��
"���=�P����&� �
 0.05 #<N 0.10   
����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<��   U����;#

���  1) - 4)  �=�>��
�����
����
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������ 1 2σ (x) = 0.25, σ (x) = 0.50  �%��� ��#? #?�
U��P;�%P<���P<���" 1 2ε ~ Exponential (1) -1 , ε ~ Exponential (1) - 1  ?N%�P&�
�=�"�? ������
�H�UVZ"�%���U"��U����;��&������%UVZ"   K���L��NY"��;#

��� 1 ��;#

��� 2  
#<N��;#

��� 3 P&��=�"�? ������
�H�UVZ"?"� ��
�V�  1  Y"U�N�����;#

��� 4  }V��$�I# & 
��;#

���K �%���?NY>IP&��=�"�? ������
��=� ;&���;#

���" w �%�����?������� �� Shift    
�
;&� ��� Quadratic Shift Y>IP&��=�"�? ������
�H�����	� ���<�%�$�I# &   ��� Affine Shift  
#<N  Constant Shift  ��%<=���
 
 
� ����� 2 ������������� ����B������	����������� 3 ����	��� 

 
 =�>"���� !��" ��������%����%%��\�"><� ��g"?�����H&Y"�H�U�� 

1) ��� !��"P���� 1 2 3m (x)  =  m (x)  =  m (x) �%���  1 2 3b = b = b = 2  
2)  ��� !��"������I"���  1 2 3m (x)  =  m (x)  =  m (x)  �%���    
     1 2 3a = a = a = 2,  1 2 3b = b = b = 0  
3)  ��� !��"��c K��""����<  1 2 3m (x)  =  m (x)  =  m (x)  �%���  
     1 2 3a = a = a = 2,  1 2 3b = b = b = 0 , 
4)  ��� !��"���K �%��� 1 2 3m (x)  =  m (x)  =  m (x)  �%���       
     1 2 3a = a = a = 2,  1 2 3b = b = b = 0  

 =�>"���� !��" ��������%����%%��\�"����<�� ��g"?���$�I# &��� !��" ������� 
Y"�H�U��  1/2

2 1 3 m (x)  =  m (x)  +  n s(x)  =  m (x)−   K��JV 
�Y" 3 <� 
�NP�� 

1) S1(x)  =  1   (Constant Shift) 

2) S2(x)  =  1 +  x  (Affine Shift) 

3) S3(x)  =  1 +  x + x
2 (Quadratic Shift) 

 =�>"�Y>IP;�%P<���P<���"U��#�&<N��� !��" �������%� ��#? #?� 
Y" 2 <� 
�N�&�$�"�Z   1) 1 2 3ε ~ N(0,1)  , ε ~ N(0,1), ε ~ N(0,1)  
2) 1 2ε ~ Exponential (1) - 1, ε ~ Exponential (1) - 1, 3ε ~ Exponential(1) - 1  

 =�>"�Y>I�&;"�
�����
"%���\�"Y"��;#

 ���������H&Y"<� 
�NU�� 

1 2 3σ (x) = 0.25, σ (x) = 0.50, σ (x) = 0.75  G< ��;��P��N>!UI�%H<#�������������� 9 _ 16 
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������� 9  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"><� U����;#

���  1) - 4) �=�>��
  
                 ���������
 1 1 2 2

KS KU KS KUU , U , U , U Y" ������ 1 2  σ (x) = 0.25, σ (x) = 0.50,  
                 3σ (x) = 0.75   �%��� ��#? #?�U��P;�%P<���P<���" 1ε ~ N(0,1),  

                 2  ε ~ N(0,1), 3ε ~ N(0,1)  
 

(n1, n2, n3) 
��;
#


��� 

1

KSU   2

KSU   1

KUU   2

KUU   

�N��
"���=�P�� �N��
"���=�P�� �N��
"���=�P�� �N��
"���=�P�� 

0.05 0.10 0.05 0.10 0.05 0.10 0.05 0.10 
(20 , 20, 20) 1) 0.044 0.080* 0.044 0.082* 0.040 0.076* 0.044 0.080* 

 2) 0.046 0.084 0.048 0.088 0.042 0.080* 0.046 0.084 
 3) 0.040 0.080 0.044 0.080* 0.036 0.076* 0.042 0.080* 
 4) 0.040 0.082* 0.040 0.080* 0.040 0.080* 0.040 0.080* 

(20 , 50 , 20) 1) 0.046 0.094 0.048 0.096 0.044 0.090 0.046 0.092 
 2) 0.048 0.090 0.048 0.092 0.044 0.090 0.048 0.090 
 3) 0.042 0.088 0.046 0.090 0.040 0.084 0.044 0.088 
 4) 0.042 0.086 0.046 0.092 0.040 0.084 0.046 0.090 

(50 , 50 ,50) 1) 0.048 0.096 0.048 0.098 0.046 0.094 0.046 0.094 
 2) 0.052 0.092 0.054 0.094 0.052 0.090 0.052 0.094 
 3) 0.056 0.092 0.056 0.096 0.054 0.090 0.054 0.094 
 4) 0.058 0.088 0.058 0.090 0.054 0.084 0.054 0.090 

(50 ,100 ,50) 1) 0.058 0.116 0.054 0.112 0.054 0.112 0.052 0.110 
 2) 0.052 0.102 0.052 0.110 0.050 0.102 0.050 0.110 
 3) 0.060 0.112 0.056 0.108 0.056 0.110 0.054 0.104 
 4) 0.058 0.090 0.054 0.102 0.054 0.084 0.052 0.100 

(100,100,100) 1) 0.054 0.112 0.054 0.110 0.052 0.110 0.054 0.110 
 2) 0.052 0.100 0.052 0.100 0.050 0.098 0.050 0.100 
 3) 0.058 0.102 0.054 0.098 0.054 0.090 0.052 0.098 
 4) 0.054 0.092 0.052 0.098 0.052 0.090 0.052 0.098 

 
8����8
\ *  #�"P;�%P<���P<���"��N�A���� 1 ��H&"� �&;�U�� ��P;
P	% 
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��;#

��� 1                                                                ��;#

��� 2 

              
��;#

��� 3                                                                ��;#

��� 4 

�N��
"���=�P�� 0.05 

              
��;#

��� 1                                                                ��;#

��� 2 

              
��;#

��� 3                                                                ��;#

��� 4 

�N��
"���=�P�� 0.10 
 

C����� 13  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"><� U����;#

���  1) - 4) �=�>��
  
                 ���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������  1 2σ (x) = 0.25,  σ (x) = 0.50,  
                 3σ (x) = 0.75  �%��� ��#? #?�U��P;�%P<���P<���" 1 2ε ~ N(0,1), ε ~ N(0,1),  
                 3ε ~ N(0,1)   ����N��
"���=�P����&� �
 0.05 #<N 0.10 
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 ?� �������� 9  #<NA�����  13 �
;&� ��P;
P	%P;�%P<���P<���"��N�A���� 1 �=�>��
�����
����
 1 1 2 2

KS KU KS KUU , U , U , U  ?N�=�$�I���%�����;��&��%�U"��Y>�&UVZ"  �"����?� �%��� =�>"�
�N��
"���=�P����&� �
 0.05  P;�%P<���P<���"��N�A���� 1 ?N��H&Y"�&;� [0.036 , 0.063]  
Y"�	 ��;#

 �������  #<N�%��� =�>"��N��
"���=�P����&� �
 0.10  P;�%P<���P<���" 
��N�A���� 1 ?N��H&Y"�&;�  [0.084 , 0.115]   Y"�	 ��;#

 �������  }V��#���Y>I�>c";&� 
���������
��%���P;
P	%P;�%P<���P<���"��N�A���� 1 $�I�%�����;��&��%�U"��Y>�& 
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������� 10  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  
                   1) - 4)  ��� Constant Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������       
                   1 2 3σ (x) = 0.25,  σ (x) = 0.50, σ (x) = 0.75  �%��� ��#? #?�U��P;�%   
                   P<���P<���" 1 2 3ε ~ N(0,1),  ε ~ N(0,1),  ε ~ N(0,1)  
 

(n1 , n2 , n3) 
��;
#


��� 

1

KSU   2

KSU   1

KUU   2

KUU   
�N��


"���=�P�� 
�N��


"���=�P�� 

�N��

"���=�P�� 

�N��

"���=�P�� 

0.05 0.10 0.05 0.10 0.05 0.10 0.05 0.10 
(20 , 20, 20) 1) 0.894 0.916 0.898 0.920 0.888 0.912 0.892 0.916 

 2) 0.908 0.924 0.912 0.928 0.906 0.920 0.908 0.926 
 3) 0.880 0.926 0.892 0.932 0.876 0.922 0.892 0.930 
 4) 0.406 0.432 0.412 0.436 0.400 0.428 0.410 0.432 

(20 , 50 , 20) 1) 0.898 0.914 0.902 0.916 0.896 0.912 0.898 0.912 
 2) 0.910 0.930 0.914 0.932 0.908 0.924 0.912 0.930 
 3) 0.896 0.932 0.902 0.936 0.896 0.930 0.900 0.932 
 4) 0.402 0.440 0.410 0.444 0.398 0.436 0.408 0.440 

(50 , 50 , 50) 1) 0.930 0.936 0.932 0.938 0.926 0.932 0.928 0.936 
 2) 0.942 0.954 0.946 0.956 0.938 0.948 0.942 0.950 
 3) 0.906 0.932 0.910 0.936 0.902 0.926 0.908 0.932 
 4) 0.412 0.450 0.416 0.454 0.408 0.448 0.412 0.450 

(50 ,100 , 50) 1) 0.938 0.954 0.942 0.956 0.934 0.950 0.938 0.950 
 2) 0.960 0.964 0.962 0.966 0.956 0.960 0.960 0.958 
 3) 0.912 0.940 0.918 0.944 0.908 0.936 0.918 0.940 
 4) 0.432 0.456 0.488 0.462 0.428 0.452 0.434 0.456 

(100,100,100) 1) 0.954 0.964 0.960 0.970 0.952 0.962 0.956 0.962 
 2) 0.974 0.976 0.976 0.980 0.972 0.974 0.972 0.976 
 3) 0.928 0.942 0.932 0.946 0.926 0.940 0.930 0.942 
 4) 0.454 0.470 0.458 0.472 0.450 0.466 0.450 0.466 
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��;#

��� 1                                                                ��;#

��� 2 

               
��;#

��� 3                                                                ��;#

��� 4 

�N��
"���=�P�� 0.05 

             
��;#

��� 1                                                                ��;#

��� 2 

               
��;#

��� 3                                                                ��;#

��� 4  

�N��
"���=�P�� 0.10 
 

C����� 14  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

��� 1) - 4)   ���  
                 Constant Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������   
               1σ (x) = 0.25, 2 3σ (x) = 0.50, σ (x) = 0.75    �%��� ��#? #?�U��P;�% 
                 P<���P<���" 1ε ~ N(0,1), 2 3ε ~ N(0,1), ε ~ N(0,1)  
                 ����N��
"���=�P����&� �
 0.05 #<N 0.10    
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������� 11  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

��� 
                    1) - 4)  ��� Affine Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U   
                   Y" ������ 1 2 3σ (x) = 0.25,  σ (x) = 0.50, σ (x) = 0.75   �%��� ��#? #?� 
                   U��P;�%P<���P<���" 1 2 3 )ε ~ N(0,1),  ε ~ N(0,1),  ε ~ N(0,1  
 

(n1 , n2 , n3) 
��;
#


��� 

1

KSU   2

KSU   1

KUU   2

KUU   
�N��


"���=�P�� 
�N��


"���=�P�� 

�N��

"���=�P�� 

�N��

"���=�P�� 

0.05 0.10 0.05 0.10 0.05 0.10 0.05 0.10 
(20 , 20, 20) 1) 0.900 0.918 0.904 0.922 0.894 0.914 0.898 0.918 

 2) 0.910 0.926 0.914 0.930 0.908 0.922 0.910 0.928 
 3) 0.884 0.930 0.896 0.936 0.880 0.926 0.896 0.934 
 4) 0.408 0.436 0.414 0.440 0.402 0.432 0.412 0.436 

(20 , 50 , 20) 1) 0.904 0.918 0.908 0.920 0.902 0.916 0.904 0.916 
 2) 0.914 0.930 0.918 0.932 0.912 0.924 0.916 0.930 
 3) 0.898 0.934 0.904 0.938 0.898 0.932 0.902 0.934 
 4) 0.408 0.442 0.416 0.446 0.404 0.438 0.414 0.442 

(50 , 50 , 50) 1) 0.934 0.938 0.936 0.940 0.930 0.934 0.932 0.938 
 2) 0.946 0.956 0.950 0.958 0.942 0.950 0.946 0.952 
 3) 0.912 0.936 0.916 0.940 0.908 0.930 0.914 0.936 
 4) 0.416 0.450 0.420 0.454 0.412 0.448 0.416 0.450 

(50 ,100 , 50) 1) 0.944 0.956 0.948 0.958 0.940 0.952 0.944 0.952 
 2) 0.962 0.966 0.964 0.968 0.958 0.962 0.962 0.960 
 3) 0.918 0.940 0.924 0.944 0.914 0.936 0.924 0.940 
 4) 0.438 0.460 0.494 0.466 0.434 0.456 0.440 0.460 

(100,100,100) 1) 0.958 0.964 0.964 0.970 0.956 0.962 0.960 0.962 
 2) 0.976 0.978 0.978 0.982 0.974 0.976 0.974 0.978 
 3) 0.930 0.944 0.934 0.948 0.928 0.942 0.932 0.944 
 4) 0.454 0.472 0.458 0.474 0.450 0.468 0.450 0.468 
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��;#

��� 1                                                                ��;#

��� 2 

              
��;#

��� 3                                                               ��;#

��� 4 

�N��
"���=�P�� 0.05 

            
��;#

��� 1                                                                ��;#

��� 2 

             
��;#

��� 3                                                                ��;#

��� 4 

�N��
"���=�P�� 0.10 
 

C����� 15  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  1) - 4)  
                  ���  Affine Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������    
               1σ (x) = 0.25, 2 3σ (x) = 0.50, σ (x) = 0.75    �%��� ��#? #?�U��P;�%  
                 P<���P<���" 1ε ~ N(0,1), 2 3ε ~ N(0,1), ε ~ N(0,1)  
                 ����N��
"���=�P����&� �
 0.05 #<N 0.10 
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������� 12  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  
                   1) - 4)  ��� Quadratic Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U   
                   Y" ������ 1 2 3σ (x) = 0.25,  σ (x) = 0.50, σ (x) = 0.75  �%��� �� 
                    #? #?�U��P;�%P<���P<���" 1 2 3ε ~ N(0,1),  ε ~ N(0,1),  ε ~ N(0,1)  
 

(n1 , n2 , n3) 
��;
#


��� 

1

KSU   2

KSU   1

KUU   2

KUU   
�N��


"���=�P�� 
�N��


"���=�P�� 

�N��

"���=�P�� 

�N��

"���=�P�� 

0.05 0.10 0.05 0.10 0.05 0.10 0.05 0.10 
(20 , 20, 20) 1) 0.906 0.920 0.910 0.924 0.900 0.916 0.904 0.920 

 2) 0.912 0.928 0.916 0.932 0.910 0.924 0.912 0.930 
 3) 0.888 0.934 0.900 0.940 0.884 0.930 0.900 0.938 
 4) 0.410 0.440 0.416 0.444 0.404 0.436 0.414 0.440 

(20 , 50 , 20) 1) 0.910 0.922 0.914 0.924 0.908 0.920 0.910 0.920 
 2) 0.918 0.930 0.922 0.932 0.916 0.924 0.920 0.930 
 3) 0.900 0.936 0.906 0.940 0.900 0.934 0.904 0.936 
 4) 0.414 0.444 0.422 0.448 0.410 0.440 0.420 0.444 

(50 , 50 , 50) 1) 0.938 0.940 0.940 0.942 0.934 0.936 0.936 0.940 
 2) 0.950 0.958 0.954 0.960 0.946 0.952 0.950 0.954 
 3) 0.918 0.940 0.922 0.944 0.914 0.934 0.920 0.940 
 4) 0.420 0.450 0.424 0.454 0.416 0.448 0.420 0.450 

(50 ,100 , 50) 1) 0.950 0.958 0.954 0.960 0.946 0.954 0.950 0.954 
 2) 0.964 0.968 0.966 0.970 0.960 0.964 0.964 0.962 
 3) 0.924 0.940 0.930 0.944 0.920 0.936 0.930 0.940 
 4) 0.444 0.464 0.500 0.470 0.440 0.460 0.446 0.464 

(100,100,100) 1) 0.962 0.964 0.968 0.970 0.960 0.962 0.964 0.962 
 2) 0.978 0.980 0.980 0.984 0.976 0.978 0.976 0.980 
 3) 0.932 0.946 0.936 0.950 0.930 0.944 0.934 0.946 
 4) 0.454 0.474 0.458 0.476 0.450 0.470 0.450 0.470 
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��;#

��� 1                                                                ��;#

��� 2 

           
��;#

��� 3                                                                ��;#

��� 4 

�N��
"���=�P�� 0.05 

           
��;#

��� 1                                                                ��;#

��� 2 

           
��;#

��� 3                                                                ��;#

��� 4 

�N��
"���=�P�� 0.10 
 

C����� 16  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

��� 1) - 4)  ���  
                 Quadratic Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������   
               1σ (x) = 0.25, 2 3σ (x) = 0.50, σ (x) = 0.75   �%��� ��#? #?�U��P;�%  
                 P<���P<���" 1ε ~ N(0,1),  2ε ~ N(0,1),  3ε ~ N(0,1)  
                 ����N��
"���=�P����&� �
 0.05 #<N 0.10 
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?� �������� 10 - 12  #<NA����� 14 - 16  �
;&�����N��
"���=�P����&� �
 0.05 #<N 0.10   
����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  1) - 4)    �=�>��
�����
����
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������ 1σ (x) = 0.25, 2σ (x) = 0.50,  3σ (x) = 0.75  
�%��� ��#? #?�U��P;�%P<���P<���" 1ε ~ N(0,1), 2ε ~ N(0,1),  3ε ~ N(0,1)  

?N%�P&��=�"�? ������
�H�UVZ"�%���U"��U����;��&������%UVZ"   K���L��NY"��;#

��� 1  
��;#

��� 2  #<N��;#

��� 3 P&��=�"�? ������
�H�UVZ"?"� ��
�V�  1  Y"U�N�����;#

��� 4  
}V��$�I# &  ��;#

���K �%���?NY>IP&��=�"�? ������
��=� ;&���;#

���" w �%�����?������� �� 
Shift  �
;&� ��� Quadratic Shift Y>IP&��=�"�? ������
�H�����	�  ���<�%�$�I# & ��� Affine 
Shift  #<N  Constant Shift  ��%<=���
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������� 13  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"><� U����;#

���  1) - 4) �=�>��
     
                    ���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������  1 2σ (x) = 0.25, σ (x) = 0.50,  

                   3σ (x) = 0.75  �%��� ��#? #?�U��P;�%P<���P<���"   1ε ~ Exponential (1) - 1,  

                 2ε ~ Exponential (1) - 1,  3ε ~ Exponential (1) - 1  
 

(n1 , n2 , n3) 
��;
#


��� 

1

KSU   2

KSU   1

KUU   2

KUU   

�N��
"���=�P�� �N��
"���=�P�� �N��
"���=�P�� �N��
"���=�P�� 

0.05 0.10 0.05 0.10 0.05 0.10 0.05 0.10 
(20 , 20, 20) 1) 0.046 0.080* 0.044 0.082* 0.044 0.078* 0.040 0.080* 

 2) 0.048 0.088 0.048 0.090 0.048 0.086 0.044 0.086 
 3) 0.030* 0.080* 0.032* 0.084 0.030* 0.078* 0.030* 0.080* 
 4) 0.038 0.082* 0.040 0.084 0.034* 0.080* 0.040 0.082* 

(20 , 50 , 20) 1) 0.046 0.094 0.048 0.096 0.044 0.090 0.046 0.094 
 2) 0.048 0.094 0.048 0.094 0.044 0.092 0.046 0.090 
 3) 0.038 0.086 0.040 0.090 0.034* 0.084 0.038 0.088 
 4) 0.040 0.090 0.042 0.094 0.040 0.090 0.040 0.092 

(50 , 50 , 50) 1) 0.048 0.084 0.046 0.086 0.046 0.080* 0.044 0.084 
 2) 0.054 0.098 0.056 0.096 0.054 0.096 0.054 0.094 
 3) 0.054 0.096 0.054 0.098 0.052 0.092 0.054 0.096 
 4) 0.056 0.084 0.056 0.088 0.054 0.080* 0.054 0.084 

(50 ,100 , 50) 1) 0.056 0.112 0.054 0.110 0.054 0.110 0.054 0.110 
 2) 0.052 0.104 0.052 0.102 0.052 0.102 0.052 0.102 
 3) 0.056 0.110 0.056 0.112 0.056 0.108 0.054 0.110 
 4) 0.054 0.106 0.054 0.104 0.054 0.104 0.052 0.104 

(100,100,100) 1) 0.054 0.110 0.054 0.112 0.052 0.108 0.054 0.110 
 2) 0.050 0.102 0.050 0.104 0.050 0.102 0.050 0.102 
 3) 0.052 0.104 0.052 0.106 0.052 0.102 0.052 0.104 
 4) 0.054 0.110 0.054 0.112 0.054 0.108 0.054 0.110 

 
8����8
\ *  #�"P;�%P<���P<���"��N�A���� 1 ��H&"� �&;�U�� ��P;
P	% 
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��;#

��� 1                                                                ��;#

��� 2 

             
��;#

��� 3                                                                ��;#

��� 4 

�N��
"���=�P�� 0.05 

             
��;#

��� 1                                                                ��;#

��� 2 

             
��;#

��� 3                                                                ��;#

��� 4 

�N��
"���=�P�� 0.10 
 

C����� 17  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"><� U����;#

���  1) - 4) �=�>��
  
                 ���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������ 1 2σ (x) = 0.25,  σ (x) = 0.50,  
                 3σ (x) = 0.75  �%��� ��#? #?�U��P;�%P<���P<���"  1 ε ~ Exponential (1) - 1,  

                 2ε ~ Exponential (1) - 1, 3ε ~ Exponential (1) - 1  ����N��
"���=�P�� 
                 ��&� �
 0.05 #<N 0.10 
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 ?� �������� 13 #<NA����� 17  �
;&� ��P;
P	%P;�%P<���P<���"��N�A���� 1 �=�>��

���������
 1 1 2 2

KS KU KS KUU , U , U , U   ?N�=�$�I���%�����;��&��%�U"��Y>�&UVZ"  �"����?� �%���
 =�>"��N��
"���=�P����&� �
 0.05 P;�%P<���P<���"��N�A���� 1 ?N��H&Y"�&;�  [0.036 , 0.063]  
Y"�	 ��;#

 �������  #<N�%��� =�>"��N��
"���=�P����&� �
 0.10  P;�%P<���P<���" 
��N�A���� 1 ?N��H&Y"�&;�  [0.084 , 0.115]   Y"�	 ��;#

 �������}V��#���Y>I�>c";&������
����
��%���P;
P	%P;�%P<���P<���"��N�A���� 1 $�I���%�����;��&��%�U"��Y>�& 
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������� 14  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  1) - 4)  
                     ��� Constant Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U Y" ������    
                 1σ (x) = 0.25,    2 3σ (x) = 0.50, σ (x) = 0.75  �%��� ��#? #?�U��P;�%  
                    P<���P<���" 1 2ε ~ Exponential (1) - 1, ε ~ Exponential (1) - 1,  
                  3ε ~ Exponential (1) - 1  
 

(n1 , n2 , n3) 
��;
#


��� 

1

KSU   2

KSU   1

KUU   2

KUU   
�N��


"���=�P�� 
�N��


"���=�P�� 

�N��

"���=�P�� 

�N��

"���=�P�� 

0.05 0.10 0.05 0.10 0.05 0.10 0.05 0.10 
(20 , 20, 20) 1) 0.890 0.910 0.896 0.916 0.888 0.906 0.890 0.910 

 2) 0.906 0.916 0.910 0.922 0.900 0.908 0.906 0.918 
 3) 0.872 0.922 0.880 0.932 0.868 0.916 0.872 0.926 
 4) 0.396 0.412 0.406 0.420 0.396 0.412 0.396 0.412 

(20 , 50 , 20) 1) 0.892 0.912 0.898 0.918 0.888 0.904 0.892 0.912 
 2) 0.906 0.924 0.912 0.930 0.902 0.920 0.908 0.924 
 3) 0.886 0.926 0.894 0.932 0.880 0.920 0.890 0.932 
 4) 0.398 0.436 0.404 0.440 0.392 0.430 0.400 0.436 

(50 , 50 ,50) 1) 0.922 0.936 0.928 0.442 0.916 0.926 0.924 0.938 
 2) 0.938 0.946 0.942 0.950 0.932 0.942 0.936 0.946 
 3) 0.902 0.922 0.908 0.930 0.898 0.920 0.904 0.928 
 4) 0.406 0.418 0.416 0.454 0.402 0.440 0.412 0.450 

(50 ,100 ,50) 1) 0.912 0.946 0.938 0.954 0.928 0.940 0.932 0.948 
 2) 0.956 0.964 0.962 0.970 0.950 0.956 0.956 0.966 
 3) 0.912 0.938 0.918 0.946 0.908 0.930 0.914 0.940 
 4) 0.428 0.452 0.438 0.462 0.422 0.446 0.430 0.456 

(100,100,100) 1) 0.952 0.964 0.962 0.978 0.946 0.960 0.956 0.972 
 2) 0.966 0.974 0.976 0.982 0.960 0.966 0.970 0.976 
 3) 0.926 0.932 0.934 0.936 0.918 0.926 0.930 0.934 
 4) 0.450 0.460 0.454 0.466 0.444 0.456 0.450 0.456 
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��;#

��� 1                                                                ��;#

��� 2 

                 
��;#

��� 3                                                                ��;#

��� 4 

�N��
"���=�P�� 0.05 

              
��;#

��� 1                                                                ��;#

��� 2 

               
��;#

��� 3                                                                ��;#

��� 4 

�N��
"���=�P�� 0.10 
 

C����� 18  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

��� 1) - 4)   ���   
                 Constant Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������   
               1σ (x) = 0.25, 2 3σ (x) = 0.50, σ (x) = 0.75    �%��� ��#? #?�U��P;�%  
                 P<���P<���" 1 2ε ~ Exponential (1) - 1, ε ~ Exponential (1) - 1,  
               3ε ~ Exponential (1) - 1  ����N��
"���=�P����&� �
 0.05 #<N 0.10                                               
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������� 15  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  1) - 4)  
                    ��� Affine Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U Y" ������  
                1σ (x) = 0.25,    2 3σ (x) = 0.50, σ (x) = 0.75  �%��� ��#? #?�U��P;�%  
                   P<���P<���" 1 2ε ~ Exponential (1) - 1, ε ~ Exponential (1) - 1,  
                3ε ~ Exponential (1) - 1   
 

(n1 , n2 , n3) 
��;
#


��� 

1

KSU   2

KSU   1

KUU   2

KUU   
�N��


"���=�P�� 
�N��


"���=�P�� 

�N��

"���=�P�� 

�N��

"���=�P�� 

0.05 0.10 0.05 0.10 0.05 0.10 0.05 0.10 
(20 , 20, 20) 1) 0.896 0.912 0.902 0.918 0.894 0.908 0.896 0.912 

 2) 0.908 0.918 0.912 0.924 0.902 0.910 0.908 0.920 
 3) 0.876 0.926 0.884 0.936 0.872 0.920 0.876 0.930 
 4) 0.398 0.416 0.408 0.424 0.398 0.416 0.398 0.416 

(20 , 50 , 20) 1) 0.898 0.916 0.904 0.922 0.894 0.908 0.898 0.916 
 2) 0.910 0.924 0.916 0.930 0.906 0.920 0.912 0.924 
 3) 0.888 0.928 0.896 0.934 0.882 0.922 0.892 0.934 
 4) 0.404 0.438 0.410 0.442 0.398 0.432 0.406 0.438 

(50 , 50 ,50) 1) 0.926 0.938 0.932 0.944 0.920 0.928 0.928 0.944 
 2) 0.942 0.948 0.946 0.952 0.936 0.944 0.940 0.948 
 3) 0.908 0.926 0.914 0.934 0.904 0.924 0.910 0.932 
 4) 0.410 0.418 0.420 0.454 0.406 0.440 0.416 0.450 

(50 ,100 ,50) 1) 0.918 0.948 0.944 0.956 0.934 0.942 0.938 0.950 
 2) 0.958 0.966 0.964 0.972 0.952 0.958 0.958 0.968 
 3) 0.918 0.938 0.924 0.946 0.914 0.930 0.920 0.940 
 4) 0.434 0.456 0.444 0.466 0.428 0.450 0.436 0.460 

(100,100,100) 1) 0.956 0.964 0.966 0.978 0.950 0.960 0.960 0.972 
 2) 0.968 0.976 0.978 0.984 0.962 0.968 0.972 0.978 
 3) 0.928 0.934 0.936 0.938 0.920 0.928 0.932 0.936 
 4) 0.450 0.462 0.454 0.468 0.444 0.458 0.450 0.458 
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��;#

��� 1                                                                ��;#

 2 

            
��;#

��� 3                                                                ��;#

 4 

�N��
"���=�P�� 0.05 

                
��;#

��� 1                                                                ��;#

 2 

              
��;#

��� 3                                                                ��;#

 4 

�N��
"���=�P�� 0.10 
 

C����� 19  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  1) - 4)   ���   
                 Affine Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������   
               1σ (x) = 0.25, 2 3σ (x) = 0.50, σ (x) = 0.75    �%��� ��#? #?�U��P;�% 
                 P<���P<���" 1 2ε ~ Exponential (1) - 1, ε ~ Exponential (1) - 1,  
                 3ε ~ Exponential (1) - 1   ����N��
"���=�P����&� �
 0.05 #<N 0.10 
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������� 16  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  1) - 4)  ���  
                    Quadratic Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U Y" ������   
                 1σ (x) = 0.25, 2 3σ (x) = 0.50, σ (x) = 0.75  �%��� ��#? #?�U��P;�% 
                    P<���P<���" 1 2ε ~ Exponential (1) - 1, ε ~ Exponential (1) - 1,  

                 3ε ~ Exponential (1) - 1   
 

(n1 , n2 , n3) 
��;
#


��� 

1

KSU   2

KSU   1

KUU   2

KUU   
�N��


"���=�P�� 
�N��


"���=�P�� 

�N��

"���=�P�� 

�N��

"���=�P�� 

0.05 0.10 0.05 0.10 0.05 0.10 0.05 0.10 
(20 , 20, 20) 1) 0.902 0.914 0.908 0.920 0.900 0.910 0.902 0.914 

 2) 0.910 0.920 0.914 0.926 0.904 0.912 0.910 0.922 
 3) 0.880 0.930 0.888 0.940 0.876 0.924 0.880 0.934 
 4) 0.400 0.420 0.410 0.428 0.400 0.420 0.400 0.420 

(20 , 50 , 20) 1) 0.904 0.920 0.910 0.926 0.900 0.912 0.904 0.920 
 2) 0.914 0.924 0.920 0.930 0.910 0.920 0.916 0.924 
 3) 0.890 0.930 0.898 0.936 0.884 0.924 0.894 0.936 
 4) 0.410 0.440 0.416 0.444 0.404 0.434 0.412 0.440 

(50 , 50 , 50) 1) 0.930 0.940 0.936 0.946 0.924 0.930 0.932 0.942 
 2) 0.946 0.950 0.950 0.954 0.940 0.946 0.944 0.950 
 3) 0.914 0.930 0.920 0.938 0.910 0.928 0.916 0.936 
 4) 0.414 0.418 0.424 0.454 0.410 0.410 0.420 0.450 

(50 ,100 , 50) 1) 0.924 0.950 0.950 0.958 0.940 0.944 0.944 0.952 
 2) 0.960 0.968 0.966 0.974 0.954 0.960 0.960 0.970 
 3) 0.924 0.938 0.930 0.946 0.920 0.930 0.926 0.940 
 4) 0.440 0.460 0.450 0.470 0.434 0.454 0.442 0.464 

(100,100,100) 1) 0.960 0.964 0.970 0.978 0.954 0.960 0.964 0.972 
 2) 0.970 0.978 0.980 0.986 0.964 0.970 0.974 0.980 
 3) 0.930 0.936 0.938 0.940 0.922 0.930 0.934 0.938 
 4) 0.450 0.464 0.454 0.470 0.444 0.460 0.450 0.460 
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��;#

��� 1                                                                ��;#

��� 2 

            
��;#

��� 3                                                                ��;#

��� 4 

�N��
"���=�P�� 0.05 

            
��;#

��� 1                                                                ��;#

��� 2 

              
��;#

��� 1                                                                ��;#

��� 2 

�N��
"���=�P�� 0.10 
 

C����� 20  ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

��� 1) - 4)  ���  
                Quadratic Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������   
              1σ (x) = 0.25, 2 3σ (x) = 0.50, σ (x) = 0.75    �%��� ��#? #?�U��P;�%  
                P<���P<���" 1 2ε ~ Exponential (1) - 1, ε ~ Exponential (1) - 1,  
              3ε ~ Exponential (1) - 1  ����N��
"���=�P����&� �
 0.05 #<N 0.10 
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?� �������� 14 -  16 #<NA����� 18 - 20  �
;&�����N��
"���=�P����&� �
 0.05 #<N 0.10   
����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���  1) - 4)   ��� Quadratic 
Shift �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U  Y" ������ 1σ (x) = 0.25,  2σ (x) = 0.50,  

3σ (x) = 0.75   �%��� ��#? #?�U��P;�%P<���P<���" 1ε ~ Exponential (1) - 1,  

2ε ~ Exponential (1) - 1, 3ε ~ Exponential (1) - 1   ?N%�P&��=�"�? ������
�H�UVZ"�%���
U"��U����;��&������%UVZ"   K���L��NY"��;#

��� 1 ��;#

��� 2  #<N��;#

��� 3 P&��=�"�? ��
����
�H�UVZ"?"� ��
�V�  1  Y"U�N�����;#

��� 4  }V��$�I# &��;#

���K �%���?NY>IP&��=�"�? ��
����
��=� ;&���;#

���" w �%�����?������� �� Shift  �
;&� ��� Quadratic Shift  Y>IP&��=�"�? ��
����
�H�����	�  ���<�%�$�I# &  ��� Affine Shift  #<N  Constant Shift  ��%<=���
 
 
� ����� 3 �����K�\�
	���
����������� ����B������	����������� k  ����	��� (k = 3)  

              ���BG��F6H���  
 

G< ������
 ����&� �"U��  3  ��� !��" ������� �=�>��
���������
  1
KSU    #<N  

1
KUU  �%��� =�>"�Y>I����%�����!���
Y>I����
  %�P&���&� �
 0.10, 0.15, 0.20, 0.25, 0.30, 0.35 #<N 

0.40 �=��"�" ���=�}Z=�?=�";" 1,000  Bootstrap  Replications  $�IP&�  P - value #������A����� 21 
 
 
           
 

 

 

 

 

 
 



 

126

        

               �� �.J.  2547, 2549 #<N 2550                                      �� �.J.  2547 #<N 2549     

       
             �� �.J.  2547 #<N 2550                                                    �� �.J.  2549 #<N 2550     
 

C����� 21  P&� P - values �������%�����! (h) ��&� �
 0.10, 0.15, 0.20, 0.25, 0.30, 0.35, 0.40  

                 �=�>��
���������
  1
KSU  (◆) #<N 1

KUU  (∎) 
 

       G< ������
 ����&� �"U����� !��" �������  3  ��� !��"   �=�>��
���������
 
1
KSU  #<N 1

KUU  ?� A����� 21  #���Y>I�>c";&�  �%����=� ������
 ����&� �"U����� !��" 
 �������  3  ��� !��" ������� (Over All-Test) K��  Y =  log (P&�Y�I?&���L<����&�P��;����")  
 X =  log (P&�Y�I?&���L<����&�P��;����") �N>;&���� �.J.  2547  2549  #<N  2550   �=�>��
�����
����
    1

KSU   �
;&�%�P&� P-value ��H&�N>;&��  0.0180 _ 0.0460   Y"U�N��������   1
KUU    

%�P&�  P-value ��H&�N>;&��  0.0150 _ 0.039    
 �%����=� ������
 ����&� �"U����� !��" �������  2  ��� !��" �������  K��  
Y =  log (P&�Y�I?&���L<����&�P��;����")   X= log (���$�I�L<����&�P��;����") �N>;&���� �.J.  2547 
#<N 2549  �=�>��
���������
 1

KSU  �
;&�%�P&� P-value ��H&�N>;&�� 0.0180 _ 0.0500    
Y"U�N��������   1

KUU  %�P&� P - value ��H&�N>;&�� 0.0160 _ 0.0280    
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�%����=� ������
 ����&� �"U����� !��" �������  2  ��� !��" �������   
K�� Y =  log (P&�Y�I?&���L<����&�P��;����")  X =  log (���$�I�L<����&�P��;����") �N>;&���� �.J.  
2547 #<N 2550  �=�>��
���������
 1

KSU  �
;&�%�P&� P-value ��H&�N>;&�� 0.0100 _ 0.0150  
Y"U�N�������� 1

KUU  %�P&� P - value ��H&�N>;&�� 0.0100 _ 0.0120    
�%����=� ������
 ����&� �"U����� !��" �������  2  ��� !��" �������   

K�� Y =  log (P&�Y�I?&���L<����&�P��;����")  X =  log (���$�I�L<����&�P��;����") �N>;&���� �.J.  
2549 #<N 2550  �=�>��
���������
 1

KSU  �
;&�%�P&� P-value ��H&�N>;&�� 0.2950 _ 0.4080
Y"U�N�������� 1

KUU  %�P&� P-value ��H&�N>;&�� 0.0630 _ 0.0980  
 }V��#���;&�Y"A���;% (Over all - test ) ��I"KPI� ���������Z� 3 ��I"%�P;�%#� �&�� �"  
#�&�%�����?������I"KPI� �������#�&<NPH&   �
;&���I"KPI� �������PH&���%�P;�%#� �&�� �"P��   
PH&��� 1) �� �.J.  2547 #<N �� �.J.  2550   PH&��� 2) �� �.J.  2547 #<N �� �.J.  2549  Y"U�N��� 
��I"KPI� ��������N>;&���� �.J. 2549  #<N �� �.J.  2550 $%&#� �&�� �"����N��
"���=�P�� 0.05    
 

��H��9	 
 

Y" ��JV 
�Y"P��Z�"�Z#
&�G< ��JV 
� �� ��g" 3  �&;"Y>�& w P�� 
 
� ����� 1  JV 
����������
 ����&� �"U����� !��" ������� k ��� !��" �����>� 

 ��#? #?�U�����������
A��Y�I�%%��\�"><�   0 1 2 3 kH :  m  =  m  =  m  =  ...  =  m   
�%���  k 2≥  #<N�%%��\�"����<��   1 i jH : m  m≠   �=�>��
 i, j  
��P&� 

i  j,  i, j  {1,  ... , k}≠ ∈  
 

� ����� 2   ��?=�<��#

Y"���" ���!�&�� w  �����JV 
�����!�}c"�!U�� �� 
�~���@�%%��\�"A��Y�I�%%��\�"><� #<N����!�}c"�!U�� ���~���@�%%��\�"A��Y�I 
�%%��\�"����<�� >����=�"�?U�� ������
U�����������
 1 1 2 2

KS KU KS KUU , U , U , U    
�%�����;#

U����� !��" ���������H&Y"�H�U�� 1) ��� !��"P����   2)  ��� !��"������I"���  3) 
��� !��"��c K��""����<  #<N 4)  ��� !��"���K �%���  K��U"��U����;��&��#
&���g"  ��;��&�� 
U"���<c  n = 20  ��;��&��U"�� <�� n = 50   ��;��&��U"��Y>�&  n = 100   #<N$�I =�>"�Y>I 
P;�%P<���P<���"%� ��#? #?�Y" 2 <� 
�NP�� N(0,1)  #<N  Exponential (1) - 1   
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K��$�I#
&� ��?=�<��#

��g"  2  �&;"Y>�& w P��   ������
 ����&� �"U����� !��" �������  
2  ��� !��" #<N  ������
 ����&� �"U����� !��" �������  3  ��� !��" 
 

� ����� 3   ����N�	 �!���������
 ����&� �"U�� k  ��� !��" ������� k  = 3  
 �
UI�%H<?��� 
 
G< ��JV 
��
;&�  
 

� ����� 1  JV 
����������
 ����&� �"U����� !��" ������� k ��� !��" �����>� �� 
#? #?�U�����������
A��Y�I�%%��\�"><�  0 1 2 3 kH :  m  =  m  =  m  =  ...  =  m   �%���  
k 2≥  #<N�%%��\�"����<��   1 i jH : m  m≠   �=�>��
 i, j  
��P&� i  j,  i, j  {1,  ... , k}≠ ∈  

 
1. A��Y�I�%%��\�"><�   �=�>��
  j = 1, ... ,k     

 

1.1 ���������
 
k

d1
KS j

yj=1

U sup U (y)→∑  ,  
k

1
KS j

yj=1

ˆU  = sup U (y)∑  

 

1.2 ���������
 
k

d1
KU j j

yyi=1

U  sup U (y)  - inf U (y)  
 

→  
  

∑ ,   

 

                                           
k

1
ku j j

yyi=1

ˆ ˆU  =  sup U (y)  - inf U (y)

 
 
 
  

∑  

 

1.3 ���������
 d2
KS

y

U sup U(y)→ , 2
KS

y

ˆ U  = sup U(y) ,   

 

        
k

1/2
jj

j=1

U(y) = p U (y)∑  
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1.4 ���������
 d2
ku

yy

U  sup U(y)  - inf U(y)
 

→  
  

, 

 

                           2
ku

yy

ˆ ˆU  =  sup U(y)  - inf U(y)

 
 
 
  

,   
k

1/2
jj

j=1

U(y) = p U (y)∑  

 

�%��� 
rnk

j irir ir
j εj j

j ir mix ir jr=1 i=1

f (X )Y  -  m(X ) I(r = j)
U (y ) =  f (y)p  - 

σ (X ) f (X ) p

 
 
 
 

∑∑   P����;#���	&%� ��   

 
���%�P&��L<�����&� �
 0  #<N%�KP����I��P;�%#����;"�&;%P�� 
 

2k
j irr ir

j j εj εj j j
j ir j ir mix ir jr=1

f (X )σ (X ) I(r = j)
Cov(U (y),U (y)) = f (y)f (y)p p E -

σ (X )σ (X ) f (X ) p
′ ′ ′

′

  
  

   
∑  

         

         
j ir

mix ir j

f (X ) I(r = j )
 - 

f (X ) p

′

′

 ′
   
 

 
���"�Z"  jU (y)   P�� ��;#���	&% Half _ Normal ��%�P&��L<���  

 
2

j irr ir

j ir j ir mix ir j

k

εj εj j j
r=1

f (X )σ (X ) I(r = j)
 - 

σ (X )σ (X ) f (X ) p
f (y)f (y)p p E

′
′ ′

  
     

∑  

 

                                                   
j ir

mix ir j

f (X ) I(r = j )
 -  

f (X ) p

2

π
′

′

 ′
   

 

 
#<N%�KP����I��P;�%#����;"�&;%P�� 
 

2k
j irr ir

j j εj εj j j
j ir j ir mix ir jr=1

f (X )σ (X ) I(r = j)
Cov(U (y),U (y)) = f (y)f (y)p p E -

σ (X )σ (X ) f (X ) p
′ ′ ′

′

  
  

   
∑  
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j ir

mix ir j

f (X ) I(r=j )
 - 

f (X ) p

2
1 - 

π

′

′

 ′  
       

 

 
2. A��Y�I�%%��\�"����<��   �=�>��
  j = 1, ... ,k     

 

2.1 ���������
 
k

d1 1/2
KS j j εjj

yj=1

U sup U (y) + p e f (y)→∑ , 

 

       
k

1
KS j

yj=1

ˆU  = sup U (y)∑  

2.2 ���������
 
 

k
d1 1/2 1/2

KU j j εj j j εjj jyyj=1

U sup U (y) + p e f (y)  - inf U (y) + p e f (y)
 

→  
  

∑ ,   

 

             
k

1
ku j j

yyi=1

ˆ ˆU  =  sup U y  - inf U y

 
 
 
  

∑  

 

2.3 ���������
  d2
KS

y

U sup U(y) + e(y)→ , 2
KS

y

 ˆU =  sup U(y) , 

 

                           
k

1/2
jj

j=1

U(y) = p U (y)∑ ,  
k

1/2
εj jj

j=1

e(y) = p f (y)e∑  

 

2.4 ���������
 d2
KU

yy

U  sup U(y)+ e(y)  - inf U(y)+ e(y)
 

→  
  

, 

 

                           2
ku

yy

ˆ ˆU  =  sup U(y)  - inf U(y)
 
 
  

, 
k

1/2
jj

j=1

U(y) = p U (y)∑ ,  
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k

1/2
εj jj

j=1

e(y) = p f (y)e∑  

 

�%��� 
rnk

j irir ir
j εj j

j ir mix ir jr=1 i=1

f (X )Y  -  m(X ) I(r = j)
U (y ) =  f (y)p  - 

σ (X ) f (X ) p

 
 
 
 

∑∑   P����;#���	&%� ��   

 
���%�P&��L<�����&� �
 0  #<N%�KP����I��P;�%#����;"�&;%P�� 
 

2k
j irr ir

j j εj εj j j
j ir j ir mix ir jr=1

f (X )σ (X ) I(r = j)
Cov(U (y),U (y)) = f (y)f (y)p p E -

σ (X )σ (X ) f (X ) p
′ ′ ′

′

  
  

   
∑  

         

        
j ir

mix ir j

f (X ) I(r = j )
 - 

f (X ) p

′

′

 ′
   
 

 

1/2 1/2
ε1 1 εk k1 k

E(y) = (p f (y)e  , ... , p f (y)e ) , ij j ij
j

j ij j

S(X ) - s (X )
e  = E

σ (X )/ n

 
 
 
 

, 

 
k

j
j j

mixj=1

f (u)
S(u) = p s (u)

f (u)
∑  

 
� ����� 2    ��?=�<��#

 (Simulation) 
 
 ������
 ����&� �"U����� !��" ������� 2 ��� !��"#<N ������
 ����&� �"U��

��� !��" �������  3 ��� !��"Y>IG<Y"<� 
�N��&"����; �"   <&�;P�� 
1. A��Y�I�%%��\�"><�   �=�>��
  j = 1, ... ,k     �
;&�����N��
"���=�P�� 

��&� �
 0.05 #<N 0.10  ���������
  1 1 2 2
KS KU KS KUU , U , U , U  ��%���P;
P	%P;�%P<���P<���"

��N�A���� 1 $�I���%�����;��&��%�U"��Y>�&Y"�	 ��;#

 ������� 
2. A��Y�I�%%��\�"����<�� �=�>��
  j = 1, ... ,k    �
;&�����N��
"���=�P�� 

��&� �
 0.05 #<N 0.10   ����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

���
��H&Y"�H�U��  1) ��� !��"P����  2) ��� !��"������I"���  3) ��� !��"��c K��""����<   #<N 4) ��� !��"
���K �%���   �=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U   %�P&��=�"�? ������
�H�UVZ"�%���
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U"��U����;��&������%UVZ"   K���L��NY"��;#

�����H&Y"�H�U��  ��� !��"������I"���  ��� !��"P����  
#<N��� !��"��c K��""����<   Y"U�N�����;#

�����H&Y"�H�U����;#

���K �%���Y>IP&��=�"�? ��
����
��=� ;&���;#

���" w    #�&�%�������
�N>;&�� ���   Constant Shift , Affine Shift  #<N  
Quadratic Shift �
;&� ��� Quadratic Shift Y>IP&��=�"�? ������
�H�����	� ���<�%�$�I# & ��� 
Affine Shift  #<N ��� Constant Shift ��%<=���
 
 

� ����� 3  ����N�	 �!���������
 ����&� �"U�� k  ��� !��" ������� k  = 3  
 �
UI�%H<?��� 
 

G< ������
 ����&� �"U����� !��" �������  3  ��� !��"   �=�>��
���������
 1

KSU

#<N 1

KUU  K�� ����N�	 �!Y�I���������
 �
UI�%H<?���Y>IG< ������
���P<I�� �
A����� 4 
 <&�;P��   Y"A���;%��I"KPI� ���������Z� 3 ��I"%�P;�%#� �&�� �"  #�&�%�����?������I"KPI� 
 �������#�&<NPH&  �
;&���I"KPI� �������PH&���%�P;�%#� �&�� �"P��  PH&��� 1)  �� �.J.  2547 
#<N  �� �.J.  2550   PH&��� 2) �� �.J.  2547 #<N  �� �.J.  2549  Y"U�N�����I"KPI� ������� 
�N>;&���� �.J.  2549   #<N  �� �.J.  2550  $%&#� �&�� �"����N��
"���=�P�� 0.05    
 

?� G< ��JV 
���Z�>%�#���Y>I�>c";&�  ���������
  1 1 2 2
KS KU KS KUU , U , U , U   

�����M"�UVZ"%�P;�%��%���Y" ��P;
P	%P;�%P<���P<���"��N�A���� 1 $�I���%�����;��&��%�U"��
Y>�&#<N"� ?� "�Z"���������
  1 1 2 2

KS KU KS KUU , U , U , U  %��=�"�? ������
�H��%���Y�I �

UI�%H<���%���;��&��U"��Y>�&    #<N?NY>IP&��=�"�? ������
�H�Y" ��������� !��" ���������H&
Y"�H�U����� !��"��I"���    ��� !��"P����   ��� !��"��c K��""����<��%<=���
   #�&�%���Y�I����

 �
��� !��" ������������H&Y"�H�#

��� !��"���K �%���  ?NY>IP&��=�"�? ������
P&�"UI����=� 
"� ?� "�Z" �����U"����;��&��U��UI�%H<#�&<N <	&%#� �&�� �"$%&�&�G<�&�P;�%��%���Y" ��
P;
P	%P;�%P<���P<���"��N�A���� 1  #<NP&��=�"�? ������
U�����������
 1 1

KS KUU , U ,  
2 2
KS KUU , U  
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 ?� G< ��JV 
������� <&�;%�#<I;UI���I"��	�$�I;&� A��Y�I�%%��\�"><� ��g"?���   �����
����
 1 1 2 2

KS KU KS KUU , U , U , U   ��g"��� !��"U��  jU (y)   #�&�"����?�   

 
rnk

j irir ir
j εj j

j ir mix ir jr=1 i=1

f (X )Y  -  m(X ) I(r = j)
U (y ) =  f (y)p  - 

σ (X ) f (X ) p

 
 
 
 

∑∑  %� ��#? #?�#

� ����� 

 
%�P&��L<�����&� �
 0  #<NKP����I��U��P;�%#����;"�&;%P��    
 

2k
j irr ir

j j εj εj j j
j ir j ir mix ir jr=1

f (X )σ (X ) I(r = j)
Cov(U (y),U (y)) = f (y)f (y)p p E -

σ (X )σ (X ) f (X ) p
′ ′ ′

′

  
  

   
∑  

         

       
j ir

mix ir j

f (X ) I(r = j )
 - 

f (X ) p

′

′

 ′
   
 

 
���"�Z"  jU (y)   P�� ��;#���	&% Half _ Normal ��%�P&��L<���  

 
2

j irr ir

j ir j ir mix ir j

k

εj εj j j
r=1

f (X )σ (X ) I(r = j)
 - 

σ (X )σ (X ) f (X ) p
f (y)f (y)p p E

′
′ ′

  
     

∑  

 

                                                   
j ir

mix ir j

f (X ) I(r = j )
 -  

f (X ) p

2

π
′

′

 ′
   

 

 
#<N %�KP����I��P;�%#����;"�&;%P�� 
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2k
j irr ir

j j εj εj j j
j ir j ir mix ir jr=1

f (X )σ (X ) I(r = j)
Cov(U (y),U (y)) = f (y)f (y)p p E -

σ (X )σ (X ) f (X ) p
′ ′ ′

′

  
  

   
∑  

         

        
j ir

mix ir j

f (X ) I( r= j )
 - 

f (X ) p

2
1 - 

π

′

′

 ′  
       

 

 
>�����? <&�;$�I;&����������
  1 1 2 2

KS KU KS KUU , U , U , U  %� ��#? #?������g"��� !��"U�� �� 
 
#? #?�#

  Half - Normal     
 
   A��Y�I�%%��\�"����<�� ��g"?���   ���������
 1 1 2 2

KS KU KS KUU , U , U , U   ��g" 
 

��� !��"U��   1/2
j j εjj

U (y)  +  p e f (y)   K�����  jU (y )%� ��#? #?�#

� �����%�P&��L<�����&� �
  

 
0  #<NKP����I��U��P;�%#����;"�&;%P��    
 

2k
j irr ir

j j εj εj j j
j ir j ir mix ir jr=1

f (X )σ (X ) I(r = j)
Cov(U (y),U (y)) = f (y)f (y)p p E -

σ (X )σ (X ) f (X ) p
′ ′ ′

′

  
  

   
∑  

         

       
j ir

mix ir j

f (X ) I(r = j )
 - 

f (X ) p

′

′

 ′
   
 

 

j
j

n
p  = 

n
,   ij j ij

j
j ij j

S(X ) - s (X )
e  =  E

σ (X )/ n

 
 
 
 

,  εjf (y)  P����� !��"P;�%>"�#"&""&�?N��g"U�� 

 
P;�%P<���P<���" <	&%��� j,   εj εjf (y) = F (y)′  

 
�%�����?����Y"#�&U������!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"><� #<N

����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� �
;&�  A��Y�I�%%��\�"><�   �=�>��
  



 

135

j = 1, ... ,k    �%��� =�>"��N��
"���=�P����&� �
 0.05 #<N 0.10  ���������
 1 1
KS KUU , U ,   

2 2
KS KUU , U  ��%���P;
P	%P;�%P<���P<���"��N�A���� 1 $�I���%�����;��&��%�U"��Y>�&Y" 

�	 ��;#

 �������   Y"U�N����; �"A��Y�I�%%��\�"����<��   �=�>��
  j = 1, ... ,k    
����!�}c"�! ���~���@�%%��\�"A��Y�I�%%��\�"����<�� U����;#

�����H&Y"�H�U��   
1) ��� !��"P����  2) ��� !��"������I"���  3) ��� !��"��c K��""����<   #<N 4) ��� !��"���K �%���
�=�>��
���������
 1 1 2 2

KS KU KS KUU , U , U , U  ?N%�P&��=�"�? ������
�H�UVZ"�%���U"��U��
��;��&������%UVZ"   K���L��NY"��;#

�����H&Y"�H�U��  ��� !��"������I"���  ��� !��"P����  #<N
��� !��"��c K��""����<   Y"U�N�����;#

�����H&Y"�H�U����;#

���K �%���Y>IP&��=�"�? ��
����
��=� ;&���;#

���" w  #�&�%��������
����
�N>;&�� ���   Constant Shift , Affine Shift   
#<N  Quadratic Shift  �
;&� ���  Quadratic Shift  Y>IP&��=�"�? ������
�H�����	� ���<�%� 
$�I# & ��� Affine Shift  #<N ��� Constant Shift ��%<=���
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1. Y" ��JV 
�Y"P��Z�"�Z��g" ����M"�����������Y�IY" ������
�%%��\�" 

0 1 2 3 kH :  m  =  m  =  m   =  ...  =  m   �%���  k 2≥  #<N 1 i jH : m  m≠   �=�>��
 i, j  
��P&� 

i  j,  i, j  {1,  ... , k},≠ ∈  k 2≥   K�� =�>"���;#

 ���������H&Y"�H�U��  

ij j ij j ij ijY   =  m (X )  +  σ (X )ε ,  ji = 1, ... ,n  #<N j = 1, ... ,k   K����� j ij m (X ) P����� !��"

 �������#

$%&�������%�����!   }V����g"��� !��" ����������$%&���
�H�#

U������%�����! 
Y"��� !��" �������  K����N%��P&���� !��" ��������I;�;�@� ��U��  Nadaraya _ Watson  
Estimator  ���"�Z"?V�P;���N%����� !��" ��������I;�;�@� �����"  ����������
����
;&�%�
P;�%��%���Y" ��P;
P	%P;�%P<���P<���"��N�A���� 1 �<��?"Y>IP&��=�"�? ������
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2. Y" ��JV 
�Y"P��Z�"�Z  $�I%� �� =�>"�;�@� ���<�� ����%�����!���
Y>I����
  

hj   K�� =�>"�Y>I  -3/10
j j

h  = cn  �%���   c = 1  ����� �������;   ���"�Z"Y" ��JV 
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P;�%� �� =�>"��H�#
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Y>I����
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Y>I����
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D���������A����D��D\�D���D6���D6������K�C���� 1 
 
  ��JV 
�P;�%��%���Y" ��P;
P	%�N��
"���=�P��U�������>��� ��P;
P	%P;�%
P<���P<���"��N�A���� 1 Y�I��;���������
 Z Y" ������
�%%��\�"#

 2  �I�"  (Keselman 
et.al., 2002) 
   =�>"�  α    #�"  P;�%P<���P<���"��N�A���� 1   ���� ��UVZ"?��� 
  α̂    #�"  P&���N%��U��P;�%P<���P<���"��N�A���� 1   ���� ��UVZ"?��� 

  0α   #�"  P;�%P<���P<���"��N�A���� 1   ��� =�>"�  Y" ��JV 
�"�Z =�>"�P;�% 
P<���P<���"��N�A���� 1  2 �N��
P�� 0.05 #<N 0.10 
   n    #�"  ?=�";"��;��&�����Y�I  ��&� �
 1,000 
  �%%��\�"U�� ������
P��  
   0 0H :  α  =  α  
   1 0H :  α   α≠  
  ��������Y�I����
P��  
 

   0

0 0

α̂ - α
Z  = 

α (1 - α )

n

 

 
 1.  �%��� =�>"�P;�%P<���P<���"��N�A���� 1   U�� ������
��g" 0.05 ?N��%��

�%%��\�"><� �I� α̂  ��H&Y"�&;�  
 

 α

2

(0.05)(0.95)
α̂   0.05 + Z

1000
≤    #<N α

2

(0.05)(0.95)
α̂   0.05 - Z

1000
≥  

 

 (0.05)(0.95)
α̂   0.05 + 1.96

1000
≤    #<N    (0.05)(0.95)

α̂   0.05 - 1.96
1000

≥  

 
    α̂  0.063≤               #<N α̂  0.036≥  
 
     ���"�Z"    [ ]α̂  0.036,  0.063∈  
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 2.  �%��� =�>"�P;�%P<���P<���"��N�A���� 1   U�� ������
��g" 0.10  ?N��%��

�%%��\�"><� �I� α̂  ��H&Y"�&;� 

 α

2

(0.10)(0.90)
α̂   0.10 + Z

1000
≤    #<N α

2

(0.10)(0.90)
α̂   0.10 - Z

1000
≥  

 

 (0.10)(0.90)
α̂   0.10 + 1.645

1000
≤    #<N    (0.10)(0.90)

α̂   0.10 - 1.645
1000

≥  

 
    α̂  0.115≤               #<N α̂  0.084≥  
    
     ���"�Z"    [ ]α̂  0.084,  0.115∈  
 
 ���������
Y����%�P&�P;�%P<���P<���"��N�A���� 1 ��H&Y"�&;���� <&�;?N���;&������
����
"�Z"��%���P;
P	%P;�%P<���P<���"��N�A���� 1 $�I 
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����B���J������ 

 
����
 ����&� �"U����� !��" ������� 2 ��� !��"K��Y�I���������
 1

KSU  
 

 

title 'Generate distribution of  y1 = m(x)=2X+0.25e1 , 

y2=m(x)=2X+0.5e2,  n=20'; 

%macro boott(trial,numberobs); 

%do i = 1 %to &trial; 

%let t=1; 

%let a1=20**-0.3; 

%let numObs=20; 

%let seed2=2345; 

%let seed3=3456; 

%let seed4=4567; 

%let seed5=5678; 

%let seed6=6789; 

 data one&i; 

Do i = 1 to 20; 

v1=rannor(-1); 

z1=rannor(&seed2); 

x1=ranuni(&seed3); 

e1=((1-(&a1**2))**0.5)*v1+(&a1*z1); 

y1=(2*x1)+(0.25*e1); 

v2=rannor(&seed4); 

z2=rannor(&seed5); 

x2=ranuni(&seed6); 

e2=((1-(&a1**2))**0.5)*v2+(&a1*z2); 

y2=(2*x2) +(0.50*e2); 

output; 

end; 

keep i x1 x2 y1 y2 e1 e2; 

proc print data=one&i; 

run; 

proc means data=one&i; 

var y1 y2; 

run; 

%end; 

run; 

%mend; 

%boott(1000,20); 

proc insight tools data=one1; 

run; 

option ps=65 ls=80 nodate; 

DM 'log;clear;output;clear'; 

ods trace on; 

data empi; 

input fe1 fe2 feo1 feo2; 

datalines; 

 

M         M             M       M          
; 

proc print data=empi; 
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run; 

proc rank 

 data=empi 

 out=order /* highly recommended */ 

 fraction 

 ties=high; 

   var fe1 fe2 feo1 feo2; 

   ranks fe1Rank fe2Rank feo1Rank feo2Rank ; 

run; 

data order; 

set order; 

a = feo1Rank-fe1Rank; 

b = feo2Rank-fe2Rank; 

run; 

data order; 

set order; 

c=ABS(a); 

d=ABS(b); 

run; 

proc univariate data=order; 

var c; 

Output out=em1ma max=MAX; 

run; 

proc univariate data=order; 

var d; 

Output out=em2ma max=MAX; 

run; 

data em1ma; 

set em1ma; 

e=(20**(1/2))*(max); 

run; 

data em2ma; 

set em2ma; 

f=(20**(1/2))*(max); 

run; 

data em12ma; 

merge em1ma em2ma;  

run; 

data em12ma; 

set em12ma;  

g=e+f; 

run; 

/*Macro program of bootstrap for empirical distribution function of 

residual*/ 

%macro boott(num=); 

/*DM 'log;clear;output;clear';*/ 

/*-----data file for bootstrap-----*/ 

PROC SURVEYSELECT DATA=empi METHOD=urs 

n=20 REP=&num seed=12345 OUT=empi1; 

 run; 

 /**proc print data=empi1;**/ 

 /**run;**/ 

data empi2(DROP=i); 

set empi1; 

DO i =1 TO numberhits; 

output; 

end; 
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run; 

/**proc print data=empi2;**/ 

 /**run;**/ 

%do i=1 %to &num; 

data set&i; 

set empi2; 

where replicate=&i; 

%end; 

%do i=1 %to &num; 

proc rank 

 data=set&i 

 out=order&i /* highly recommended */ 

 fraction 

 ties=high; 

   var fe1 fe2 feo1 feo2; 

   ranks fe1Rank fe2Rank feo1Rank feo2Rank ; 

run; 

data order&i; 

set order&i; 

a = feo1Rank-fe1Rank; 

b = feo2Rank-fe2Rank; 

run; 

data order&i; 

set order&i; 

c=ABS(a); 

d=ABS(b); 

run; 

proc univariate data=order&i; 

var c; 

Output out=em1ma&i max=MAX; 

run; 

proc univariate data=order&i; 

var d; 

Output out=em2ma&i max=MAX; 

run; 

data em1ma&i; 

set em1ma&i; 

e=(20**(1/2))*(max); 

run; 

data em2ma&i; 

set em2ma&i; 

f=(20**(1/2))*(max); 

run; 

data em12ma&i; 

merge em1ma&i em2ma&i;  

run; 

data em12ma&i; 

set em12ma&i;  

g=e+f; 

run; 

%end; 

data outall; 

set 

%do i=1 %to &num; 

em12ma&i 

%end; 

; 
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run; 

data em12ma; 

set em12ma; 

h=g; 

run; 

data mergeoutall; 

merge outall em12ma; 

run; 

data mergeoutall; 

set mergeoutall; 

h=5.8137767415; 

run; 

data mergeoutallnew; 

set mergeoutall; 

if g>h then g=1;   

else  g=0; 

run; 

proc print data=mergeoutallnew; 

proc freq;  tables g; 

where g=1; 

run; 

%mend; 

%boott(num=200); 
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����
 ����&� �"U����� !��" ������� 2 ��� !��"K��Y�I���������
 1

KUU  
 

option ps=65 ls=80 nodate; 

DM 'log;clear;output;clear'; 

ods trace on; 

data empi; 

input fe1 fe2 feo1 feo2; 

datalines; 

M         M             M       M          
; 

proc print data=empi; 

run; 

proc rank 

 data=empi 

 out=order /* highly recommended */ 

 fraction 

 ties=high; 

   var fe1 fe2 feo1 feo2; 

   ranks fe1Rank fe2Rank feo1Rank feo2Rank ; 

run; 

data order; 

set order; 

a = feo1Rank-fe1Rank; 

b = feo2Rank-fe2Rank; 

run; 

data order; 

set order; 

c=ABS(a); 

d=ABS(b); 

run; 

proc univariate data=order; 

var c; 

Output out=em1ma max=MAX min=MIN; 

run; 

proc univariate data=order; 

var d; 

Output out=em2ma max=MAX min=MIN ; 

run; 

data em1ma; 

set em1ma; 

e=(20**(1/2))*(max-min); 

run; 

data em2ma; 

set em2ma; 

f=(20**(1/2))*(max-min); 

run; 

data em12ma; 

merge em1ma em2ma;  

run; 

data em12ma; 

set em12ma;  

g=e+f; 

run; 

data em12mb; 

merge em1ma em2ma;  

run; 
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data em12mb; 

set em12mb;  

g=e+f; 

run; 

data em12mb; 

set em12mb;  

m=e+f; 

run; 

data em12mbnew; 

merge  em12mb em12ma;  

run; 

/*Macro program of bootstrap for empirical distribution function of 

residual*/ 

%macro boott(num=); 

/*DM 'log;clear;output;clear';*/ 

/*-----data file for bootstrap-----*/ 

PROC SURVEYSELECT DATA=empi METHOD=urs 

n=20 REP=&num seed=12345 OUT=empi1; 

 run; 

 /**proc print data=empi1;**/ 

 /**run;**/ 

data empi2(DROP=i); 

set empi1; 

DO i =1 TO numberhits; 

output; 

end; 

run; 

/**proc print data=empi2;**/ 

 /**run;**/ 

%do i=1 %to &num; 

data set&i; 

set empi2; 

where replicate=&i; 

%end; 

%do i=1 %to &num; 

proc rank 

 data=set&i 

 out=order&i /* highly recommended */ 

 fraction 

 ties=high; 

   var fe1 fe2 feo1 feo2; 

   ranks fe1Rank fe2Rank feo1Rank feo2Rank ; 

run; 

data order&i; 

set order&i; 

a = feo1Rank-fe1Rank; 

b = feo2Rank-fe2Rank; 

run; 

data order&i; 

set order&i; 

c=ABS(a); 

d=ABS(b); 

run; 

proc univariate data=order&i; 

var c; 

Output out=em1ma&i max=MAX min = MIN; 

run; 
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proc univariate data=order&i; 

var d; 

Output out=em2ma&i max=MAX min = MIN; 

run; 

data em1ma&i; 

set em1ma&i; 

e=(20**(1/2))*(max-min); 

run; 

data em2ma&i; 

set em2ma&i; 

f=(20**(1/2))*(max-min); 

run; 

data em12ma&i; 

merge em1ma&i em2ma&i;  

run; 

data em12ma&i; 

set em12ma&i;  

g=e+f; 

run; 

data em12mbnew 

merge em12ma em12mb;  

run; 

%end; 

data outall; 

set 

%do i=1 %to &num; 

em12ma&i 

%end; 

; 

run; 

data em12ma; 

set em12ma; 

h=g; 

run; 

data mergeoutall; 

merge outall em12ma; 

run; 

data mergeoutall; 

set mergeoutall; 

h=13.191; 

run; 

data mergeoutallnew; 

set mergeoutall; 

if g>h then g=1;   

else  g=0; 

run; 

proc print data=mergeoutallnew; 

proc freq;  tables g; 

where g=1; 

run; 

%mend; 

%boott(num=1000); 
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 ����N�	 �!���������
 1

KSU #<N 1

KUU   �
UI�%H<?��� 
 

���������
  1

KSU  (overall test p-value 0.10) 
 
option ps=65 ls=80 nodate; 

DM 'log;clear;output;clear'; 

ods trace on; 

data empi; 

input fe1 feo1 fe2 feo2 fe3 feo3; 

datalines; 

 
-4246.43133 -108702.962 -17.62317275 -476.4807154 -13.84455833 -359.5348675 

M         M             M       M         M             M    M  
-29.62867424 -1838.898856 -1.413770857 -106.8281027 -11.6681134 -699.6150028;  

 

proc print data=empi; 

run; 

proc rank 

 data=empi 

 out=order /* highly recommended */ 

 fraction 

 ties=high; 

   var fe1 feo1 fe2 feo2 fe3 feo3; 

   ranks fe1Rank fe2Rank fe3Rank feo1Rank feo2Rank feo3Rank  ; 

run; 

data order; 

set order; 

a = feo1Rank-fe1Rank; 

b = feo2Rank-fe2Rank; 

c = feo3Rank-fe3Rank; 

run; 

data order; 

set order; 

d=ABS(a); 

e=ABS(b); 

f=ABS(c); 

run; 

proc univariate data=order; 

var d; 

Output out=em1ma max=MAX; 

run; 

proc univariate data=order; 

var e; 

Output out=em2ma max=MAX; 

run; 

proc univariate data=order; 

var f; 

Output out=em3ma max=MAX; 

run; 

data em1ma; 

set em1ma; 

g=(76**(1/2))*(max); 

run; 

data em2ma; 
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set em2ma; 

h=(76**(1/2))*(max); 

run; 

data em3ma; 

set em3ma; 

i=(76**(1/2))*(max); 

run; 

data em123ma; 

merge em1ma em2ma em3ma;  

run; 

data em123ma; 

set em123ma;  

j=g+h+i; 

run; 

/*Macro program of bootstrap for empirical distribution function of 

residual*/ 

%macro boott(num=); 

/*DM 'log;clear;output;clear';*/ 

/*-----data file for bootstrap-----*/ 

PROC SURVEYSELECT DATA=empi METHOD=urs 

n=76 REP=&num seed=12345 OUT=empi1; 

 run; 

 /**proc print data=empi1;**/ 

 /**run;**/ 

data empi2(DROP=i); 

set empi1; 

DO i =1 TO numberhits; 

output; 

end; 

run; 

/**proc print data=empi2;**/ 

 /**run;**/ 

%do i=1 %to &num; 

data set&i; 

set empi2; 

where replicate=&i; 

%end; 

%do i=1 %to &num; 

proc rank 

 data=set&i 

 out=order&i /* highly recommended */ 

 fraction 

 ties=high; 

   var fe1 fe2 fe3 feo1 feo2 feo3; 

   ranks fe1Rank fe2Rank fe3Rank feo1Rank feo2Rank feo3Rank  ; 

run; 

data order&i; 

set order&i; 

a = feo1Rank-fe1Rank; 

b = feo2Rank-fe2Rank; 

c = feo3Rank-fe3Rank; 

run; 

data order&i; 

set order&i; 

d=ABS(a); 

e=ABS(b); 

f=ABS(c); 
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run; 

proc univariate data=order&i; 

var d; 

Output out=em1ma&i max=MAX; 

run; 

proc univariate data=order&i; 

var e; 

Output out=em2ma&i max=MAX; 

run; 

proc univariate data=order&i; 

var f; 

Output out=em3ma&i max=MAX; 

run; 

data em1ma&i; 

set em1ma&i; 

g=(76**(1/2))*(max); 

run; 

data em2ma&i; 

set em2ma&i; 

h=(76**(1/2))*(max); 

run; 

data em3ma&i; 

set em3ma&i; 

i=(76**(1/2))*(max); 

run; 

data em123ma&i; 

merge em1ma&i em2ma&i em3ma&i ;  

run; 

data em123ma&i; 

set em123ma&i;  

j=g+h+i;; 

run; 

%end; 

data outall; 

set 

%do i=1 %to &num; 

em123ma&i 

%end; 

; 

run; 

data em123ma; 

set em123ma; 

k=j; 

run; 

data mergeoutall; 

merge outall em123ma; 

run; 

data mergeoutall; 

set mergeoutall; 

k=20.9915; 

run; 

data mergeoutallnew; 

set mergeoutall; 

if j>k then j=1;   

else  j=0; 

run; 

proc print data=mergeoutallnew; 

proc freq;  tables j; 
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where j=1; 

run; 

%mend; 

%boott(num=1000); 
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���������
  1

KUU (overall test p-value 0.10) 
 

option ps=65 ls=80 nodate; 

DM 'log;clear;output;clear'; 

ods trace on; 

data empi; 

input fe1 feo1 fe2 feo2 fe3 feo3; 

datalines; 

 
-4246.43133 -108702.962 -17.62317275 -476.4807154 -13.84455833 -359.5348675 

M         M             M       M         M             M    M  
-29.62867424 -1838.898856 -1.413770857 -106.8281027 -11.6681134 -699.6150028;  

;  

proc print data=empi; 

run; 

proc rank 

 data=empi 

 out=order /* highly recommended */ 

 fraction 

 ties=high; 

   var fe1 fe2 fe3 feo1 feo2  feo3; 

   ranks fe1Rank fe2Rank fe3Rank feo1Rank feo2Rank feo3Rank  ; 

run; 

data order; 

set order; 

a = feo1Rank-fe1Rank; 

b = feo2Rank-fe2Rank; 

c = feo3Rank-fe3Rank; 

run; 

data order; 

set order; 

d=ABS(a); 

e=ABS(b); 

f=ABS(c); 

run; 

proc univariate data=order; 

var d; 

Output out=em1ma max=MAX min=MIN; 

run; 

proc univariate data=order; 

var e; 

Output out=em2ma max=MAX min=MIN; 

run; 

proc univariate data=order; 

var f; 

Output out=em3ma max=MAX min=MIN; 

run; 

data em1ma; 

set em1ma; 

g=(76**(1/2))*(max-min); 

run; 

data em2ma; 

set em2ma; 

h=(76**(1/2))*(max-min); 

run; 

data em3ma; 
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set em3ma; 

i=(76**(1/2))*(max-min); 

run; 

data em123ma; 

merge em1ma em2ma em3ma;  

run; 

data em123ma; 

set em123ma;  

j=g+h+i; 

run; 

/*Macro program of bootstrap for empirical distribution function of 

residual*/ 

%macro boott(num=); 

/*DM 'log;clear;output;clear';*/ 

/*-----data file for bootstrap-----*/ 

PROC SURVEYSELECT DATA=empi METHOD=urs 

n=76 REP=&num seed=12345 OUT=empi1; 

 run; 

 /**proc print data=empi1;**/ 

 /**run;**/ 

data empi2(DROP=i); 

set empi1; 

DO i =1 TO numberhits; 

output; 

end; 

run; 

/**proc print data=empi2;**/ 

 /**run;**/ 

%do i=1 %to &num; 

data set&i; 

set empi2; 

where replicate=&i; 

%end; 

%do i=1 %to &num; 

proc rank 

 data=set&i 

 out=order&i /* highly recommended */ 

 fraction 

 ties=high; 

   var fe1 fe2 fe3 feo1 feo2 feo3; 

   ranks fe1Rank fe2Rank fe3Rank feo1Rank feo2Rank feo3Rank  ; 

run; 

data order&i; 

set order&i; 

a = feo1Rank-fe1Rank; 

b = feo2Rank-fe2Rank; 

c = feo3Rank-fe3Rank; 

run; 

data order&i; 

set order&i; 

d=ABS(a); 

e=ABS(b); 

f=ABS(c); 

run; 

proc univariate data=order&i; 

var d; 

Output out=em1ma&i max=MAX min=MIN; 
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run; 

proc univariate data=order&i; 

var e; 

Output out=em2ma&i max=MAX min=MIN; 

run; 

proc univariate data=order&i; 

var f; 

Output out=em3ma&i max=MAX min=MIN; 

run; 

data em1ma&i; 

set em1ma&i; 

g=(76**(1/2))*(max-min); 

run; 

data em2ma&i; 

set em2ma&i; 

h=(76**(1/2))*(max-min); 

run; 

data em3ma&i; 

set em3ma&i; 

i=(76**(1/2))*(max-min); 

run; 

data em123ma&i; 

merge em1ma&i em2ma&i em3ma&i ;  

run; 

data em123ma&i; 

set em123ma&i;  

j=g+h+i;; 

run; 

%end; 

data outall; 

set 

%do i=1 %to &num; 

em123ma&i 

%end; 

; 

run; 

data em123ma; 

set em123ma; 

k=j; 

run; 

data mergeoutall; 

merge outall em123ma; 

run; 

data mergeoutall; 

set mergeoutall; 

k=20.9915; 

run; 

data mergeoutallnew; 

set mergeoutall; 

if j>k then j=1;   

else  j=0; 

run; 

proc print data=mergeoutallnew; 

proc freq;  tables j; 

where j=1; 

run; 

%mend; 

%boott(num=1000); 
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