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: by W. Limtrakarn, A. Yodsangkham, A. Namlaow,
and P. Dechaumphai

DETERMINATION OF K, K. AND TRAJECTORY
OF INITIAL CRACK BY ADAPTIVE FINITE ELEMENT
METHOD AND PHOTOELASTIC TECHNIQUE

ife prediction of single or multi-material products

is one of the most important studies in engineering

design and maintenance. Crack propagation speed

and its trajectory are the key behaviors to assess
the life of products. Determination of the stress intensity
factors on crack tip are needed to accurately predict the crack
propagation and its trajectory. Several numerical methods
and nondestructive experimental techniques are currently
being used to determine such phenomena. The photoelastic
technique with an optic-experimental interference has been
employed to determine the stress intensity factors and
the crack’s trajectories.!”* Its principle is based on the
double refraction phenomenon by analyzing the maximum
shear stress induced in the transparent or birefringent of
the photoelastic model under loading. The phenomenon
is observed by looking through the optical elements, i.e.
the polarizer and the analyzer of the polariscope, as
demonstrated in Fig. 1. Their results provide information
that can be applied directly to metal prototypes by using the
law of similarity. At present, several numerical methods
have also been developed to predict crack propagation
phenomenon. These methods include the finite element
method,®~7 the meshless method,®? the manifold method
with virtual crack extension,'’ and the boundary element
method. !

In this paper, the stress intensity factors K and Kjy, includ-
ing the trajectory of the initial crack, are determined using
the adaptive finite element method and the photoelastic tech-
nique. The theory of the two-dimensional fracture mechanics
is described first. The finite element method using the 8-node
quadrilateral elements surrounding the crack tip together
with the adaptive meshing technique are explained. The
finite element formulation and its computational procedure
are described. The photoelastic technique is then presented
for determining the stress intensity factors. The maximum
circumferential stress theory is used to calculate the tra-
jectory of the initial crack. Both the finite element method
and the photoelastic technique are evaluated by benchmark
problems. The first two problems are the single-edge cracked
plate and the double-edge cracked plate under tensile load-
ing. Their results obtained from the adaptive finite element
method and the photoelastic technique are compared with
those presented by Brown.!? The third problem is the slant-
edge cracked plate subjected to uniform tensile loading.
Both the finite element method and the photoelastic tech-
nique solutions are compared with the empirical formula of
Murakami!® for different crack length ratios.
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THEORY

Stress and Stress Intensity Factor Relations

The relations of the stress and the stress intensity factors for
modes I and II using the Linear Elastic Fracture Mechanics
(LEFM) theory are,!*

Oy = Fl— [Kicos § (1-singsin¥)
- Ku sin 4 (2 + cos § cos )] (1
a, = V'z,-r [Kicos § (1 —sin g si n%“)
+Ku sin 3 cos § cos %] (2)
Ty = J— [Kisin § cos § cos ¥
+Kiy cos § (1 —sin § sin ¥)] 3

where K; and Ky are the stress intensity factors for the
opening mode (mode I) and the tearing mode (mode II); r and
@ are the distance and the angle in the polar coordinates as
shown in Fig. 2; o, and o, are the normal stresses in x and

y directions, respectively, and 7, is the shearing stress.

The general form of the stress intensity factor at the crack
tip is given by,'®

K =FoJ/ma (4)

where F is the geometry factor that depends on the
dimensions of problem, o is the far-field stress, and a
is the crack length.

The stress intensity factors K7 and Kjj can be computed from
displacement extrapolation near the crack tip. These stress
intensity factors are expressed by,

Ky = EETFMTLE\/%(‘“U’J =l (5] )

Ky = W@(«ub —ug) - (%3%))  6)

where E is the modulus of elasticity, v is the Poisson’s ratio,x
is the elastic parameter defined by (3—4v) for plane strain
case and (3—v)(1 + v) for plane stress case, L is the element
length, and u and v are the displacement components in x and

y directions, respectively. The subscripts of u and v represent

their positions for the nodes of the elements surrounding the
crack tip as shown in Fig. 3(a). Figure 3(b) provides detail of
the 8-node quadrilateral element with their mid-side node
positions, while nodes 1, 4, and 8 are collapsed and placed
together at the crack tip.
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Fig. I: Photoelastic model under loading in a
polariscope

Crack propagation in two-dimensional fracture mechanics
problems is normally caused by mixed mode loading.
Several methods are employed to predict the trajectory of
initial crack. These methods have been developed using
the maximum circumferential stress theory,'6 the maximum
energy release rate theory,'” and the minimum strain energy
density method.!® In the maximum circumferential stress
theory, the direction of crack propagation 4, is computed
from,

Kisin 0 + Kjj (3cos 6, — 1) =0 (7)

‘[xy

ti
05
ST

/o)
\— Crack tip

Fig. 2: State of stresses in polar coordinates from
crack tip

m_——

where 6, is determined from,

K K2
LR (R) +8
bp = 2tan”™! | ————— ®)

3

Equation 7 implies that the crack propagates at zero angle,
tp, for the pure mode I, and at a nonzero angle for the case
of mixed mode loading.

Finite Element Method

The finite element equations can be derived from the
governing differential equations of equilibriums. The derived

=TV

Crack tip 6

5

Uyl a

(b) A quarter—point eight-node quadrilateral element.

Fig. 3: Eight-node quadrilateral element around crack tip
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Fig. 4 Combination of three element types
surrounding crack tip
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Fig. 5: Distance r, and angle 0, of isochromatic loop

finite element equations are written in matrix form as,
[K1(8) = {F} 9

where {8} 1s the vector of the element nodal displacements,
[K] is the element stiffness matrix,!? and {F)} is the element
load vector.

To obtain a solution with good accuracy around the crack
tip, the finite elements with high-order element interpola-
tion functions are preferred. The eight-node quadrilateral
elements (Q8) are selected herein to construct a circular zone
surrounding the crack tip. These elements have their mid-
side nodes displaced from their nominal position to quarter
points of the tip as shown in Fig. 3(a). The radius of the
circular zone is specified to be no longer than one-eight of the
initial crack length, with roughly one element every 30" in
the circumferential direction.?’

The four-node quadrilateral elements (Q4) are also chosen to
connect the Q8 elements at the crack tip with the triangular
elements (T3) in the regions away from the crack tip as
shown in Fig. 4.

Photoelastic Technique

The reflection photoelastic technique can be used to
determine the state of stresses and crack speed on
transparent material under both the static and dynamic
conditions.?! The technique provides the relationships of the

L5 isochromatic loop #2

isochromatic loop #1
rack > X

Fig. 6: Distance r,, of two isochromatic loops

Given data:
b=3mm.
H =36 mm.

W =36 mm.
0., =1.14 MPa

Yack tip
E =2.50 GPa

P
v=0.38

w fs = 7.0 kN/m/fringe

L 7.2mm.<a<21.6 mm.
b 4

Ou

2H

Fig. 7: Problem statement of single-edge cracked
plate under tensile loading

direct isochromatic fringe pattern and the difference of the
principle stresses as,

Nf,
2t

o1 —09 =21y = (10)

where t, is the maximum inplane shear stress, f, is the
stress-optical constant, N is the order of the isochromatic
fringe, and ¢ is the thickness of specimen.

The maximum shear stress is related with the stress
components in the form,

@tm) = (0, — 0,)% + 472, (11)

Similarly, by substituting Eqgs. 1-3 into Eq. 11, the rela-
tionship between the maximum shear stress and the stress
intensity factors is obtained,*
2rp)? = ﬁ [(Kl sin6 + 2Ky cos 6)® + (Kj; sin 9)2]
7= sin § [Kisin6(1 + 2cos )]

+ Kii(1 4+ 2cos? 6 + cos 6) (12)
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a/W =0.6

number of nodes = 576 7

number of Q8 = 6
number of Q4 = 6
number of T3 = 1,047

Symmetry line ---

Crack tip —

Fix Tx, Ty

(a) Finite element model

(b) Boundary condition

Fig. 8: Adaptive finite element model of single-edge cracked plate with a/W = 0.6

= 12,10 mm

;=791 mm
re= 528 mm
rg= 3.72 mm
rs=3.72mm
<= 543 mm
;=807 mm

= 12.26 mm

Fig. 9: Photoelastic result of single-edge cracked plate
with a/lW = 0.6

Similarly, by substituting Eq. 10 into Eq. 12, the stress
intensity factor for the opening mode can be expressed in
the form,

Nfy /Zrrg g 3\
K, = Mo ¥ [1+ (m“,,m) ]

2t sinfip
n ME
(1 + 23t:anﬁm ) (13)

where 6, is the angle of inclination to the crack plane and
I'm is the distance from crack tip to the farthest point on a
given isochromatic loop as shown in Fig. 5. The position of
the farthest point on a given isochromatic loop is represented
by 0tm/36 = 0.
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e Adaptive finite element method

& Photoelastic technique

— Hiroshi et al.'?

K, (MPa-m'?2)

O . 1 " i " 1 L 1 1 A
0.1 0.2 0.3 0.4 0.5 0.6 0.7

Crack length ratio (a/W)

Fig. 10: Comparative stress intensity factor K; for
single-edge cracked plate

The relationship between the stress intensity factors and the
angle 6, is obtained by minimizing Eq. 12 with respect to 0
to yield,

Ku\® 4 (Ky 1
Y =) oot — ¢ = 14
(Kl) B(Kl)cot(i 3 0 (14)

Equation 14 above is used to determine the ratio (Ky;/Ky) by
measuring the angle 6, on the isochromatic loop which is
valid at the point very close to the crack tip. The direction of
crack propagation 6, can then be computed by substituting
the ratio (Kjj/Kj) into Eq. 8. By using the measured data
from the two isochromatic loops along the line perpendicular
to the crack plane (¢ = 90°)** as shown in Fig. 6, the stress
intensity factor can be computed from,

fa (N — Ny)
Ki==2rr———— (15)
: 2t " 1].—— Jri/re)
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Given data:

b =3 mm.

H =36 mm.

W =36 mm.

o, =1.14 MPa

E =2.50 GPa

v=0.38

fs = 7.0 kN/m/fringe

10.8 mm. <a<21.6 mm.

Fig. 11: Problem statement of double-edge cracked plate under tensile loading

a/W =04

number of nodes = 578
number of Q8 = 6
number of Q4 = 6
number of T3 = 1,040

(a) Finite element model

Fix Tx

]

M Crack tip

(b) Boundary condition

Fig. 12: Adaptive finite element model of double-edge cracked plate in tension with a/W = 0.4

4.8588 mm
2.4859 mm
1.5819 mm
1.5819 mm
2.4859 mm
4.8588 mm

ry = 4.7458 mm
rg = 2.4859 mm
fe = 1.6946 mam

s ™ 1.5819 mm
re= 2.4859 mm
r, = 4.8588 mm

Fig. 13: Photoelastic result of double-edge cracked plate in tension with a/W = 0.4
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T
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0.2 0.3 0.4 0.5 0.6 0.7

Crack length ratio (a/W)

Fig. 14: Comparative stress intensity factors for
double-edge cracked plate

APPLICATIONS

The adaptive finite element method and the photoelastic
technique are evaluated by using the three benchmark
problems of: (1) the single-edge cracked plate, (2) the double-
edge cracked plate, and (3) the slant-edge cracked plate, all
under uniaxial tensile loading. Results are compared with
those presented by Hiroshi et al.'? and Murakami.'® All
plates have dimensions of 36 x 72 x 3 mm and are made
from polycarbonate material for which one side is coated
with resin and diethylenetriamine with silver color. Isopropyl
alcohol is required to degrease and clean the coating surfaces.

Single-Edge Cracked Plate

A rectangular plate has varied crack length per width (/W)
between 0.2 to 0.6. The plate is subjected to a far-field tensile
stress of o o = 1.14 MPa along the top and bottom edges
as shown in Fig. 7. Due to symmetry of the problem, only
the upper half of the plate is used as a finite element model.

bl

Five analysis cases were performed with the crack length per
width 0f 0.2, 0.3, 0.4, 0.5, and 0.6. As an example for the case
with the crack length per width of 0.6, the adaptive finite
element mesh containing six Q8-elements, six Q4-elements,
and 1047 of the T3 elements, with the total of 576 nodes, is
shown in Fig. 8.

It is noted that the stress intensity factor given by Hiroshi et
al.!? for this problem is,

Ki = 0. /7@ [1.122-0.231% + 1055 (§7)?

-2L.71 ()" + 30382 (§)'] (16)

The computed stress intensity factor for the opening mode
K| obtained from the adaptive finite element method and the
photoelastic technique is 1.22410 and 1.22271, as compared
to 1.22074 from Eq. (16) with the differences of 0.28 and
0.16%, respectively.

Figure 9 shows the photoelastic result using the photo cam-
era technique®® for the case of a/W = 0.6. The measured
values of r; for each N;, i = 1-4, for the top and bottom
fringe images are used to calculate the average stress inten-
sity factors.

Results of the stress intensity factor K| from the finite
element method and the photoelasticity technique are
compared with those given by Hiroshi et al. for the five
cases of a/W = 0.2, 0.3, 0.4, 0.5, and 0.6 as shown in Fig. 10.
The figure shows good agreement of the solutions for all cases
of the crack length ratio.

Double-Edge Cracked Edge Plate

The geometry and material properties of a double-edge
cracked plate under tensile loading is shown in Fig. 11.

2H < 45°

o Ve |

) Given data:
— Crack tip

b=3mm.
H =36 mm.
W =36 mm.
c.=1.8166 MPa
E =250 GPa
v=0.38

fs = 7.0 kN/m/fringe

72mm.<a<18 mm.

/

b e

Fig. 15: Problem statement of slant-edge cracked plate under tensile loading
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a/W =0.3

number of nodes = 3,207
number of Q8 = 6
number of Q4 = 6
number of T3 = 6,208

VA

</ AN

IAVAVAY,Y,
N/ X
N

4

<

B

B

RO/
X y'“‘?é;‘:;"
RIXORD
PavNQy,
NS

N
NN

\/

A
\/

nuuv.‘v S

LK

OORE
QAN

N\AAZ

(a) Finite element model
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f Fix Tx, Ty
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(b) Boundary condition

Fig. 16: Adaptive finite element model of slant-edge cracked plate with a/W = 0.3

r,=10.42 mm

Fig. 17: Photoelastic result of slant-edge cracked
plate with a/lW = 0.3

The plate has two cracks in the middle of both sides,
with the crack length ratio that varies from 0.3 to 0.6.
Due to symmetry of the problem, only the upper right
quarter of the plate can be used for finite element
modeling.

Figure 12 shows the final adaptive finite element model for
the case of &/W = 0.4. This finite element model consists of
578 nodes with 6 Q8 elements, 6 Q4 elements, and 1040 of
the T3 elements. The stress intensity factor for opening mode
K; of this problem is given by,?

Ki = 0.0/7a [1.122-0.561F — 0015 (§)°

-0.091(%)°] //1- % (1n

The photoelastic fringe image for the case of a/W = 0.4
recorded by the polariscope is shown in Fig. 13. By selecting
the distances ry,r5, and rg of isochromatic fringe image as

0.6 ————————
& —— Murakami'3 1
E 05| & Photoelasticity technique I -
A . ® Adaptive finite element method J
= X
< o4l Ref. 4 N
e
o - K, 1
@
S 03} .
> L e |
B
§ 0.2 =
= r Ky
@

Q 01} —
%) H b
0 " 1 " 1 . 1 s 1 "

0.1 0.2 0.3 0.4 0.5 0.6
Crack length ratio (a/W)
Fig. 18: Comparing stress intensity factors of

slant-edge cracked plate

41.74°

direction of
crack propagation

Fig. 19: Direction of crack propagation for slant-edge
cracked plate with a/W = 0.3
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Fig. 20: Comparative trajectories of initial crack for
slant-edge cracked plate

shown in the figure, the average stress intensity factor is
computed using Eq. 15.

Figure 14 shows the results of the stress intensity factors
obtained from the finite element method and the photoelastic
technique as compared to that from Eq.17. The figure
shows good agreement of the finite element method and
the photoelastic technique with the average differences of
0.26 and 2.19%, respectively.

Slant-Edge Cracked Plate

The geometry and material properties of the plate in this
example are the same as the previous one. The crack has a 45
inclined angle with the horizontal line as shown in Fig. 15.
Under tensile loading, o, an inclined crack with mixed
mode occurs. Figure 16 shows the adaptive finite element
mesh with 3207 nodes, 6 Q8 elements, 6 Q4 elements, and
6208 of the T3-elements.

The photoelastic fringe image for the case of a/W = 0.3 is
shown in Fig. 17. The average stress intensity factor Kj is
computed by measuring the distance ry, of the isochromatic
fringe loop numbers 2, 3, and 4, and substituting them
into Eq. 15. The stress intensity factor Ky is computed by
measuring the angle 6,, on the isochromatic loop and sub-
stituting it into Eq. 14. Figure 18 shows good agreement of
the computed stress intensity factors K; and Kjj of the mixed
mode from adaptive finite element method, the photoelas-
tic technique and that presented in Ref. 13. The average K
differences of adaptive finite element method and the pho-
toelastic technique results are 2.38 and 3.52%, respectively,
from Ref. 13. Correspondingly, the average Kj; differences
of adaptive finite element method and the photoelastic tech-
nique results are 5.93 and 2.7%, respectively, from Ref. 13.
By using the photoelastic technique with the substitution of
K and Ky into Eq. 8, the crack propagation direction for the
case of a/W = 0.3 is presented in Fig. 19. Figure 20 compares
the crack growth trajectories between the adaptive finite ele-
ment method and the photoelastic technique for all the four
cases of 0.2 < a/W < 0.5.
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CONCLUSIONS

An adaptive finite element method using the eight-node
quadrilateral finite element surrounding the crack tip is
presented to analyze two-dimensional fracture mechanics
problems. The method is used to determine the stress
intensity factors and the trajectory of initial crack. The
adaptive finite element method generates small elements in
the crack region to capture high stress gradient for providing
high solution accuracy. Larger elements are generated in the
other regions where the stress gradients are small to reduce
number of elements and thus the computational time. The
reflection photoelastic technique is also employed to obtain
the stress intensity factors. The benchmarks problems of:
(1) single-edge cracked plate, (2) double-edge cracked plate,
and (3) slant-edge cracked plate under tensile loading were
used to evaluate the performance of the finite element method
and the reflection photoelastic technique. Results obtained
from the finite element method and the reflection photoelastic
technique are compared by using the stress intensity factors.
In the first example of the single-edge cracked plate, the
differences of the stress intensity factor K obtained from the
finite element method and the photoelastic technique from
the Hiroshi et al. result'? are 0.88 and 3.12%, respectively.
These stress intensity factor differences are 0.26 and 2.19%
for the second example of the double-edge cracked plate. In
the third example of the slant-edge cracked plate, the stress
intensity factors Ki and Kjj obtained from the adaptive finite
element method and the photoelastic technique also agree
very well with those shown in Ref. 13. These examples
have demonstrated the applicability and advantages of
the adaptive finite element method for providing accurate
prediction of the stress intensity factors, including the
trajectory of initial crack.
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