CHAPTER 3 TWO TYPES OF DP TRIANGULAR PATHCES

In this chapter, two new models of triangular patches are introduced by using the notions

of DP univariate polynomial basis [11]. This basis is interesting the following reasons:

1. Linear complexity: Its evaluation algorithm has linear complexity.

2. Normalized Totally Positive Property(NTP): Its blending functions always have the nor-
malized totally positive property. Consequently, it is a shape preserving representation
[14].

3. Coefficient calgulation avoidance: There is no need to calculate for the coefficients of

the polynomials.

Employing this univariate basis for DP curves, we can derive a new bivariate basis. As a
result, we expect to obtain a new set of blending functions that can form a new basis of
bivariate polynomials as well as providing proper DP form characteristics.

In this result, the key requirements for new bivariate polynomials of the surface model

adapted from these characteristics of DP blending functions, will be:

1. Analgorithm that can calculate a point on this triangular surface within a quadratic time.

2. The proposed set of polynomials are defined almost with no coefficient values in order

to avoid calculation time. Hence, only some coefficients will be calculated.

An easy way to explain and get a point on a DP curve is to repeatedly interpolate two
consecutive points together. For DP curve, there are two main types of interpolations, (1)
with parameter ¢ and (2) with exactly %

Interpolated with ¢, the new point will be ¢ = (1 — t)p; + tps, while interpolated with %,

the result is ¢ = %(pl + p2), as illustrated as follows.
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Figure 3.1 Two Types of Interpolations for DP Curve
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Thus, a point on DP curve can be recursively computed by the interpolation concept as
shown in Figure 3.2. In practice, we will use an iterative method to calculate a point on

DP curve instead of this recursive one.

do d; d; ds; di d? df d;
7Y A \/
dg d; d: \:’, d, ‘\d; d.
2 Y X &
dg di ds ds d: dé
D N N
d; d; ;;, d; d;

[
\ . d,‘/ E; ds
8 K
dg d; dg
WAESA
ds d;
& -—=1/2

Figure 3.2 The Triangular Schema of DP Curve

Similarly, there are two main types of interpolations in our model. Given three points,
Py, P and P; respectively, the triangular interpolations can be explicitly expressed as

following.
(D)Q =uP, +vP, + whs.

Figure 3.3 First Type of Interpolations for Our Model
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(2)Q:§P1+§P2+%P3-
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Figure 3.4 Second Type of Interpolations for Our Model

Futhermore, there are two kinds of anti-interpolations used to derive the affine-combination,

i.e., Partition qf unity (3 D; jx(u,v,w) = 1)
\

i+j+k=n
The technique is to duplicate or generate two or three points at the same location, in
order to obtain a set of new control points with the true topology of control points in the

next level of interpolations as shown in Figures 3.5 and 3.6

Figure 3.5 Two Points at the Same Location

Figure 3.6 Three Points at the Same Location
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3.1 Our First Model of Triangular DP Surfaces

In this section, the first model of triangular DP surfaces is presented with recursive

algorithm, recurrence algorithm and quadratic computational complexity, O(n?).

3.1.1 Bivariate Basis Function

Our first bivariate DP basis functions can be constructed on a triangular domain by a given
set of control nets. The control points are denoted by d; ; x, where ¢ + j + k is equal to the
degree of surface. The DP basis, denoted by D}, ; (u, v, w), will then be used for defining
the new model as follows:

D™ (u,v, w) = Z di s - D} (0, v, w), (3.1)

i+j+k=n
3

A
where for each u,v,w > 0and u + v +w = 1.

---1/2 .’&: [N

Figure 3.7 How to Interpolate the Control Points for Our First Triangular DP Surface

We can construct our first triangular DP surfaces by using the interpolation technique from
the DP curve. We can apply the characteristics of the DP curve to all sides of each triangle
as shown in Figure 3.7. At the middle of each side, we will press the point into the center
of the triangular. We will interpolate with % at the center of the triangle and corners of

inner triangles.



Interpolation DP (e= 1/3, e= 2 points,e= 3 points)
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Figure 3.8 Our First Proposed Schema for Triangular DP Surface
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Figure 3.9 The Concepts of Our First DP Interpolations
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Figure 3.8 shows some examples of how to interpolate the control points for degree 3, 4,
5, 6 and 7 respectively. The concepts of our first DP interpolations can be explained as

follows:

1. From Figure 3.9(a), any points located at each corner must be interpolated with u, v,

and w. The 3-point interpolation result can be computed by uP, + vP, + wPFs.

2. From Figure 3.9(b), a point at the center of the triangle and any points at the corner of
inner triangles will be assigned to interpolate with % The interpolation result can be

computed by 1P + 3 P2 + 3 Ps.

3. From Figure 3.9(c), this point will be used to generate two duplicate points (two points

with the same coordinates).
\

4. From Figure 3.9(d), this point will be used to generate three duplicate points (three

points with the same coordinates).

5. The remaining points remain the same.

Definition 3.1

The DP basis functions of our first triangular DP surface are defined as follows:

(ut+v)w” + (ut+wp™ +(v+wpu” , ifi=j=k,

wiv + ud , ifi=jandj >k,

wiw + uw? , if k =diandi > j,

viw + vwd , if j =kandk > 1,

wio , ifk=0andi>|3],

D} p(u,v,w) = ‘

o , ifk=0andj> 3],

utw " if j=0andi> |3/,

whu - , ifj=0andk > |3],

i , ifi=0andj> [5],
\ - , ifi=0andk> |3].

(3.2)

ifi =norj=notb=n

DY} 1 (u, v, w) = uhiw®. (3.3)
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ifi=lorj=1lork=1
: u
3LJ

1]k(u v ’LU) ( 3.4)

otherwise
. u v = u w - v w _
Df (v, w) = (3 + ‘g)wL J 5 (7 F g)vL [ (F+ g)ut I 3.5

Some examples of the DP polynomials are given below.

Example 3.1

For degree n=3,

120 021

Figure 3.10 Schema for Triangular DP Surface of Degree 3
D3 o(u,v,w) = u?, D3 | o(u,v,w) = u’v, D3, (u,v,w) = v?w, D} , 4 (u, v, w) = ur?,
D} (u,v,w) = (u+ v)w + v(u +w) + u(v + w), D3 g 5(u, v, w) = uw?,
Dj.

30(t v, w) = 0%, D} 51 (u,v,w) = v’w, D§ | 5(u,v, w) = vw?, Dy o 5(u, v, w) = w?.

For degree n=4,

Figure 3.11 Schema for Triangular DP Surface of Degree 4

Djoo(u,v,w) = u*, Dj ) o(u, v, w) = u*v, D34, (u, v, w) = vw,

D3 ool v, w) =uv +uw?, D3y (v, v, w) =v(3 + B) +u(3 +2) + (3 + Dw,
D3 p0(u, v, w) = vw + ww?, Dj 54(u, v, w) = wv?,

Do (u,0,0) = v(2 +2) +u(2 +2) + (2 + Dw,

Di 1 2(u,0,w) = (% D) +u3+ %)+ (3 + 5w, Digs(u, v, w) = ww?,

D a0(u,v,w) = v*,Df 5, (u, v, w) = v®w, D5 5(u, v, w) = v’w + vw?,
Dj1.3(u, v, w) = vw?, Dy g 4(u, v, w) = wh.
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For degree n=5,

500 401 302 203 104 005
n=>5

Figure 3.12 Schema for Triangular DP Surface of Degree 5

5
DSOO

5
D320

(u, v$w) = v, D} | o(u,v,w) = u'v, D (u, v, w) = u'w,
(v, v,w) = uw®, D3, 1 (u,v,w) =v(§ + %) +u(Z+ %)+ (% + Hw,
502(1, v, w) = wdw, DS 3 o(u, v, w)uv®, D3, (u, v, w) = uv + w?,
Dglz(uvw)—uvauw D3 .3(u, v, w) = uw?, D , o (u, v, w) = wv?,

b3 v, w) =v(5+8) Fud+2)+ (2 + Hw, D 5,5 (u, v, w) = v’w + vw?,
D} s(u,v,w) =v(3 + ) +uZ+2)+ (2 + Hw, D 4 (v, v, w) = uw?,
DSSO(uvw)—v D§ 41 (1w, v, w) = viw, D§ 3 5(u, v, w) = v3w,
(

D§ o,3(u, v, w) = vw?, Df | 4(u, v, w) = vw?*, D 5(u, v, w) = w’.

For degree n=6,

060

150, 051

240, 042

Figure 3.13 Schema for Triangular DP Surface of Degree 6

600(“ v,w) = uﬁ,Dg’l’o(u,v,w) = uS'v,Dg’O’l(u,'v,w) = u’w,
Dgzo(u v,w) = utv ’Dgl (u,v,w) = ‘U(% B ) = R =) ) (5= ¢,
% 0,2(u, v, w) = uwtw, D§ 5 o(u,v, w) = udv + w?,
Dé‘zl(u vw)=ulf +3) +u@+ DH(5+ )w
DS 1w, v,w) =v( +§) +u(l + %)+ (5 + Dw,



D§’0’3(u, v, w) = udw + uw?, DSA’O(U, v,w) = uv?,

DSy (u,v,w) =v(¥+2) +u(l+%2) + (% + w,

Dg,z o(u, v, w) = UQ(? + w)u(v +w) + (v + v)w?,

D1l 0,w) =v(§ +§) +u +§) + G + P,

Dg,0,4(ua w) = uw4,Df’,5’0(u,v,w) = uv®,

D 4ot v,) = o3 + 5) +ul§ + )+ (5 + D,
Disalu,v,w) = 0(5 +§) +ulg +5) + (5 + §)w,

Df ot v,w) = o5+ 5) +ul§ + ) + (5 + §w

Di sl 0,w) = o( + ) +ul§ +§)+ (5 + v,

D?,o,s(uy v, w) = uwS,'Dgys’O(u, v,w) =%, DY, (u,v,w) = vPw,
D§ 42 (u, v, w) = v'w, D§ 5 5(u, v, w) = v’w + vw?, D§ 5, (u, v, w) = vw?
D(S) s(u,v,w) = vw® Dgoﬁ(u v,w) = wb.

A

For degree n=7,

D
D
D

3
7
3

u, v, w) = u’, Dy o(u, v, w) = uSv, Df 4, (u, v, w) = ubw,
Ouvw)—uv’l)512(uvw)—v( -+ Eabals 4+ 5 )R = S,
u, v, w) = uPw, D} 3 o(u, v, w) = u'v,

1uvw) v(G+ ) +u§+ 3+ (5 + 5w,

u,v,w) =v(z +3) tug +9)+ (5 + 2w, Dfy5(u, v, w) = u'w,

Figure 3.14 Schema for Triangular DP Surface of Degree 7

10(, v, w) = wv*, D 5 | (u, v, w) = udv + w3,

9

— prod YT — B
1301, v, w) = wdw + uw3, D] .4 (u, v, w) = uw » Dj 50w, v,w) = wv’,

luvw)—v(%+ Y +u(d + %)+ (2 + Dw,
*(

3 32(8,v,w) = v

duvw)—v2(

0.0
(
0,2(
(
1a(
(
2(u,v,w) = ‘(§+—)+u(—+%)+(§+§)w2,
(u,
(
(
(
1a(

i )+ (g +¥)+(2+ %),w:z,
F9)+ D+ (3 Dt

w,v,w) = v +5) +u(§ + B+ (¢ + D,

27



Dj o 5(u,v,w) = uw5,DI,6,0(u,v,w) = u8

D?,s,‘l(u,v, w) = (3 + A g
D jo(u,v,w)=v(§+E)+uF+¥)+(5+35
D] 35(u, v, w) = v’w + vw®, D] 5 4 (u, v, w) = v(§

9
DZ,O,G(U: v, w) = uw®, Dg,?,o(U,U; w) =v",D

D{is’z(u, v,8 )= U, DSA,;}(U, v, w) = viw, Dg,3y4

Df 55(u, v, w) = vw5,D871,6(u,v,'w) = va,Dg:O’7

DZ,I,S(U; v, w) = ’U(% + %) -+ u(g +8)+ (3 +3)
061

28
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3.1.2 Recursive Formula

Definition 3.2

For n = 2, DP blending function are defined as same as for the Bézier-Bernstein basis.
In addition, for the trivial case n = 1, djqo(u,v,w) = u, dg 1 o(u,v,w) = v and
d(l)’o)l(u7 v, W) =

For nn > 3, the DP blending function of degree n can be recursively defined as follows:

( udlﬁ:ll’j,k + vd:’;j_l’k + wd;;:}cﬂ , it=norj=nork=mn,
%d:;llyj,k + %d;;_il_l,k + %dz’;’}cH , t>j=kandnmod2=0andjmod2=0,
%d:;llyj’k + %d:;}rlk + %d:;}cﬂ , j>i=kandnmod?2=0andkmod2 =0,
34+ 346, k2i=jandnmod2=0andimod2 =0,
M+ A, i>j=kandnmod2# 0and jmod2 # 0,
%d:;%,j,k+%d:,;j-l,k+ %d:’;}cﬂ ., j>i=kandnmod?2# 0and kmod2 # 0,
3340, k2i=jandnmod2# 0andimod2 # 0,
ud;:ll?].’k_ , j=kandk > 1,
Ud:,]_'il,k , k=iandi> j,
Lk = X Wd;,;,}cﬂ , t=jandj>1,
Ud:;ll,j,k , k>i>jandnmod?2 =0,
vdl}}rl’k , 1>j>kandnmod2=0,
wd;;,}ﬁ—l , J>k>iandnmod2 =0,
ud:.f;ll?jyk , k<i<jandkmod?2 =0,
vd{}il’k , 1<j<kandimod?2 =0,
wd] 7L ' , j<k<iandjmod2=0,
yd;‘-l_-ll.j,k 1213
vl iz 13
wd} 75y , k2|2l

(3.6)
where d?:j’k =d;;x,r=1...,nandi jk=0,..,n—r Hence, apoint on this surface

can be computed from dj  , since 0" (u, v, w) = d .
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3.1.3 Computational Complexity

We can find the number of interpolations of our first triangular DP surfaces by counting the
points needed to interpolate from the schema or we can figure it out by recursive algorithms
as well. The relationships between the number of interpolations for each surface and the

degree from 1 to 13 are shown in Table 3.1

Table 3.1 The number of interpolations for evaluating a point on our first proposed

triangular DP surface compared to the existing triangular surfaces

Degree (n) 1123 (4 |5 |6 (7 |8 9 10 |11 |12 |13
Bézier 114]10]20 (35|56 |84 | 120 | 165|220 | 286 | 364 | 455
Said-Ball 1|4 13123 |136|54 |77 | 105 | 140 | 181 | 230 | 287
Hu’s Wang-Ball | 1 | 4 14 12213214560 |78 | 100|125 | 154 | 187
Our First DP 1|4 11 [14120(24 30 |36 |43 |49 |58 |65
2000
1800

1600 //
1400 /
1200
/ g Bezier
1000 )
/ i Said-Ball
800 =g Hu's Wang-Ball
600 /:/// st Our First DP
400 / /
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Figure 3.15 The Number of Interpolations for Evaluating a Point on Our First Proposed
Triangular DP Surface Compared to The Existing Triangular Surfaces

The computation time of our first triangular DP surface is very fast compared to the
existing algorithms, that is, triangular Bézier surface, triangular Said-Ball surface and
triangular Hu’s Wang-Ball surface. Our first algorithms require about quarter of the
computational time for triangular Bézier surfaces. From Table 3.1, we can find the number

of interpolations according to the following equations:
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if n mod 3 = 0, then

An =—é(36+ 1dn — 9[% - %] +9[% = %12 +54[é(n 20). + 18[%(n— 9))2

3.7
T n 2
+9LEJ +27LEJ ).
if n mod 3 = 1, then
A =128 41an— 972 = 4012 — P92 1 18] (n = 1)] + 54| = (n — 10)]
6 3 6 Bt 6 6 (3.8)
d 18%(11 —10)] +9|%(n _1) +27L%(n Y
if n mod 3 = 2, then
AL e B b L L
An_6(32+14n+9[6 6] +9[6 6] +18[6(n 2)] +54|_6(n 11)] A

P18 (n— 1) + 95 (n — 2)] + 27| (n — 2)| + 18T ).

Each of the above equations, has a maximum degree of 2. It is obvious that the evaluation of

a point on this proposed triangular DP surface can be computed in the quadratic time, O(n?).

However, it was found later that this algorithm is not linearly independent from de-
gree 5. Since the determinant of monomial matrix of degree 5 is equal to 0. Consequently,
the determinant of monomial matrix beginning with degree 6 is also equal to 0. This
property is one of the most important characteristics for controlling convexity in geometric
modeling. Moreover, a new system of these blending functions does not form a basis since
the linear independence is not satisfied. Thus, the interpolation schema should be modified

in order to accomplish all the necessary properties of surface model construction.



3.2 Our Second Model of Triangular DP Surfaces

In this section, an alternative method for triangular DP surface modeling is proposed,
which possesses many significant geometric properties for surface modeling, for example,
convexity, partition of unity and linear independence. Moreover, the properties of this
algorithm are also presented with a basis recurrence formulae and a recursive algorithm

with quadratic complexity, denoted by O(n?).

3.2.1 Bivariate Basis Function

Our second bivariate DP basis functions can be constructed on a triangular domain by a
given set of control nets. The control points are denoted by d; ; x, where ¢ + j + k is equal

to the degree pf surface. DP polynomial, denoted by D}'; (u, v, w), can be defined by:

.
\

Duam, w) = Z dij i - D p(u,v,w), (3.10)

i+j+k=n

where for each u,v,w > 0andu +v+w = 1.

-—=1/2 .st [N
e=1/3

Figure 3.16 How to Interpolate the Control Points for a New Triangular DP Surface

We can construct a new triangular DP surfaces by slightly changing the first schema. Two
points on each side of triangle, will be interpolated with the weight % At the center of
the triangle, we will interpolate with u, v, and w. Moreover, this interpolation scheme
creates linear dependence from the surfaces of degree 5 and so on. A subtle adjustment
at degree 3 has been done and coincidentally appears to be the same of an interpolation
of cubic Bézier curve. The interpolations of our new triangular DP surfaces are shown in
Figure 3.16



Interpolation DP (e= 1/3,e= 2 points)
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Figure 3.18 The Concepts of Our Second DP Interpolations
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Figure 3.17 shows some examples of how to interpolate the control points for degree 4, 5,
6, and 7, respectively. The concepts of our second DP interpolations can be explained in

details as follows:

1. From Figure 3.18(a), the point located at each corner must be interpolated with u, v,

and w. The 3-point interpolation result can be computed by uP, + vP, + whs.

2. FromFigure 3.18(b), the point at the center along each side of the triangle will be assigned
to interpolate with 1. The interpolation result can be computed by 3P + 3 P> + 3 Ps.

3. From Figure 3.18(c), this point will be used to generate two duplicate points (two points

of the same coordinates).

1
4. Other points remain the same.

3.2.2 Recurrence Formula

Definition 3.3

For n = 2 and 3, a DP blending function is defined to be the same as that for the
Bézier-Bernstein basis. In addition, for a trivial case n = 1, D} ,(u,v,w) = wu,
Dj 10w, v, w) = v, D g1 (u,v,w) = wand A = DY, (u,v,w).

For n > 4, the DP blending function of degree n can be recursively defined as follows:

uDl’.‘__llyj,k(u,v,w) , 1>jandj =k,
A= szj—_lI,k(u, v,w) , j>iandi=Ek, (3.11)
wDZj—,,i_l(u,v,w) , k>iandi=j.
D?__ll’j,k(u, v,w) + D;f;_ll7k(u, v,w) , i=jandk=0,
A= DZ]'_—ll,k(u’v; w) + D;fj_,;_l(u,v,w) , j=kandi=0, (3.12)
DZj_,I:—l(“) v, w) + ’D?__lly].,k(u, v,w) , k=tandj=0.
%Df_’ll’j7k(u, v, W) + UDZJ'_—11,k(“’ v,w) + wDZ;,i_l(u, vw) ; Jj=k=i+1],
A= uD?__ll’j’k(u, v, w) + %’DZ].__llyk(u,v, w) + ‘wDZ;é_l(u,v,w) , k=i=j+1,
u’D?_‘ll,j,k(u,v,w) + v’DZj__ll,k(u,v,w) + %’Dzj_’,i_l(u,v,w) , i=j=k+1.

(3.13)



35

( - n— n— : 4

%D:L_ll’j’k(ua v, 'LU) e D;fjglyk(uvvi LU) 25 Di,j’lz—l(uv ,va) ) J = k > 1,

o =1 -1 2 :

D?_l{j’k(u,v, w) + %Dzj_lyk(u,v,w) + Dzm_l(u,v,w) e g T -

N\ =
—1 — - A
Dy x(w v, w) + Dzj_ll,k(u,v,w) + %Dzj’;_l(u,v,w) e e Tk
L %(D:l:lljyk(u“ 'U: ’LU) + DZ‘;‘__ll,k(u7 ’U, ‘UJ) + D:f_j_,li_l(’ll'? U, w)) bl 'L — .7 = k
(3.14)
qu_-I{j,k(u,v,w) , j>i=k+lork>iandi=j+1,
A=< D (wv,w)  , i>j=k+lork>jandj=i+1, (3.15)
wDZj_’,i_l(u,v,w) , t>k=j+1lorj>kandk=1+1.
Dilplwv,w) , k>i>jork<i<j,

‘

‘A= D lwv,w) , i>j>kori<j<k, (3.16)
DZ;;_I(u,v,w) , j>k>idorj<k<i.

[ %U'D;‘__ll‘j’k(u,'u, w) + ’UD;f].‘_llyk(u,v, w) , 1=j+1=k+2,
u’D;L__II‘j'k(u,v,w) + %UDZJ.-_llyk(u,v, w) , j=i+l=k+2
%vDZ{_ll’k(u, v,w) + tzj—,;_l(u,v,w) , j=k+1=i+2,

A =< (3.17)
v’DZj__ll’k(u,v,w) - %wDZ;;_l(u,v,w) , k=j+1=i+2,
%wDZj";_l(u, v, w) + uD?__I{j’k(qt, v,w) , i=k+1=37+2,

{ wDZj_,,i_l(u,v,w) + %uD?:llﬂM(u,v,w) , k=i+1=j5+2.

i %D:.':ll‘j,k(u, v, w) + D;;—ll,k(u’ v,w) , i=j+1landi>k,

D?—_ll,j,k(u’ v,w) + %Dzj“_ll’k(u,v, w) , j=i+1landj >k,
%DZ;_ll’k(u, v, w) + DZ_;;_l(u,v,w) , j=k+1landj>i,
A= ¢ (3.13)

D2 kv, w) + 3DI5A v, w)

k-1 , k=j+1landk >i,

%Dzj',,%_l(u,v,w) + D?__llsj,k(u,v,w) , i1=k+1landz > j,

‘Dzj_’,i_l(u,v,w) + %D;"__ll_j,k(u, v,w) , k=i+landk>j.

Fromu+v+w=1andu,v,w >0
Since the triangular DP basis functions )

D; jx(u, v, w), where i + j + k = n, it satisfies

» Convexity: Since 0 < u,v,w <1, D; jx(u, v, w) > 0.

n
- - Di’j’k(u,v,w) - d; jr, denoted by
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* Partition of Unity: Since Zi+j+k:n D; jx(u,v,w) =1 where 0 < u,v,w < 1.

* Linear Independence: Since the determinant of monomial matrix is not equal to 0,

D; ; k(u, v, w) forms a bivariate polynomial basis.

Example 3.2

Some examples of the bivariate DP polynomials are listed below.

For degree n=4,

Dioo(u, v, w) = u*, D§ | o(u,v,w) = udv, D}, (u,v,w) = udw,

D3 5.0(, v, w) = 3uv(u +v), D}, 1 (u,v,w) = 6uvw » D3 0.2(1, v, w) = uw(u + w),
Di 3 o(u, v, w) = ur® , D51 (u,v,w) = buv?w , D 1 o(u, v, w) = 6uvw?,

Di’03(u,u w) = uw?, Dy 4 o(u, v, w) = v*, Df 5, (u, v, w) = v’w,

2.2(

u,v w)—3vw(v+w) Dp 1 3(u,v,w) = vw?, Df 4 4 (u, v, w) = w.

For degree n=5,
D} o(u, v, w) = u®, D31 o(u,v,w) = u4v,’D;:”0,1(u, v,w) = utw,
D3 5 o(u, v, w) = uv(u + u? + v), D3 11 (u, v, w) = 6uvw,
D5 g(u, v,w) = uw(u + w? +w), D 55(u, v,w) = uv(u + v + v?),
D351 (u, v, w) = wv(u + v + 12uvw), D31 5(u, v, w) = uw(u + w + 12uvw),
D3 o 5(u, v, w) = vw(u + w + w?), D} 4 o(u, v, w) = uv* DY 51 (u, v, w) = 6uvdw,
D2 5 2(u, v, w) = vw(v + w + 12uvw), D3 1 3(u, v, w) = 6uvw? , D} 0.4(u, v, w) = uw?,
Dg,s,o(u: v, w) = v°, D8,4,1(u, v,w) = viw, D8,372(u, v,w) = vw(v + v? + w),

Di2,3(1, v, w) = vw (v +w + w?), D | ,(u, v, w) = vw?, D} g.5(u, v, w) = wd.

For degree n=6,
D o0(u, v, w) = ub, D§ | ((u,v,w) = uv, D 1 (u,v, w) = wdw,
D} 5.0(u, v, w) = u'v, D§ | (u, v, w) = 6utvw, DS .2(u, v, w) = utw,
330(“ v, w) = uv(2ut+u’+v(24+v)), DS, | (u. v, w) = Luv(utv+12uvw+18uvw),
12(1, v, w) = Juw(u + w + 12uvw + 18uvw),
D§O3(u v,w) = uw(2u + u? + w(2 + w)), D§ , o (u, v, w) = uv?,
Dg:,, (v, w) = 2uv(u+ v + 12uvw + 18uv?w),
22(%, v, w) = (vw(v +w) + v (v +w + 120%w + 120w?) + u(w? + v*(1 + 12w?))),
Dg L g(u v,w) = suw(u +w + 12uvw + 18uvw?), DS 4(u, v, w) = uw?,
50(W v, w) = w®, D, | (u, v, w) = buviw,
2(11 v, w) = 3vw(v + w + 120w + 18uvw),
L 23(1, v, w) = tow(v + w + 12uvw + 18uvw?),
Dfm(u,u w) = 6uvw?, DY 5(u, v, w) = uw® , D§ 6,0(u, v, w) = 0,
DG 5,1 (

Dy 24(u, v, w) = vw?, Df, 5(u,v,w) = vw?®, Dy 4(u, v, w) = wb.

w0, W) = 5w, D 451, v, w) = vw, DS 5 (v, w) = vw(20+ % + w(2 + w)),
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For degree n=7,

DI olu,v,w) = u’, D o(u,v,w) = ubv, D, , (u,v,w) = ulw,
DI, o(u, v, w) = uv, DY, 5(u, v, w) = 6uvw, Df ¢ 5(u, v, w) = u’w,
D 30(u,v,w) = 3uv(2u + u? + 3u® + v(2 + v)),
DZz 1 (u,v,w) = 6utv*w, 'DZ,LZ(U,U, w) = 6utvw?,

3w, v,w) =
)=

Tuw(2u + u? + 3u® + w(2 + w)),

3

D 0(u v, w) = 3uv(2u + u? + 303 + v(2 +v)),

’Dg’&l(u, v, w) = zuv(v(4 + v) + u*(1 + 18vw) + 2u(2 + 3vw(4 + 3v))),

DI, 5(u,v,w) = su(vw(v+w) + u?(v +w + 12vw(v + w)) + u(w? + v*(1 + 12w?))),
D}, 3(u,v,w) = suw(w(4 + w) + v*(1 + 18vw) + 2u(2 + 3vw(4 + 3w))),

DI 4(u,v,w) = 3uw(2u + v + 3w? + w(2 + w)),

D55 0(u,v,9) = w®, D, (u,v, w) = 6u’viw,

D} 55(u,v,w :Lé (vw(v+w) + v’ (v +w + 12ow(v + w)) + u(w? + v3(1 + 12w?))),

= 6ulvw?, Dg,oﬁ(u, v, w) = ww®, D] 6 (u,v, w) = uvh,

)
)
DI, 5(u,v,w) = 3w(vw(v +w) + u?(v +w + 12vw(v + w)) + w(w?® + v*(1 + 12w?))),
)
) A2,

’Dz,a,g u, v, w) = éuw( (4 + w) + v (1 + 18uw) + 2v(2 + 3uw(4 + 3w))),
D] 5 4(u,v,w) = 6uv?w?, D] | 5(u,v,w) = 6uvw®, D] o 5(u, v, w) = uw®,
e w) Bt ’DO’le(u’ v,w) =i w’Dg,5,2(u’v’ w) = U5w7

Dl u00) = B + 4+ 30+ (2 o),

u,v,w) = Jow(2v + v? + 3w + w(2 + w)),

Df 5 5(u, v, w) = vw®, D | 6(u,v,w) = vw®, Do 7 (u, v, w) = w’.
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3.2.3 Recursive Formula

Definition 3.4

Recursive formula can be obtained from the interpolation as shown in figure 3.17. The
following recursive algorithm used for evaluating a point on this triangular DP surface,

denoted by D" (u, v, w) = dg, 4, can be recursively defined as follows:

( -1 r—1 -1 T . .
u'd:+1,j,k+v'd;,j+1,k,+w'd;j,k+l , t>jorj=korj>kork=ior
k>iori=j,
1qr—1 -1 - o . )
st e ) , t=jorj>korj=kork>ior
- .
Tik = k=iori> j,
‘
1 G . . .
“'d;+1,j,k s B> 1> gorki=i < g,
| : . 5 :
U'd;j+1,k ;g > >ikior < i<k,
= . 2 s 5
w.dZT’j,k+1 s gz k>uorj<k<u. Rt
3.19

where d?yj’k =d;;x,7=1,..,nand i j,k=0,...,n —r. Hence, a point on this surface

can be computed from dg .

From above recursive algorithm, we can calculate the number of 3-point interpola-
tions. In Figure 3.17 (a) 1 interpolation, (b) 3+1 = 4 interpolations, (c) 4+6 = 10
interpolations, (d) 10+4 = 14 interpolations, (¢) 14+9 = 23 interpolations, (f) 23+9 = 32
interpolations and (g) 32+10 = 42 interpolations.

We can find the number of interpolations for our second triangular DP surfaces by
counting the points needed to interpolate from the schema or we can figure it out by a
recursive algorithm as well. The equations for estimating the number of interpolations can
be formulated as follows.

(

=(10n + 9n?) ,  whennmod6 =0,
(=74 10n + 9n?) , mnmod6=1,
(=8 + 10n + 9n?) ,  nmod6=2,

A, = \ (3.20)
(9 + 10n + 9n?) ,  nmod6 =3,
5(=16+10n+9n%) | nmod6 = 4,

g (1 + 10%0n%) ,  nmod6=5.
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From equation (3.20), each equation has the maximum degree of 2. It is obvious that
the evaluation of a point on this proposed triangular DP surface can be computed in the
quadratic time, O(n?). The relationships between the number of interpolations for each

surface and the degree from 1 to 13 are shown in Table 3.2.

Table 3.2 The number of interpolations for evaluating a point on our second proposed

triangular DP surface compared to the existing triangular surfaces

Degree (n) 1/2(3 (4 |5 |6 (7 |8 9 10 (11 |12 |13

Bézier 114(10]20|35|56|84 | 120 | 165 | 220 | 286 | 364 | 455
Said-Ball 1|4 131231365477 | 105|140 | 181 | 230 | 287
Hu’s Wang-Ball | 1 | 4 141221324560 |78 | 100 | 125 | 154 | 187
Our SecondDP | 1|4 |10| 14|23 3214254 |69 |82 |100| 118 | 137
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1000 v e
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800

= Hu's Wang-Ball

600 / &  ===OurSecond DP

400 .. - o B e
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3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

Figure 3.19 The Number of Interpolations for Evaluating a Point on Our Second Proposed

Triangular DP Surface Compared to The Existing Triangular Surfaces

Our second triangular DP surface takes a smaller number of computations than the
previous algorithms such as triangular Bézier surface, triangular Said-Ball surface as well

as triangular Hu’s Wang-Ball surface.

3.2.4 The Relationships between Bézier and DP Triangular Surfaces

In the previous section, it was shown that the new triangular DP surfaces requires about
quarter of the computational time for triangular Bézier surfaces. Any triangular DP surface
can be viewed as a triangular Bézier surface. This technique can help us to model surfaces
by using our algorithms. Our method takes less computational time than directly using

Bézier algorithms.
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Proposition 3.1

Both triangular Bézier surface and triangular DP surface can be defined by their control
points and their blending functions. The basis functions, denoted by B},
Dr

l,]’,k

(u,v,w) and

(u,v,w), are two different polynomials of degree n, where i + j + k = n.

Z D} (u,v,w) - d; jp = Z Bl i (u,v,w) - by jx (3.21)

i+j+k=n i+j+k=n

Conversion Matrix = Mp - Mp!

Proof: This functions can be written in terms of matrices as follows:
Gp-Mp-Tg =Gp-Mp - Tp, (3.22)

where G is re;')resbnted by a matrix of control points, M is represented by a coefficient
matrix and 7’ is represented by a monomial matrix.

Since T’z and Tp are the same, we can drop these two terms from the equation for simplicity.
Mp and Mp are coefficient matrices of two basis functions.

Thus, M 5" can be always derived.

GB-MBZGD'MD (323)
Gp-Mp-Mp' =Gp-Mp - Mp! (3.24)
Gp=Gpg-Mp-Mp! (3.25)

Given Bézier control points, denoted by b; ; .. and DP control points, denoted by d, ; x, the
relationships of these two triangular surfaces for degree 4 can be shown as follows:
Example 3.3

The conversion from Bézier into DP triangular surface of degree 4 can be listed as follows:
dy0,0 = by,

d310 = 2baa0 + 5b310,

d301 = 3bops + b1,

dyop =

_1 1 1
d211 = 7b2p2 + b1 + ;b22,

b2,2,07

dyp2 =Dbap2,
diso=3b ib
13,0 = 3P220 + 7b130,

_1 1 1

di21 = 7b220 + 5b121 + 7bo 22,
_1 1 1

di12 = 3b202+ 5b112 + ;bo22,
_ 3 1

dio3 = $b202 + 7b103,

do 40 = bo 4y,
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_3 1
do31 = $boz22 + ;Po31,
d0,2,2 = b0,2,27

3 1
do13 = $bo22 + 3boa3,

do04 = booa-

Proposition 3.2

Bézier control points of a triangular surface can be obtained from the DP control points by

Mp - M3 (3.26)

Proof: The proof is similar to the proof in Proposition 3.1.

L
\

Therefore, the conversion from DP into Bézier triangular surface of degree 4
by 00 = daop,

b3 10 = 4d31,0 — 3d220,

b301 = 4d30,1 — 3d20,2,

b2 = d22p,

by11 = 2d311 — %dz,o,z — 5da20,

b2o2 = dzp2,

b130 =4d; 30 — 3d220,

bi21 =2d121 — 3220 — 30022,

bi12 =2d112 — 3d202 — 3022,

b3 =4d1p3 — 3d2p2,

bo,4,0 = do 4,0,

bo31 = 4do31 — 3do22,

bg22 = do2p2,

bo,1,3 = 4do1,3 — 3do 22,

bo,0,4 = doo,a-

These formulae can be applied to the case of degree 5 which is provided in Appendix A.

3.2.5 Degree Elevation

Degree elevation is a technique that can increase the flexibility of the polygon with identical
surfaces by adding another vertex to surfaces when it does not possess sufficient flexibility

to model the desired shape.
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Proposition 3.3

The n'*-degree triangular DP surface, denoted by D(u, v, w) can be raised into the same

triangular DP surface of degree n + 1, i.e.,

Z D} (u, v, w)d; jx = Z Dit(u,v, w)di?yk (3.27)

i+j+k=n i+j+k=n+1

where {d'”), }(i + j+ k =n+1)is anew control point after degree elevation.
1,5,k 2 g

Degree Elevation Matrix = M - [Mp" ]~
Proof: This functions can be written in terms of matrices as follows.

G - ME - TRt . T (3.28)

9

\
Since 7% and Tj;t* are the same, we can drop these two terms from the equation for simplicity.

G} - MR =G5 - MEH! (3.29)
GY - M3 - [Mp™ )t =Gyt - Mt (M (3.30)

where [Mp"*']~! is extended monomial matrix [1].
Thus,

Gyt = G- My - (M7 (.31

A given set of control points for triangular DP surface of degree n can be raised to degree
n + 1 by using the conversion, then raising the control points of triangular Bézier surface
to degree n + 1 and convert to triangular DP surface.

Example 3.4

For of degree 4, the relationships for the degree elevation of a cubic DP surface into the

same surface of degree 4 are

dé(llf)) 0o = 4300,

d(eio =d300 + 2d310 — 2dy 2,
d3131 =d3z00 + d201 ~ —d1027

dggo =1dy10+3 5d120,

(1) 1 1

d2 11 =4d111+ 3d2,1,0 =+ Zd2,0,1 — 3120 — 3d102,
(1) 1

dy02 =3 d201+-d1027
(1)

dj30=dospo+ d120 —3d,,,,

) =d 1q lq lq lq
121 = d11,1 + gd120 + 3do21 — 742,10 — 7do,1,2,
(1) 1 1 1 1

dijo=di11+ 3dio2 + 3doi2 — 7d201 — 7do21,
n _ 3 3

d; o3 =doos+ 5d102 — 5d201,

déﬂ,o =do3),



1) _ 3 3
dgs; =doso+ 5do21 — 5doa2,

1 _ 1 1
dpso = 5do21 + 5doa2,

(1) 3 3
dyi3 =dops+ 35do12 — 5doz2,

I

1
d((J,())A = dpp,3-
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