CHAPTER 2 LITERATURE REVIEW

In this chapter, essential theories related to the study are reviewed in detail in order to
provide the history and concepts for univariate and bivariate bases in curve and surface
modeling, respectively. The first technique is the most popular and well-known curve
which is Bézier/Bernstein curve. Then, the definitions, degree elevation and degree
reduction for Said-Ball curve, Wang-Ball curve and DP curve are described respectively.
Finally, Bézier triangular surface, Said-Ball triangular surface, Hu’s Wang-Ball triangular
surface and DP triangular surface are surveyed in detail for the constructions of triangular
surfaces.
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2.1 Curve Modeling

2.1.1 Bézier Curve

Bézier curve provides a simple model for constructing a parametric curve by Bernstein
polynomials. It was first independently developed by Paul de Casteljau in 1959 and
P. Bézier in 1962. Parametric equations of a Bézier curve can be expressed by sum of
products of the Bernstein polynomials and its corresponding control points. Both Bernstein
polynomials and the coordinates of the control points directly influence the shape of
Bézier curve. The Bézier curve of degree n with n+1 control points, denoted by {b;}-,

can be defined as follows:

B(t)=3 b Br(t), 0<t<1, 2.1)

=0

where B!'(t) is a Bernstein polynomial of degree n indexed at 7, denoted by

B(t) = (") (L= ) 2.2)

1

n n!
() - >

2.1.1.1 Degree Elevation of Bézier Curve

and binomial coefficients,

The degree elevation of a Bézier curve is used for increasing the number of curve’s degrees
by adding control points. Since the control points are used for determining the shape of the
curve, a single degree elevation will be used to increase the flexibility of adding another
vertices into the curve control polygon without changing the shape of the curve. The new

Bézier control points of degree n+1, denoted by {bgl)}?jol, from a given Bézier curve of



degree n can be defined in terms of its original control points, {b;}>,, [13]

i :
b; " = -b;_ 1— - by, 2.4
‘ n+1 — n+1) )

wherez =0,1,2,..,n+ 1.

2.1.1.2 Degree Reduction of Bézier Curve

Degree reduction is the opposite operation to degree elevation. Degree reduction is used
for reducing the number of control points while the shape of the curve remains the same.
The new set of Bézier control points of degree n-1, denoted by {bﬁ‘”};‘;ﬂl, from an n'h

Bézier curve can be given in terms of its control points, {b; }?, [13]

; b~ = & b, + - b, , (2.5)
\ n n

where

b, = 2=k 2

7 n—u

3 b,j_l, 1= 0, 1,2, ey — 1,

n—1

% b, — 2= e, =0, 1,20 &0

2 1

2.1.2 Said-Ball Curves

In 1974, Ball [2][3][4] defined a set of basis functions for cubic curves. In 1989, Said [22]
generalized the Ball model to higher degrees and Hu et.al. (1996) [16] developed the
recursive algorithms for Said-Ball curves.

The Said-Ball curve of degree n with n+1 control points, denoted by { V;}-;, can be given
by

Bit) = iViS{‘(t), (2.6)
e
where S”(t) are the Said-Ball basis functions [16] defined as follows:
(I -t , for0<i<[2]-1,
SHt)=9¢ (M)t (1-1t)" , fori=2%, 2.7
(Clnmiygl=tta —gnt for [2]41<i<n.

2.1.2.1 Degree Elevation of Said-Ball Curves

Degree elevation and degree reduction for Said-Ball curves were provided by Hu et al. [16]
in 1996. The degree elevation of Said-Ball curve is useful for raising the number of degrees
in order to adjust the shape of the curve. The Said-Ball curve of degree n with n+1 control

points, denoted by {V;}™,, can be expressed in terms of a Said-Ball curve of degree n+1



with n+2 control points, given by {VE”};‘:OI, by using the following relationships of the

Said-Ball degree elevation.

if n is odd,
V, , for0<i< 2,
Vz(l) = " V& ,  dori= "”2'2, (2.8)
Vioi for”THSiﬁrH—l,
if n is even, "
v = @Vﬁh + gt Ve (2.9)
e, L 15 (2.10)
e A
fori =0,1,.., 25+, and
E v —yO 4 yvO (2.11)

2.1.2.2 Degree Reduction of Said-Ball Curves

Typically, the degree reduction of Said-Ball curve will only produce an approximation to
the original curve. However, it can produce the exact solution for the Said-Ball degree
reduction if and only if

V1 +V_—2V_ =0, (2.12)

when n is even or
Ny =V s zall} (2.13)

when n is odd.
The Said-Ball curve of degree n with n+1 control points, denoted by {V;}", can be
approximately reduced into the Said-Ball curve of degree n-1 with n control points,

expressed by {VE"D}”_l as follows:

1=0>

VAV

V——I = V——l It 2 ) (2-14)
V__,1+V_,1-2V_
Vo= Vo + ———— , (2.15)
: V__,+V_,1—-2V_
V. =V_+— 2“ . (2.16)
if n is even, N ”;
Vz('_l) == bt ZVi + —E‘/;—ly
n
_ , + 27 21
sz—ll)——i =7 : 7Vn~-i g T;Vnﬂ-i, (2.17)



fori=0,152, 5 — 1.

300 o
if n is odd,
Vi )
E Vv 1’4
VE 1) _ Y
2 )
VH—I )

for:=0,1,2,.., n-1.

2.1.3 Wang-Ball Curves

for 0 <4< 23

2

n—1

fori = 2—

2 2

for 22 <i<n-—-1,

(2.18)

Wang-Ball curves were implemented by Wang [25] in 1987 but publicized later in 1996 by

Hu et al.[16] with the degree elevation and the degree reduction. After that Dejdumrong

et al. [7] extended the formulation to the rational Wang-Ball curves in 2001.

3
Wang-Ball curves with n+1 control points, denoted by {p; }_, can be formulated by

W(t)=> pAr(t), 0<t<1,
=0

(2.19)

where {A7(t)}, are the Wang-Ball polynomials rewritten from Hu et.al. (1996) [16],

which can be defined as follows:

(TS24 (28
Q- @)—

A —-t)

(2t(1 — t))nignit2
when n is odd or
(1 — )2 (2t)"
AN ={ (2t(1—1¢)"
(2(1 — ¢t))mignit?

when n is even.

2.1.3.1 Degree Elevation of Wang-Ball Curves

o)

b

b

el <is o<1,

s __n
for i = 3,

for 2 +1<1<n,

(2.20)

(2.21)

The new control points of Wang-Ball curve with degree n+1, denoted by {pﬁl)};‘;g, from

the Wang-Ball control points with degree n, given by {p;}",, can be obtained by the

following:

P: , for0 <

< B

— 29

B =1 p , fori=32+1,
Pi-1 i fOl%"{‘QSlSn‘*‘l,

(2.22)



when n is even or

Pi T o O ™=,
p__tpP__

e ~ for i = L, (2.23)
Pi-1 o for P < sapH 1,

when n is odd.

2.1.3.2 Degree Reduction of Wang-Ball Curves

The new control points of Wang-Ball curve with degree n-1, denoted by {pg_l) 3, from

the Wang-Ball control points with degree n, given by {p;}? ,, can be obtained by the

following:
P 3 f01'0§i§§—2,
: ‘p-1+ o e fori =2
-1 ——1 ) — 5 4
l( ) - ﬂf —2p) . i (2.24)
p—+1 5 P} ) fOI' = 2
Pi+1 5 for%+1§z§n—l,
when 7 is even or
D;  fer0< 12 %2,
2 P +p
pi=¢ == | fori=3, (2.25)
Pi+1 ) for"Tnggn—l,

when n is odd.

2.1.4 DP Curve

DP curves were developed by Delgado and Pena in 2003. They introduced a new curve
representation which has the properties of Normalized Totally Positive Property (NTP)
basis functions, corner cutting algorithm, linear computational complexity and a smaller
number of coefficient calculations. An n**-degree DP curve with n+1 control points, given

by {d;}" ,, can be expressed by

D)= idﬂ)g‘(t), 0<t<, (2.26)
i=0
where D}'(¢) are the DP blending functions as given by [11]
((1-1)" , fori=0,
(1 — )" , for1<i< |2 -1,
D}Mt)=4q Ki@t)+Kyt) , fori=|2], (2.27)
Kr(t)+K3(t) , fori=[%],
| DL {1 , for [2]+1<i<n,




where
Ky =3 gl g gl

([2] - [zt - pl-1+,
| — |2 [yel LR

K5 (#)

Il
w[3

Ksairs =

|3

2.1.4.1 Degree Elevation of DP Curve

Itsariyawanich [18] proposed the degree elevation for DP curve in 2007. The new control
points of DP curve with degree n + k can be denoted by {dgk)}:fok , the DP control points
with degree n can be defined by

‘ [dék) dik) d;’ﬁk] =[dody -+ d,]-c] - [5:+k]T [ [C;l_k]T7 (2.28)

where £"* is a matrix of Bézier curve’s degree elevation from degree n to degree n + k,

e(),() 60’1 5 o egyn
€10 €11 S €1n
gtk = ] (2.29)
en’g en’l 5 5,5 en’n
| €ntk0 Cn+kl --- Cnikn ]
(-)(—) , for0Li<n+ki—k<g<iandj =0,
e, =4 L) (2.30)
0 . otherwise,
and C,, is a conversion matrix from DP into Bézier curve of degree n [18],
c0,0 C(),l o Com
A e (2.31)
Cho Cr1 --- Cun
where
(1 s tri=j=0ori=]=n,
Cij = 9 i(( )) 5 forlSiSL%J—laudlgjgi, (2.32)
=i ) . . e
| ) for [ﬂ+1§z§n—1andz§]§n—l.

If n is even,
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1- (H( )_(L)‘J ) fori=|2] and1<j < |2],
| -4
o i 1 el e fori= |2] and [2] <j<n—1, @33
) ; orz—bj and [2] <j<n-—1,
L 0 ,  otherwise.
If n is odd,
(o[ Gy Gy O] %y )
-] l=] =l ;| m . n
% _1 — (L—J ) _ + "‘1(L—J ) , fori= bJ and1 <5< [5J ,
FAL = - . _ fa i B
i | e R ek
LS =
;= 1 v )G Y LG ) e " ¥
e : L1 = A J({_J L)J _ -+ "(LL_JJ , fori=|2| and [2] <j<n-—1,
[ (o) )-(o )], 2e-(y ) . .
1 _ [n n
-1 — ) 10, ) for: = (ﬂ and fﬂ = ] &4,
L 0 . otherwise.

2.1.4.2 Degree Reduction of DP Curve

Itsariyawanich [18] also proposed the exact degree reduction for DP curve. The new
control points of DP curve with degree n — k can be denoted by {a"Py2k the DP control
points with degree n can be defined by

-k - -k n— T =
[P a o a)] = oty -0 R ], @39

where R"~¥ is the degree reduction matrix from degree n to degree n — k for Bézier curve,

To0 Ioa oo Ton
ri0 rag ... Ta
—k ) , ;
Ry "= . . . (2.36)
ko Tu-kl --- Tu-ikn

and R7"* can be obtained by inverting a square matrix F* and then erasing & last rows of

the inversion matrix. The matrix ] can be defined by

f()’() fO,l 5 i fU,n

f170 f1,1 T f]}n (2 37)

f'n,() f‘u,l vieie f‘n,n
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where

% , for0<i<n—-k,i—k<j<iandj >0,
fij=4 1 , fori=jandn—k+1<i<n, (2.38)
0 . otherwise.

C, is a conversion matrix from DP to Bézier curves of degree n as defined in Equa-
tions 2.31, 2.32, 2.33 and 2.34.

2.2 Triangular Surfaces

2.2.1 Bézier Triangular Surfaces

The Bézier‘triangular surface was developed in 1959 by de Casteljau at Citrden.
Bézier triangular surfaces have been specifically used in several CAD/CAM and CAGD
applications, especially in subtle geometric and shape design. However, they have cubic

computational complexity, O(n?).

2.2.1.1 Basis Function

A Bézier triangular patch is defined by

n!
b(u,v,w) = Z b;.; %~ a Wu v w Z b; 1B}k (u, v, w), (2.39)

i+j+k=n i+j+k=n

where u, v,w > 0,u + v + w = 1 and the Bernstein polynomials of degree n are obtained
by
!

vk, v,w) = '77'k|u vk, (2.40)
i

2.2.2 Said-Ball Triangular Surfaces
The Said-Ball triangular surface was introduced in 1991 by Goodman and Said [15]. This

surface still requires cubic time complexity, O(n?). That is, the complexity is the same as

that of the Bézier triangular surface.

2.2.2.1 Basis Function

A Said-Ball triangular surface can be defined by basis S7'; ; (u, v, w) where (u, v, w) is the
barycentric coordinates and control points, denoted by ba, ; . for degree n.
Form>1and 0 <r <m,

(u,v,w) ZS,mHT w, v, W), (2.41)



where,
Szlmﬂ,r(u, v w) = y™t! Z S kST (v, w), (2.42)
i+j+k=2m+1-ri>m+1
2 +1
Sqm1 (0, 0,w) = 0™ 3 SIS (w, w), (2.43)
i+j+k=2m+1-rj3j>m+1
Samt1, (1 0, w) = w™*! > ST kST (u,v), (2.44)
i+j+k=2m+1—rk>m+1
ng+l,r(u’7 v, w) = u"H Z z]kaT,:'l "(u, v, w), (2.45)
i+j+k=2m+1-r,,5,k<m
in which
0o _
Vigk = Vi

£
Forr >landi+j+k=2m+1—r

The first condition (i > m +1lorj>m+lork >m+1):
Vie = Vigaifizm+1

Viix —mg;llkiszm+1

r—1
z]k ‘/;]k+11fk2m+1
The second condition (i, j, k < m) : V[, = “V+1]k+vV;r]+11k+“’V]k+1 it i, gk < m.

When r = m, becomes:

ba(u, v, w) = Z ba}”, S (u, v, w), (2.46)
i+j+k=m+1

where u, v, w > 0,u + v + w = 1 and the basis functions are Bernstein bivariate polyno-

mials of degree m + 1, denoted by

(m+1)! .,

m+1
Si ilylk!

Tk (uv,w) = uviwk (2.47)

2.2.3 Hu’s Wang-Ball Triangular Surfaces

Hu’s Wang-Ball Triangular surface was presented in 1998 by Hu et. al. Nevertheless, the
computational time of this surface cannot be reduced to quadratic complexity, O(n?). This

surface still requires cubic computation time, O(n?).
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2.2.3.1 Basis Function

A Hu’s Wang-Ball triangular surface can be defined by use of Hu’s Wang-Ball basis

denoted by, W{fj’k(u, v, w), and control points ba, ; x, i.e.

ba(u, v, w) Z bal'; W | (u, v, w), (2.48)

i+j+k=n

where u,v,w > 0,u + v+ w = 1 and Hu’s Wang-Ball basis functions are recursively
given as follows:
Let Wi = u,Wy10 =1, Wyg, = w.
Fori+j+k=n+1
if 4, j, k < [2]
L

Wi (u, v, w) = uWr Lk, v,w) +oWE (a0, w) + wW (w0, w0)  (2.49)

irjk
otherwise
(UW rwv,w)  a=[2H1] 41
S U B Y FEC Y
wWiia(wv,w) k=241,
W (u, v, w) = (2.50)
ik (v, w) y  E2 ["TH] + 2,
W1k (w,v,w) 3 Jua [ﬂ;_l] *+ 2,
[ W1 (s v, w) ,  k>[2]+2.

2.2.4 DP Triangular Surfaces (2008)
In 2008, Chen provided the first model of a DP Triangular surface [6]. Chen’s model,

however, does not satisfy the convexity condition for geometric modeling and does not

reduce computational complexity to O(n?).

2.2.4.1 Basis Function

For degree 1,

Di g 0(u, v, w) =, D1 olu, v, w) = v, Do (u,v,w) = w.

For degree 2,

D%,o,o('“:'“: w) = u?, D%71,0('u,'u, w) = 2uv, ’Dio,l(u, v, w) = 2vw,

ng(u,v,w) = UQ,Dg,l,l(u,v,w) = 2vw,D§7072(u,v7w) =

Research Library
Ll

7
* The Naticnal Research Council of Thailand
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For degree 3,

3 — 3 D3 — 2 YA )
DBOO(H v,w) = u’, Dy, o(u,v,w) = u*v, Dy (u,v,w) = u?w,

u, v, w) = uv?, D3, (u,v,w) =1 — (u? +v? + w?), D3 U, W= iy
1 ,2,0 L1,1 1,0,2 !
Di g0, v,w) = v*,Df 5 (u,v,w) = v*w, D§ | 5(u, v, w) = vw?,
D o 5(u, v, w) = wd.

For n > 4, suppose i + j + k = n. Then, the triangular DP basis of degree n are

recursively given as follows:

(1) When n is even, if i = n or j = n or k = n, then

Dl p(uv,w) + A2, i=nandj=0andk =0,

DZj,k(uw v,w) = D:L] 11 swv,w)+A? | j=nandi=0andk =0,
Dznjli 1(u7vaw)+AZj y k:nandi=0andj:07
(2.51)
where
n 1 n—4 1 n — 2 . n—1
Asz(g) [g(f =¥ )+§(f — &), =uorvorw, (2.52)
foreach, j, k < n, if7 = 0, then
3VD 1k (u, v, w) ik
DZj,k(U,v,w) = 3(’1)1"] 11 k(u,v, w) DZ”]; l(u,v,w)) . j=k, (2.53)
_tzn]li l(U,’U,'LU) 3 j<,1{,‘,
if 7 = 0, then
,
_uD:l 11]k(u,v,w) . 1>k,
'D?,j,k(u,v,w) = %(’D? lljk(u, v, w) + DZ"J,} (w,v,w))  , i=k, (2.54)
. %wD:’]]l l(u,’u,w) 5 Z<k‘,
if £ = 0, then
(
uDl" 11]k(u7fu,w) Li> g,
k(v w) = ¢ 3(DPY (w0, w) + DY (v, w) i =, (2.55)
A sz"j o (w,v,w) . i< ],

if 0 < 1i,j,k <mn,then

D7L

rik(w,v,w) = (Dl" 1J,‘(u v,w) + D} 1k(“ v, w) + Dl"ﬂi (u,v,w)). (2.56)

3



( D (w, v, w) + @7

(2)When n is odd, ifi = n or j = n or k = n, then

)
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t=nandj=0and k=0,

DYjx(u,v,w) = ¢ DI (w,0,w) + @2 |, j=nandi=0andk=0, (2.57)
| Diia(wv,w)+ @, k=mnandi=0andj =0,
where
n 1 n—4 1 n —— 2 —— n—1
%= TGE )3T —e e =uorvorw,  258)
foreach 4,5, k < n, if i = 0, then
© 39D (w0, w) j >zt
%DZj_,Ii—l(u’va) J= nTH7
D} (1, v, w) = (2.59)
%wDE;,i_l(u,v,w) k> "T“,
| 3D (w0, w) k=t
if j = 0, then
([ LuDrl (0, w) i >,
e DI o (s o5) i =t
D}y (u,v,w) = 1 1 ; (2.60)
ngZj,k—l(uvvaw) k> n,—2f— "
L %D::ll,j,k(u’v’w) k= HTI;
if k = 0, then
( ™ 0 n
%UD?—ll,j,k(uv v, U)) t > Tl’
%DZ;—ll,k(%v?w) 1= E;_I:
D7, (1, v, 0) = 4 C.61)
VDN (w0, w) i>,
\ %/Dzn:l%j,k(u? 'an) J= nTH)
if0 < 14,4,k < n, then
n 1 = n— n—
Dijxlu, v,w) = 2(DF5 4 (w,v,w) + DI (w0, w) + D3 (u,0,0)). (2.62)
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From the basis function of triangular DP surface (2008), the polynomials of this model are

defined by coefficient values that do not relate to the polynomials of DP curve.

For example in degree 4,

Dioou,v,w) = 3ut, D3, ou, v,w) = sudy, D301(u v,w) = tudw,
D 50(u,v,w) = 3(uv + wv?), D} | | (u,v,w) = 3 — 3(u? +v* + w?),
Dgoz(u v, w) = 3(wPw +uw?), Df 3 o(u, v, w) = §uv3,
Dty (u,v,w) = 3 — 3(u + 02 +w)D112(uvw):%—%(u2+v2+w2),
3(u v,w) = 3uw®, Dj 4 o(u, v, w) = 3v*, D 5, (u,v,w) = 30°w,
Do22( w)= %(v2w + va),Dgyl,?,(u,v,w) = §vw3,”D§1014(u,v,w) — %w‘l

For example ip degree 5,

DE g olu,v,w) = lL(u5-+-u4—|—2u3+5u ), D4 1o(u,v,w) = %u%,Di”O’l(u,v,w) = Lytw,

D;;’m(u v, w) = 9“ v D311(U v, w) = 6 - ‘(U4+v2+w2)’

D§02(“ v, w) = sl)u3w D230(11 v,w) = —uv

Dg’21(u’v’w)_%_ (2u + v’w + 20° +Uw+2w)

DS 2w, 0,0) = § = 9(2U + u?v + 2w + vw? + 20?),

D203(u v, w) = % uw® D140(U v, w) = ‘UU Dlsl(u v,w) = % - %(UQ + vt + w?),
DY o 2(u, v, w) = %—%(QU +uv? +2wi+uw?+2u?), D3 | 5(u, v, w) = 3—5 (W’ +v?+w?),
Df,o,,i(u,v,w) —é uw? Doso(u v, w) = (v + vt + 20 + 502),

D 41 (u, v, w) = Jvtw, D 5,5(u,v,w) = 503w, D§ 5 3(u, v, w) = gvw?,

DG 14w, v, w) :% 4, DG o5 (u, 0, w) = 3 (w® + w* + 2w + 5w?)

Thus, this model does not directly apply the concepts of DP curves.

2.2.4.2 Convex Hull Property

The convex hull property is an important property that can guarantee the surface to be
inside the convex hull of its control net. However, Chen’s triangular DP surface (2008)

does not satisfy the affine condition, i.e., ) D:f‘j,k(u, v,w) = 1, and thus does not

i+j+k=n
have the convex hull property.

For example in degree 3,

D3 g 0(u, v, w) = ud, D3| o(u,v,w) = u?v, D3, (u,v, w) = v?w,

D3, 0w, v,w) = wo?, D3 (u,v,w) = 1 — (u? +0* + w?), D3 g5 (u, v, w) = uw?,

Dg,g,o(u,v,w) = ,Dmyl(u,v,w) = v*w, D | 5(u,v,w) = vw?, D 5(u, v, w) = w?

Z DY x(w,v,w) # 1 (2.63)

i+j+k=3
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In cases of high degrees, the summation of polynomials is not equal to 1.
Z D}, 1.(u,v,w) # 1forn > 3 (2.64)
i+j+k=n
Thus, this triangular DP surface (2008) lacks the convexity property, which is one of the

most important characteristics for geometric modeling.

2.2.4.3 Computational Complexity

We can find the number for interpolations of Chen’s triangular DP surface (2008) by
counting the points needed to interpolate from the recursive algorithms [6]. Therelationships
between the number of interpolations for each surface and the degree from 1 to 13 can be
shown in Table 2.1

Table 2.1 Thé number of interpolations for evaluating a point on Chen’s triangular DP
surface (2008) compared to the existing triangular surfaces

Degree (n) 1123 |4 |5 |6 |7 |8 9 10 (11 [ 12 |13
Bézier 1[4]10[20 35|56 |84 | 120 | 165 | 220 | 286 | 364 | 455
Said-Ball 1 (4|7 [13|123|36|54|77 |105| 140 | 181 | 230 | 287
Hu’s Wang-Ball | 1 | 4 1412213214560 |78 | 100 | 125 | 154 | 187
DP (2008) 147 |14|24|40|61 |90 | 126 | 172|227 |294 | 372
2000
1800
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/’
1400 / /
1200 / /
1000 / / /A i Bezier

——te=Said-Ball

800

=@ Hu's Wang-Ball

66 s DP (2008)

400

200

3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

Figure 2.1 The Number of Interpolations for Evaluating a Triangular DP Surface (Chen,
2008) Compared to The Previous Triangular Surfaces

Thus, the computation time of Chen’s triangular DP surface (2008) is nearly equal to the
computation time of triangular Bézier surface which is O(n®). Compared to triangular
Said-Ball surface and triangular Hu’s Wang-Ball surface, Chen’s model takes longer time

for evaluating a triangular DP surface, as shown in Figure 2.1.
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2.2.4.4 Degree Elevation

The degree elevation of the triangular DP surface (2008) has been provided only for the
case of degree n = 2. It is not a generalized function for any degree.
The quadratic triangular DP surface D(u, v, w) can be raised into a triangular DP surface

of degree 3, i.e.,

Yo DEiwouwdge= Y. Di(uv,w)dl), (2.65)

i+j+k=2 i+j+k=3

where {df?k}(z + j + k = 3) is the new control point after degree elevation and can be
expressed as follows:

d:(slao(“ v,w) =d 0,

déli o(u, v, w)=dago+2dy,10 — %(dl 10+ dio1+doia),
A (u, v} = dL2,0,0 +2dy01 — 2(dy10 +dion +doa),
d?%o(u v, w) = do20 + 2dy 10 — %(dm,o +dyo1+doia),
(U v, w) = (d110+d101+d011)
d§§)2(u v,w) = dop2 + 2d1 01 — 2(dy10 +dio1 + doja),
d, )

30(u v, w :dogo,

dou(“ v,w) =dg20+2dg11 — -(d110+d101 +do11),

dt()li 2(u,v,w) =dopz + 2dg11 — 2(dy10 + iy +doy),
(

d(()[)) u ’U,UJ) = do’o,z

Unfortunately, triangular DP surface (2008) does not provide degree reduction and

the conversions which are important properties in triangular surface modeling.





