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In this work, Galerkin finite element formulation for the steady-state vibration of
Timoshenko beams is modified to reduce dispersion error. The residual of governing
differential equation in gradient least-squares form is appended to the standard Galerkin finite
element variational equation. The gradient least-squares parameters for linear and quadratic
interpolations of the responses are selected such that the lower-order terms in Taylor series
expansions of the finite element dispersion relations match the analytical dispersion relations.
This technique provides a consistent variational framework for enhancing the accuracy of
Timoshenko beam elements. Comparisons of finite element dispersion relations demonstrate
the superiority of the Galerkin Generalized Least Squares methods over standard Galerkin
method and Galerkin method with selective reduced integration. Numerical example for wave
propagation in Timoshenko beams is presented to demonstrate the improved accuracy of the

Galerkin Generalized Least Squares methods.
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Tumsdsgavgaums I ludwawuddmsuilgmmedmvewdalugiuuuves

d' 9 J d' Y d' 190 d' 1 q'; A a d' [
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a

a S R an dyﬂl o Y A @ a oA
VUOAWUA F411ITNMINADINN NG HUZNMITNTZIBVBINTARDUAIVUD AU UAN ANYA

q

4 z 1 a o A o I @ o ]
Yuumiusgne IMNaNad NS NN IHAANFNYNADY (converged solution) HAIINKINTH

a o (] < d Y a -4 1 4
wamud Iivuadoaanasly dsingmsaiiguiiszinadiu laneiie (Zienkiewicz, 1989)

< v Jdo o

=\ [ [ Y4 9 P £
1. TunsainasnudngsivdsznouarenaunduounusouA NI (first-order

3

A 2 < 9 = ]

derivative) YBIAUAADUA ANHAULNITNIZIBYBIAUAADUANIUI M UADITANUADIIDA

v '
a a

1 a saa o 1 4 1 1
(compatability) AOOATOUADVYDUDANUANAANY fl]gﬁEJﬂﬂ’Ni]ﬂf]!ﬁ’f]QGI)'MQU’J'IFITHJG]’E)Lﬁ’EN
0 4 A Y a o 9 a o
uuy C “B\ioluﬁllﬂﬁﬂ"li!,‘ﬂﬁﬂim’JGUE’NﬂTHTITNLGHHIﬂmL‘]Ju@mQﬁNH@ﬁﬂHmgﬂﬁﬂi%ﬁnﬂﬂlﬂﬂ

1 4‘ o YA 1 4‘ 1 a 4 4‘ U 9 ~ 1 =
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£ ~ dyoa.ll 1 A @ ' o 1 A @ I 9 =
c]N"luﬂ5mmfuummmaaumuazmmmw (slope) mmmmaaumuumgﬂu@mumm
A ! a % v IAy Y= vy o oA Y o Yo a 4
ABDIUBDITECTINLDALUUA NaaW‘ﬁm‘lﬂmﬂzgmmwaammgﬂmwmmﬂ‘lﬂmmumamum

Q' dgl ~ \ d’ a U dyl 1 d‘ l
INUNNVU TENANNUADIUDIFUAV AN UNIANNADIUDILUY C

[ 1 4 o { a Aa 4 z o 9 Aa 4
2. aﬂymzmiﬂizm&mmmmﬁaum’JﬁamﬁmuLE]amuﬁuumtﬂuﬁmﬁmmiﬁujm

(completeness) F4HUBDINMINTLWAINAIFINTARB INAMANIATIANTAIAIRY LD
< ]

a a&’,’ Y o o AA o a Jd dy Yo o A a a ] :JI ]
awuﬁuu”lﬂmwwmmﬂmmaLaJumﬁvuu”lﬂﬁl%ﬂuﬂﬂgmmﬂﬂm’;zﬂiqwuuu U IMannou

=< A 09.1’ 9 A AR 1 Y a =l ~ A < 1 3
2NANNYaeN IR 2815INAINFIN THINAANWATIANAINAADANINENIVOIHANNOUTIY

U

9y o o I ) Aa o

Y [
dorsAudestoliinnudangunTasmwiz lunsdifdosiimsauyaanyuzms
[ zﬂ' [ 1 d? d! v o Y v o Y 9J d! 9 dy
n3gvBveAunaoud DY T q Yunues Feevztanudesnudeladeriicluassden
= A A SA a I a o’d? ldy 1 79 Y o
Fanardonazamnae eawudanlszavgauunluui liemnsalszgnaldnuilym
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3. Wandumsiszanamelueamua

Y Y 1
o Y =]

@ A o as s a I3 A A o 7w
Juapundngyiuaounilaluisms W ludedmwudanne msdendnyuzvoilandn
a 4 . . . A J v
msdszunameluedmua (element interpolation functions) m3donilansumslszauna
a oA a 1o s Y 9q Y=t
meluedwudiimnzavamnsamuanuuiudveswadnsnd v lauazminglstnu
Y [ Q] z 9 1 9 a J J v a
Whlaludnvazvesilgnniug 1dlasnewdnaunsndszavgdandumsdszanuneluwd
s A J Y a v Jd ] Y o v o =~ 9 o o
wuaions ldinanaawsidunamasuduas e ladmsvilamluinensdl msadeilandums
dy Ao 9 Y a A a o A
Usznameluil TuuensaisuiudealsnsdunnINFIduay (Numerical Integration) (W

Y
MIMUIUH O ANUAUATNH A1

J v a
Hansumsdszunaneluvesarnsiunieansiuneaueliona (Lagrange

polynomials) 9z linNuduiusTugane i Taslitio (Krishnamoorthy, 1995) Ao

(95_51)(5_52) """ (‘f_é:ifl)(é:_fwl) """ (é_é:n)

N, (&) = (1)
(Cf) (5. _51)(§| _52) ----- (é _§i—1)(§i _§i+l) ----- (é _gn)
leilaia N, doandosnuguauia Ao
C(Lif =]
Ni(fj)—{o £ i @

d o a o v
3.1 HenFumsvszunameluweamuanuy 2 N0

&Y a 4 a 4 3 aa 4
Hassumsszunameluednudue W A UALUUNTNTANTAMNEN L 1ag
Y 1 v o 1 1 Y a o
Uszneudie 2 gade Wandudinane Iminadnyauzminsznevesnamas lagseualu

a 9 a o qu & ] 1Y dyd
IBUTUATINADAAITNYNIVDUDAUNUAUU magiugﬂuummﬂa

p(x) = Ni(¥¢ + Ny(X)o, 3)

Tay ¢, 1az ¢, AoMvoIHAINALT

9069 1 Az 2 Muaay uaz N (x) uag
da
X

A o Jdo a J @ a Y @ A
N, (x) Aeflandumsdszanameluedwuaniianyuzdaduassdaaaslunini 1
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#(x)

4 w ) a ¢ o o a 7
canﬁ 1 aﬂ‘]&lﬂ!gﬂ']5ﬂi3%18&%\1Lﬁu@iQUULﬂalnu@llagwqﬂ%uﬂ’]iﬂﬁgﬂ']mﬂ']ﬂ‘lulﬂalﬂuﬁ

FUFUATI

N,(x) = 1—% uaz N,(x) = @)

= Q/Qd' 1
HASHAMUTUUANI

N, =1 Nyado i uaz N,

=0 ﬁﬁ;ﬂ@l‘ﬂ’éuﬂ €]

a o

v 4 v
1NANA 1 1INAIANA (Coordinate) 1113l Taslasunniing x iy & #ina &
4

[ " AW a a o Y] Y] o Aw 1
11N HFenNNNATITNIA (Natural Coordinate) YDIUDANUA IASHANUFUWUTALNNA X (N1

Ao
1
X = SLa+9) ©6)

' '
Y =

= o ) 1 1 d' o 1
HUAD N x =0 a AunUavedganereEy 1 A1 & =—1 uazgh x =L a dunua
Y
YDIPAADNINBIAY 2 A1 & = +1 AITUANULVBININTZNIBVBIHAINAY Tas)szanaag

uaasluaums 3) awnsadoulioglugilvesiina & 14 Ao
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(&) = Ni(H)e + N,(S)o, (7)

T N, (&) uaz N, (&) Ao MesFumstlszmnansluedmud dwaaslunmi 2

€

1 [Nl(é)

3 Jd o a o a J
ﬂ"lWﬁ 2 WanFumsdszanameluuuniasssumauuy 2 Y090

N() =2 -8) ®)

N, () =2 @+8) ©)

£ A va 1 = v o A o A
C])’Qllﬂﬂ!ﬁﬂJ‘]JmGD'uLﬂEJ’Jﬂuﬂ‘U‘VILLﬁﬂﬂUﬁﬂJﬂTﬁ (5) Huno

]
= 1

N, =1 figado i uaz N, =0 NyaAvduY (10)
- 2 o 1 09.: a 4
waz IN, =1 Tag i =1 aDITUIUAADTNIHNATVDUD DN UA
J v o [ a s 1w
Wendumstszanaumeludmsueamuanlsznoudls 2 yaaeaaaasluaunis (8)

I o o .
HazauN1g (9) L‘]Ju‘]gﬂGUE]Q‘V\IQﬂ“]fuﬂ1iﬂizu1mﬂ181u€u@\‘1ﬁﬂﬂﬂu (Lagrange family of

. . . s o I Yo a s 9 1
interpolation functions) ¥eansaveneii lU1d lanuedmuanlsznoudienaryadne
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d o a 4 1
3.2 Hensumsdszunameluwamuanuy 3 YAND

Jd o ) % a 7 1
W\iﬂ“lﬂ!ﬂ’]ﬁ‘l]§$N1mﬂ1ﬂclusllﬂ\1a1ﬂﬁ']Uﬁ'lﬁﬁﬂlﬂaluu@ﬁﬂigﬂﬂﬂa?ﬂ 379619

~ A Jd o [ dy
e lunIng 3 eimilangumsdseuameluai

/Nl(g) /_Nz(f)

N, (&)

i
I

2 3
-1 ¢ <=t

3 Jd o a o a J
ﬂ"lWﬁ 3 Wangumsiszmnameluuuniasssumauuy 3 PPN

Nl(f)%(éz—f) (1)
N, (&)=1-¢7 (12)
N3(§)=%(§2+§) (13)

Taslaaauiiau@etununuaaluauns (10)

a a d J
4. aaIN1IUNNINUYBIUNA-Ia03dIN (Gauss-Legendre)

a a 4 4 o 9 a a 4 a 4
gasmsouninsnveumd-movess awsnih i 1dlumsdunmnsn W ludiodmud
a SN Y Y =2 09.: a A a Y 1 [y
Lll@]iﬂclfhl@ﬂEJNfa]ﬂG]ﬂﬂ AITOANKIVUADUNITOUNNTN Iﬂﬂlﬁﬂﬂ?ﬂ@]?f]ﬂ1\‘lﬂl@\1ﬂﬂluﬂ11u 1

Y
10 daeo lli
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b
d' 9 a a 9 a a J
IWOADINITHINANITOUNINTNUDY IF(x)dx TaglogasnsouninInvoumd-1ae

a

v0as lunilaiadesmualy
b 1
[Fgdx = [F(&)dé (14)
a -1

1 1 1 il
iHipdoInsnmIa IF(cf)df dioflandu F(&)=as+b Tdnumzminizaielui
-1

I 1 Y] [ 1
Juasalag a uaz b duanedi deaasluninn 4

A F(&)=ac+b

d' Aa A o L&Y A o £ aa
M 4 mMmyounnsnilengulunnanieia

l Y v 4 1 v Y Y v
HAv0Y jF(f)dcf Ao Wunldfandu F(£) Wy daluniinge nunlddu F&)
e
nldiduilse FumnuaesguiuaIves

I ]

v Y
gaaaalunnn 4 luvaz@erfunauninuny

fafdu F(&) i &=0 1fufe

[F(&de=2F(0) (15)
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~ 1 dyl g’ v o ] L:' 1
Tugums (15) 13792 3gNAHVAY 2 UNUIMUN (Weight) Bagauniian & =0 N
<3| o ' g . . £ A o 1 Aq Y 1 o o £
Lﬂumzmuwmﬂqmmﬁ (Gauss point location) Fanomruan 1gvimvoslandu F a9

o v a a o Y o <3|
aﬂymgﬂl@\‘]NaaW'ﬁﬂ’]ﬂﬂ’]ﬁ@u%iﬂﬁﬂﬂ\ulﬁﬂqaluﬁﬂJﬂ'ﬁ (15) ﬁlﬂ\iﬁ"]i]’]ﬁﬂﬂ’]ﬂ’]!%ﬂlﬂﬂ“ﬁﬂﬂ’]ﬁ

9
v A

Tagm 1 lumsduiitnsniseni1 gasnmsouiininveumd-ne90d4 laaail
1 NG
[Fde=> WF(E) (16)
-1 i=1

Tas NG = $1mauvegamd (Number of Gauss points)
W, =110 (Weights)

o 1 J . .
& =auUNUNUDIYAMA (Gauss point locations)
a a & v o o o 5 a a { 1 o
gasmsoumnsnilFlanuilandu F(&) il Fwasnmssuninsni ldvzusiud

4 "o @ o o { o o o~

nntleariivala Iuegiudnuazvesilandu F(£) idmuamnliuazdugamdnldlu
A A Y
a a @ Y] 1 o % o ] g [

MIoUMNIMIY uonniumvesiminuazdwvusuesgamdaey azuana1sesn li

d? "o o P 9 a a
Tagyuagnuduuvegamanlslunisduninin

Y 3’ o o 1 s a a
Vﬂﬁ'l\‘i‘ﬁ 1 ‘LHWL!ﬂLLﬁ%@”IL!fl’i‘L!\1ﬂlﬂﬂ@ﬂlﬂWﬁﬁi%}iuﬂﬁﬂuﬂLﬂﬁﬂ

2

Suugamd duniavesgamd vmin
(NG) (&) (W)
1 0 2
2 +1//3 = +0.5773502692 1

+,/3/5 =+0.7745966692 5/9 = 0.5555555556
0 8/9 = 0.8888888889

fan: Ui lund (2542)
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{ v W 7w o @
ﬂ1§1\1ﬁ 2 auﬂumm‘ﬂﬂﬂ%uuazmuam;mmﬁ

ugamd suduueailandu F(&) dnbazilendu F(&)
(NG) NG -1
1 1 IFUFUATS
2 3 dUAY 3 (Cubic)
3 5 oUAY 5 (5" order)

Man: 151 Tund (2542)

o J 1w o ] U 3’ o g ] [
mﬂ%’mmumam@mﬁmmu NG auruanasmMuUIUNUBIIANITANS) LFUAY
{ J a 1 a a [y d % 1
uaraaluained 2 sgneliinanamasiuassoinmssuninsnilesndu F (&) dsaglugilue
J v . . Ad o o A o ' qul £ =2
#andunn UL (Polynomial Function) NNOUAL 2NG —1 130A1091U HINW1EDII 11N
d v a ] a a
Wandu F (&) imsnsznonuFuduase a2 ldnamaniiunssninmsauinin Iag 1y
o d A ' = J v = v W A
IUAMANBAAReY MIHaNTY F(£) IMINTsnsuuunyiuIuoua 2 ¥3e 3 9z

] a A o 4
lanamaoiuaseninmsouinin lagldsmuiugamnd 2 99
=
NngHHMY

o'/ a Jd 4 [ [ a 4 5 Aana
Tagi Tudr lumsiasziaunlssunswwaaz e amuduuuninid Tagos
a oaj o’d' a d? a . d! =
wosanusalurudaainuas Tuwuanmavyu I uuuunuaziiy (neutral axis) 3 lungug
AU Tuwu In (Timoshenko) 1d3umaaasuduiiosanus uRowtuae i lianso
o 70 9}09/’ [ ng; A 1 =1 4 =%
ilihlszgnald ldnenuauenuazmudunTonunu dHunguiauveuUss yan-0oe
4 . (=} 1 o ] o I Y A o ng
1805 (Bernoulli-Euler) liTianuuiudwas luaunsaiunld ldiusimsesnuuuaiudu
1 o J v A 4 A A k4
uaz enunsadiaeanamaniNIne UALDIVOITNAAUNT In10NAND 9 19
dy = 4 =) d Y 1 4‘ 1 1 = a
UONINUNHHYAUYBULDTYAR-0081ADTABINITANNADIUBY C aIuNguRA LN Tuwy
¥ Y ¥ 9
Tndeemsanuaetiles C° auiumsinasudd lunuIdanin (vertical deflection, V(X)) Loy
= 1 A a A o A @ . 1 I
manasulasgals ennannmsnyumMIenNFUILBI9INNIIAN (rotation, B(X) ) ANNTHA

| Y a A 14? "o = a =~ ; a
magiludilsoasen ivuuniu Teenguaud Tusu Inliiugunanmsauyana
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o A 9 [ ~ Y o [ I Y v Aa [ A @
ﬁ’]ﬁ'ﬁiﬂ’]ﬂﬂa@uqﬁjﬂ']ﬂﬁlﬁﬂ’]ﬁ@lﬂ TaeNntaaveImudsnulunAAANHAINISINADUA

- 1o & Y os/’ o a [ A
IﬂfJVIthﬁnlﬂu@ﬂQ@\‘]ﬂ']ﬂﬂU!LﬂUﬁgWlu AauaadlunIng s

Lndeformed edpe

- ] ()

Undaformed edgpe l

Drefarmed edge

utkza

(b}

d' A o = g = s
MAN S NMTAABUAIVDIANUAINNHHVDAUVDITYAA-DDULADT (a)

HaznguueIn Iuauln (b)
131 Reddy (2006)
1. nanmsmsuilsau

v 1
VINUANMINUFIUUDINITNTLIAANOU (principle of virtual displacement) FUNeL

Y @ o o do . . - . J o
Vlﬁlﬂllﬁaﬂm’iﬁllmwmﬁuﬁﬂﬂmq{ﬂ (principle of minimum potential energy) Wansuves
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@ v do ) [ a o J a . .
WaﬂﬂWHﬂﬂﬂﬁTﬁ;ﬂﬁTﬁ3‘]_]?]111!1’]111Wuiﬂﬂ%ﬂﬁg{uiﬂﬂi%‘ﬂ?ﬁﬂﬁﬂ’ﬂuﬂ-mﬁ'] (time-harmonic)

A

(Tong, 1999) A®

el ) o) o 2ot ffu) [0 ox-

0 0

{u*}T {7 }dx (17)

O ey

A * = o o A % .
1o {U } A9 UDIAAVUDINITIAADUA I (displacement array)

o JV(X)
{u }_{9(x)} (18)

* A o w & & = .
{g } A9 1oIMRUFUTUNAINANUATEA (strain resultants array)

do
A K Jdax | )
{g}_{y}_ o _{V‘X_e} s
dx
[D*] Ao wasndaadifoume
a4 |PA 0
[DJ{O pl} 20

* A o v X J v
{O‘ } o 1,m’mmumtﬂuwamﬂmmmu (stress resultants array)

afhE e

K Ao aszaeuud ld 1S uaNuA LR U (shear correction factor)
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N
A A Y o

{ @ 4 o o Y o [
5199 3 anlsznouud ludmsuanuAumey («) dmsununmidania

Pl

gﬂﬁwwmﬁuﬁw% 1 o x=1a
1. Avdouiuh 6/5 5/6
2. 51 le, glndeg, o9 A/A,, A, /A
3. 2na 10/9 9/10
4. ianagienay 2 12

Y

g { Y o :ll { Y o
WM A = iuiimihdananue, A, = MANNaaueInIu (ANUFIUBIATU X ANUHLN

YBIATU)
An: Ugural and Fenster (1995)

4 @ (%
W%ul!ﬁﬂﬂNﬂl’NﬁﬂﬂlﬂﬂﬁNﬂﬁ 17) ﬁﬂ’ﬂNﬁ@ﬂﬂ%f)\iﬂﬂ’i"lﬁ\‘l\‘ﬂﬂfﬂﬁﬂum’ENﬂ’ﬂiJ!ﬂgﬂﬂ
oA % {
Lerilau (internal virtual strain energy) taznavNaesaaanandn UMl aURNIINNAA Y
A Y . . ’a A A A A
INVYUDINDUNIA (mass inertia effects) NIUNATUADUTUFUDUNIUDNNNIIINLTINTS DN

Tadnla (apply distributed forces)
a dJd ' o [ a
2. PANUANLY 2 YARBEIHTUMUNFUIN
a 4 ' ) o a A v v = o qul ~
PAUALDY 2 9AADAIHIUAIUN Turu Iniunazgaaoazll 2 szauTuaNuas

9 1 4 % z . .
(degrees of freedom) 1aun mspaoudr lunuidanin (vertical displacement, V) LagN19

d‘ 1 d' a A 4 d‘ [ .
nlasuuilasgilsneimannmsryunTenNFUILDIINNTAA (rotation, 6)
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H
<
Y

4 a 4 a 1 4 o z
Ml 6 pawuanuN Turu Tnuuy 2 3ade Tagudasdemanaoudr Tuuuigemnias

d‘ 1 d‘ a
manlaguuilasgilsnineanmsviyu
a 4 1 dy 9 o d v a 9 . o Y
amuauu 2 yadetioz gilndumstsznameluunu®adu (linear) 15U
A 3 09: = ' A a =) 74 A
waoudr lunadiminuasmanlaswalasgilieninannmsryurionNugUonINMs

[ g a, A a J
aa TasliNugIUL19INIBUINTIIUNUADIAY (Standard Galerkin Method) 1 l0AUALLIY 2

weiuedwudiielumaninnldlaelduavesaums luiisaninie
V(X) = N7 (x)v, +N; (X)v, (22)
0(x)=N; (x)6,+N;(x)6, (23)
uaz ldnavesaums luninasssumAne
V(E)=N; (&)v, +N; (&)v, (24)
0(§)=Nf (§)¢91+N§(§)92 (25)

e NS (&) waz Nj (&) Aeilandumslszmameluvesansuuuumasg g

a

iy dadifiewluiidasssuna & e[-11] wld
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N: (£)=2(1-£) 20
N: (£)=2(1+£) @

NnauMsmMsulsAY aums (17) wazaumsn ldanmsiszunanely aums (22)

Hazaun1s (23)

K" =0" =3 NSO (28)
L =2N;
=V 0" = T NEAE -3 NG (29)
i=1 ' i=1

o (% a 4 1 9
TINTUDANUALUY 2 IAAD %%hlﬂ n=2

Vl
K'=0,=[0 N, 0 N,,]| 51 =[B,]{d°} (30)
2
92
Vl
P =vh-0"=[N, -N, N, -N,] 51 =[B,]{d*} 31)
2
02

a ¢ a < a 4 e ) [ A v A o a
LUATNHFLULUINIIVDUD AU UA I:k ]’ﬁ'Wi5‘]J’J’ﬁﬂ‘]/lllﬂmﬁhﬂﬁlﬁhﬂuﬂunﬂﬂﬁﬂ’lﬂ
. . . a ¢ < e d'lly ! Y A =
(1s0troplc material) A TNFLUUIUNT I:k } N IANAIUUVDINTAALALNITIRDUFTNITDLVYU

&5

[k ]= [[B,] &1 B, Jox+ [ [8.] GAx[B, ] dx 62



e]=[+ ]
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(33)

A el A a ¢ 2 4 Y el A a ¢ 2 I A
o [kb:l ABDLNATNHLUUIUNTIVNINNITAN LS [ks:l ABDLNATNHFLLUIUNITIVINNITIROU

_ R O
0 0 0 0 h 2 h
o B = N R R
[W]: h h + GAK 2 3 2
0 0 0 0 -1 -1 1
El El h 2 h
R N O
| 2 6 2

Vl
4
V=[N, 0N, o] =[N, ]{d°}
2
2
Vl
4
6"=[0 N, 0 N,] Vl =[N, ]{d°}
2
6,
N
Aviuali [N]={ V}=[Nl o N 0}
N, [0 N, 0 N,

a o a 4 ' A Y <
LUATNYUIAVDIUDUNUALLD 2 YAND mmim%u”lm‘ﬂu

[ ]= [T [0 Jox

w| = | ol N
| I\)|'_\ | I

(34)

(35)

(36)

(37

(3%)
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pAh 0 pAh 0
3 6
m° |= 39
[] pAh 0 pAh 0 (9
6 3

3. MstenanduAUM U N T UIRAIUANLL 2 9AnD

BMIaeNanduAUMIBUNINTINA M UL AUALLD 2 9AAD (2 node Selective
Reduce Integration) {Heamudaui Tuwu Inil#lsisunmsszuanolunndadu
(linear) Tﬂﬂﬁﬁ:}ugmmmﬂﬁfﬁumigmmma{ﬁu (Standard Galerkin Method) Tagl#inaiin
maidenansuguMsduiinsmiteysanisdatileaatnusufiou (shear locking) lOAMUAVDS

v W a a ) o a 4 ' I a S o
ﬂ”lil,ﬁﬂﬂﬁﬂ'ﬂuﬂ‘]_lﬂTﬁﬂuﬂlﬂiﬂﬁ"lﬂiﬂl’t’)ﬁmu@]uﬂﬂ 2 ﬂﬂ@]ﬂlﬂul@ﬁmu@]ﬁﬂTEJGI,‘L!ﬂ"Iiu"Ill"IGlGIQf}

4
[ 1Y a a o [ a 4 1
114qmm:nﬁaﬂaﬂauﬂ‘umsaumﬂi‘ﬂmmmaamumm‘u 2 ﬂﬂﬁi’)ﬁﬁ]ﬂ%miﬂizlﬂm
a 4 a 9 o [ d' Y 09: ~ ] A a
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Q= GKA(%— 9) (78)
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T llﬂll1Fﬂ'lﬂWﬁ\iQ'I‘L!ﬁﬂﬂ@]?ﬁﬂﬁ’lﬂi‘ﬂﬂ’luﬂiﬂﬁfuiﬂﬂ’lﬂiﬁlﬁﬁﬂig'i/]'la'lﬁllﬂuﬂ-na']

Q

(time-harmonic) Tuaums 17
A 1 o v Jo Ay v Aad o w 9 Ia
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d GAK(Q—HJ +w°pAv =0 (82)
dx dx

a I 1 i o ng o @ 1 a 7 I
uazauyAln pA uaz pl Wumasiauinezld 7y, dmsvuaazeamudiy
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liio n=r (,oAa)2 )2 (88)



r,=r, (—GAK+pIa)2 )2

TaelFilandumsdszanamoludmsueamuduuy 2 9ade
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C, = Gnézz (99)
C, = C3’11(-:’22
Cs Gnézz

2
C, = GnGzz - GlZ

§ o Y Y ¢ o a
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{0 a 1
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1
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k ——;((a)GKpI + wpEl
\2GkEl (113)
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v ldaumsmsinaoudaluuuifanin (vertical displacement, V) ttazmsilasuutlas
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restart;

with(linalg): with(plots):

v:=A1*exp(I*(k*x-omega*t));

theta:=A2*exp(I*(k*x-omega*t));
eql:=simplify(G*Kappa*A*(diff(v,x)-theta)+E*J*diff(diff(theta,x),x))

- tho*J*diff(diff(theta,t),t) = 0;
eq2:=simplify(G*Kappa*A*(diff(theta,x)-diff(diff(v,x),x))+rho* A *diff(diff(v,t),t))
=0;
Lambda:=map(expand,matrix(2,2,[coeff(lhs(eq2),A1)/(exp((k*x-omega*t)*1)),
coeff(lhs(eq2),A2)/(exp((k*x-omega*t)*I)),coeff(lhs(eql),A1)/(exp((k*x-
omega*t)*I)),coeff(lhs(eql),A2)/(exp((k*x-omega*t)*1))]));

eq3:=det(Lambda)=0;

kk:=solve(eq3,k);

# #K1.K2= real, K3.K4=Imaginary, Choose K1=Real, K3=Imaginary for plotting
k1:=(subs(G=E/(2*(1+nu)), A=b*t, J=(b*t"3)/12, E=210*10"10, nu=0.29, rho=7.8,
Kappa=5/6, b=1, t=0.15, h=1, eval(kk[1])));

k2:=(subs(G=E/(2*(14+nu)), A=b*t, J=(b*t"3)/12, E=210*10"10, nu=0.29, rho=7.8,
Kappa=5/6, b=1, t=0.15, h=1, eval(kk[2])));

k3:=(subs(G=E/(2*(14+nu)), A=b*t, J=(b*t"3)/12, E=210*10"10, nu=0.29, rho=7.8,
Kappa=5/6, b=1, t=0.15, h=1, eval(kk[3])));

k4:=(subs(G=E/(2*(1+nu)), A=b*t, I=(b*t"3)/12, E=210*10"10, nu=0.29, rtho=7.8,
Kappa=5/6, b=1, t=0.15, h=1, eval(kk[4])));
pl:=plot((Re(k1)),omega=0..200000,color=red,axes=boxed):
p3:=plot((Im(k3)),omega=0..200000,color=green,axes=boxed):

display({p1,p3});
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## Take Series
kk1:=simplify(kk[1]);
kk3:=simplify(kk[3]);

serie_exact_re:=eval(expand(series(kk172,0mega,7)));

serie_exact_im:=eval(expand(series(kk32,0mega,7)));

Algorithm NFlumsmunadiaunauiuaNNILUUM SR NaNHAUMIDUANINEHTY
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restart;
with(linalg): with(plots):
N1:=interp([-1,1],[1,0],xi);
N2:=interp([-1,1],[0,1],xi);
N:=matrix(2,4,[N1,0,N2,0,0,N1,0,N2]);
dN:=matrix(2,4,[0,diff(2/h*N1,xi),0,diff(2/h*N2 xi),diff(2/h*N1,xi),-
N1,diff(2/h*N2,xi),-N2]);
Cl:=matrix(2,2,[E*J,0,0,G*A*Kappal);
C2:=matrix(2,2,[rtho*A,0,0,rho*]]);
me:=map(int,evalm(transpose(N)&*C2&*N*h/2),xi=-1..1);
kk:=evalm(transpose(dN)&*C1&*dN*h/2);
ke:=matrix(4,4,0):
forifrom 1 by 1to 4 do

for j from 1 by 1 to 4 do

kel[i,j] := subs(xi=0,eval(kk[i,j]*2));;

end do;

end do;

evalm(ke);
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s[3,3]:=s[1,1]: s[4.,4]:=s[2,2]:
s[1,4]:=s[1,2]: s[2,1]:=s[1,2]: s[2,3]:=-s[1,2]: s[3,2]:=-s[1,2]: s[3,4]:=-s[1,2]:
s[4,1]:=s[1,2]: s[4,3]:=-s[1,2]:
s[3,1]:=s[1,3]: s[4,2]:=s[2,4]:
nelem:=2:
SO0:=matrix(2*nelem+2,2*nelem+2,0): Phi0:=matrix(2*nelem+2,1,0):
for i from 1 by 2 to 2*nelem do
for ii from 1 by 1 to 4 do
for jj from 1 by 1 to 4 do
SO[ii+i-1,jj+i-1]:=S0[ii+i-1,jj+i-1] + s[ii,jj];
PhiO[ii+i-1,1]:=phi[ii+i-1,1];
end do;
end do;

end do;
S:=evalm(S0); Phi:=evalm(Phi0);
SP:=map(collect,evalm(subs(phi[1,1]=A1*exp(I*k*h*(n-
1)),phi[2,1]=A2*exp(I*k*h*(n-
1)),phi[3,1]=A1*exp(I*k*h*n),phi[4,1]=A2*exp(I*k*h*n),phi[5,1]=A1*exp(I*k*h*(
n+1)),phi[6,1]=A2*exp(I*k*h*(n+1)),evalm(S&*Phi))),rho);
ST:=map(simplify,evalm(1/2*exp(-I*h*k*n)*submatrix(SP,3..4,1..1)));
SC:=evalc(map(simplify,matrix(2,2,[coeff(ST[1,1],A1),coeff(ST[1,1],A2),coeff(ST[2
,11,A1),c0eff(ST[2,11,A2)])));
eql:=collect(simplify(det(SC)),cos(k*h))=0;

s:=(evalm(ke-omega’2*me));

sol:=solve(eql.k);

kh1:=subs(G=E/(2*(1+nu)), A=b*t, JI=(b*t"3)/12, E=210*10"10, nu=0.29, rho=7.8,
Kappa=5/6, b=1, t=0.15, h=1, sol[1]);

kh2:=subs(G=E/(2*(1+nu)), A=b*t, J=(b*t"3)/12, E=210*10"10, nu=0.29, rho=7.8,

Kappa=5/6, b=1, t=0.15, h=1, sol[2]);
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20 pl:=plot(Re(kh2),omega=0..200000,color=red,axes=BOXED):
p2:=plot(Im(kh1),omega=0..100000,color=blue,axes=BOXED):

21 display({p1,p2});

Algorithm HFlumsmunadiunauiuaANNILUUM SN HAUMIDUANINEHTY
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1 restart;

2 with(linalg): with(plots):

3 ##Shape Functions:

N1:=interp([-1,0,11,[1,0,0],xi);
N2:=interp([-1,0,11,[0,1,0],xi);
N3:=interp([-1,0,11,[0,0,1],xi);

4 N:=matrix(2,6,[N1,0,N2,0,N3,0,0,N1,0,N2,0,N3]);
dN:=matrix(2,6,[0,diff(2/h*N1,xi),0,diff(2/h*N2,xi),0,diff(2/h*N3 xi),diff(2/h*N1,xi)
,-N1,diff(2/h*N2,xi),-N2,diff(2/h*N3 xi),-N3]);

5 Cl:=matrix(2,2,[E*J,0,0,G*A*Kappa));

C2:=matrix(2,2,[rho*A,0,0,rho*J]);

6 me:=map(int,evalm(transpose(N)&*C2&*N*h/2),xi=-1..1);

7 kk:=evalm(transpose(dN)&*C1&*dN*h/2);

8 ke:=matrix(6,6,0):
for i from 1 by 1 to 6 do

for j from 1 by 1 to 6 do
ke[i,j]:=subs(xi=1/sqrt(3),eval(kk[i,j]))+subs(xi=-1/sqrt(3),eval(kk[i,j]));
end do;
end do;

9 simplify(evalm(ke));
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nelem:=2:
nnode:=2*nelem+1:
nn:=nnode-2:
S0:=matrix(2*nn+4,2*nn+4,0): Phi0:=matrix(2*nn+4,1,0):
for i from 1 by 4 to 2*nn do
for ii from 1 by 1 to 6 do
for jj from 1 by 1 to 6 do
SO[ii+i-1,jj+i-1]:=S0[ii+i-1,jj+i-1] + s[ii,jj];
PhiO[ii+i-1,1]:=phi[ii+i-1,1];
end do;
end do;
end do;
S:=evalm(S0); Phi:=evalm(Phi0);
SP:=map(collect,evalm(subs(phi[1,1]=A1*exp(I*k*h*(n-1)),
phi[2,1]=A2%exp(I*k*h*(n-1)),phi[3,1]=A3*exp(I*k*h*(n-1/2)),
phi[4,1]=A4*exp(I*k*h*(n-1/2)),phi[5,1]=A1*exp(I*k*h*(n)),
phi[6,1]=A2*exp(I*k*h*(n)),phi[7,1]=A3*exp(I*k*h*(n+1/2)),
phi[8,1]=A4*exp(I*k*h*(n+1/2)),phi[9,1]=A 1 *exp(I*k*h*(n+1)),
phi[10,1]=A2*exp(I*k*h*(n+1)),evalm(S&*Phi))),rho);
ST56:=map(simplify,evalm((1/2)*exp(-I*h*k*n)*submatrix(SP,5..6,1..1)));
ST78:=map(simplify,evalm((1/2)*exp(-I*h*k*n)*exp(-
I*h*k/2)*submatrix(SP,7..8,1..1)));
SC:=evalc(map(simplify,matrix(4,4,[coeff(ST56[1,1],A1),coeff(ST56[1,1],A2),
coeff(ST56[1,1],A3),coeff(ST56[1,1]1,A4),coeff(ST56[2,1],A1),coeff(ST56[2,1],A2),
coeff(ST56[2,1],A3),coeff(ST56[2,1]1,A4),coeff(ST78[1,1],A1),coeff(ST78[1,1],A2),
coeff(ST78[1,1],A3),coeff(ST78[1,1],A4),coeff(ST78[2,1],A1),coeff(ST78[2,1],A2),
coeff(ST78[2,1],A3),coeff(ST78[2,1]1,A4)])));
s:=simplify(evalm(ke-(omega”2)*me));
eql:=eval(collect(simplify(det(SC)),cos(k*h))=0):

sol:=eval(solve(eql,k)):
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18 kh1:=subs(G=E/(2*(1+nu)), A=b*t, J=(b*t"3)/12, E=210*10"10, nu=0.29, rho=7.8,

Kappa=5/6, b=1, t=0.15, h=1, sol[1]);

19 kh2:=subs(G=E/(2*(1+nu)), A=b*t, JI=(b*t"3)/12, E=210*10"10, nu=0.29, rho=7.8,
Kappa=5/6, b=1, t=0.15, h=1, sol[2]);

20 pl:=plot(Re(kh2),omega=0..200000,color=red,axes=BOXED):
p2:=plot(Im(kh1),omega=0..200000,color=blue,axes=BOXED):

21 display({p1,p2});
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1 restart;

2 with(linalg): with(plots):

3 N1:=interp([-1,1],[1,0],xi);

N2:=interp([-1,1],[0,1],xi);

4 N:=matrix(2,4,[N1,0,N2.0,0,N1,0,N2]);
dN:=matrix(2,4,[0,diff(2/h*N1,xi),0,diff(2/h*N2 xi),diff(2/h*N1,xi),-N1,
diff(2/h*N2,xi),-N2]);

5 Cl:=matrix(2,2,[E*J,0,0,G*A*Kappa));
C2:=matrix(2,2,[rtho*A,0,0,rho*]]);

6 me:=map(int,evalm(transpose(N)&*C2& *N*h/2),xi=-1..1);

7 ke:=map(expand,map(int,evalm(transpose(dN)&*C1&*dN*h/2),xi=-1..1));

8 taul:=c10;
tau2:=c20;

9 C3:=matrix(2,2,[taul *(omega”2*rho*A),0,0,tau2*(-G*A*Kappa+rho*J*omega’2)]);

10 dN_LS:=matrix(2,4,[diff(2/h*N1,xi), 0, diff(2/h*N2,xi), 0, 0, diff(2/h*N1 xi),
0,diff(2/h*N2,xi)]);
11 k_LS:=map(expand,map(int,evalm(transpose(dN_LS)&*C3&*dN_LS*h/2),

xi=-1..1));
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nelem:=2:
SO0:=matrix(2*nelem+2,2*nelem+2,0): Phi0:=matrix(2*nelem+2,1,0):
for i from 1 by 2 to 2*nelem do
for ii from 1 by 1 to 4 do
for jj from 1 by 1 to 4 do
SO[ii+i-1,jj+i-1]:=S0[ii+i- 1,jj+i-1] + s[ii,jj;
PhiO[ii+i-1,1]:=phi[ii+i-1,1];
end do;
end do;
end do;
S:=evalm(S0); Phi:=evalm(Phi0);
SP:=map(collect,evalm(subs(phi[1,1]=A1*exp(I*k*h*(n-
1)),phi[2,1]=A2*exp(I*k*h*(n-
1)),phi[3,1]=A1*exp(I*k*h*n),phi[4,1]=A2*exp(I*k*h*n),
phi[5,1]1=A1*exp(I*k*h*(n+1)),phi[6,1]=A2*exp(I*k*h*(n+1)),
evalm(S&*Phi))),rho);

ST:=map(simplify,evalm(exp(-I*h*k*n)*submatrix(SP,3..4,1..1)));

SC:=evalc(map(simplify,matrix(2,2,[coeff(ST[1,1],A1),coeff(ST[1,1],A2),
coeff(ST[2,1],A1),coeff(ST[2,1],A2)])));
s:=factor(evalm(ke-(omega"2)*me+k_LS));

eql:=simplify(det(SC))=0;

sol:=(solve(evala(eql),k));

##Find the Imaginary and Real for solve for Series ### c10=0, c20=0 ###
kk1:=(subs(G=E/(2*(1+nu)), A=b*t, J=(b*t"3)/12, E=210*10"10, nu=0.29, rho=7.8,
Kappa=5/6, b=1, t=0.15, h=1, ¢10=0, c20=0, eval(sol[1]))):
kk2:=(subs(G=E/(2*(1+nu)), A=b*t, J=(b*t"3)/12, E=210*10"10, nu=0.29, rho=7.8,
Kappa=5/6, b=1, t=0.15, h=1, ¢10=0, c20=0, eval(sol[2]))):
pk1:=plot((Im(kk1)),omega=0..200000,color=red,axes=boxed):

pk2:=plot((Re(kk2)),omega=0..200000,color=blue,axes=boxed):

display({pk1,pk2});
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##Solve for Series from sol[ 1 [=Imaginary, sol[2]|=Real
khim:=simplify(sol[1]):

khre:=simplify(sol[2]):
khim_series:=factor(simplify(series(((khim)"2),omega,3)));
khre_series:=factor(simplify(series(((khre)"2),omega,3)));

coeff numer im_omega:=simplify(coeff(khim_series,(omega)));

coeff numer re_omega:=simplify(coeff(khre_series,(omega)));

coeff exact im_omega:=-sqrt(G"2*Kappa”2*E*J*A*rho)/(G*Kappa*E*J);

coeff exact re_omega:=sqrt(G"2*Kappa"2*E*J*A*rho)/(G*Kappa*E*J);

eq3:=coeff exact im_omega-coeff numer im_omega=0;
eqd:=coeff exact re_omega-coeff numer re omega=0;
sol3:=simplify(solve(eq3,c20));
sol4:=simplify(solve(eq4,c20));

coeff numer im_omega2:=simplify(subs(c20=(1/12)*h"2,
coeff(khim_series,(omega™(2)))));

coeff numer re_omega2:=simplify(subs(c20=(1/12)*h"

2, coeff(khre_series,(omega™(2)))));

coeff exact im_omega2:=(1/2)*rho/(G*Kappa)+(1/2)*rho/E;
coeff exact re_omega2:=(1/2)*rho/(G*Kappa)+(1/2)*rho/E;
eq5:=coeff exact im_omega2- coeff numer im omega2=0;
eq6:=coeff exact re_omega2-coeff numer re _omega2=0;
sol5:=simplify(solve(eq5,c10));
sol6:=simplify(solve(eq6,c10));
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restart;
with(linalg): with(plots):

##Shape Functions:

Nl:=interp([-1,0,11,[1,0,0],xi);

N2:=interp([-1,0,11,[0,1,0],xi);

N3:=interp([-1,0,11,[0,0,1],xi);
N:=matrix(2,6,[N1,0,N2,0,N3,0,0,N1,0,N2,0,N3]);
dN:=matrix(2,6,[0,diff(2/h*N1,xi),0,diff(2/h*N2 xi),0,diff(2/h*N3,xi),
diff(2/h*N1,xi),-N1,diff(2/h*N2 xi),-N2,diff(2/h*N3,xi),-N3]);
C1:=matrix(2,2,[E*J,0,0,G*A*Kappa));
C2:=matrix(2,2,[rho*A,0,0,rho*J]);
me:=map(int,evalm(transpose(N)&*C2&*N*h/2),xi=-1..1);
ke:=map(expand,map(int,evalm(transpose(dN)&*C1&*dN*h"2/4) xi=-1..1));
taul:=c10;

tau2:=c20;

C3:=matrix(2,2,[taul *(omega”2*rho*A),0,0,tau2]);

ddN_LS:=matrix(2,6,[diff(diff((4/h"2)*N1 xi),xi), 0, diff(diff((4/h"2)*N2,xi),xi), 0,
diff(diff((4/h"2)*N3,xi),xi), 0, 0, diff(diff((4/h"2)*N]1,xi),xi),0,
diff(diff((4/h"2)*N2,xi),xi),0,diff(diff((4/h"2)*N3,xi),xi)]);
k_LS:=map(expand,map(int,evalm(transpose(ddN_LS)&*C3&*ddN_LS*h/2),
xi=-1..1));

nelem:=2:

nnode:=2*nelem+1:

nn:=nnode-2:

SO0:=matrix(2*nn+4,2*nn+4,0): Phi0:=matrix(2*nn+4,1,0):

for i from 1 by 4 to 2*nn do

for ii from 1 by 1 to 6 do
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for jj from 1 by 1 to 6 do
SOfii+i-1,jj+-11:=SO[ii+i-1,jj+i-1] + s[ii,jj];
PhiO[ii+i-1,1]:=phi[ii+i-1,1];
end do;
end do;
end do;
S:=evalm(S0); Phi:=evalm(Phi0);
SP:=map(collect,evalm(subs(phi[1,1]=A1*exp(I*k*h*(n-1)),
phi[2,1]=A2*exp(I*k*h*(n-1)),phi[3,1]=A3*exp(I*k*h*(n-1/2)),
phi[4,1]=A4*exp(I*k*h*(n-1/2)),phi[5,1]=A 1 *exp(I*k*h*(n)),
phil6,11=A2*exp(I*k*h*(n)),phi[ 7,1 1=A3*exp(I*k*h*(n+1/2)),
phi[8,1]=A4*exp(I*k*h*(n+1/2)),phi[9,1]=A1*exp(I*k*h*(n+1)),
phi[10,1]=A2*exp(I*k*h*(n+1)),evalm(S&*Phi))),rho):
ST56:=map(simplify,evalm((1/2)*exp(-I*h*k*n)*submatrix(SP,5..6,1..1)));
ST78:=map(simplify,evalm((1/2)*exp(-I*h*k*n)*exp(-I*h*k/2)
*submatrix(SP,7..8,1..1)));
SC:=evalc(map(simplify,matrix(4,4,[coeff(ST56[1,1],A1),coeff(ST56[1,1],A2),
coeff(ST56[1,1],A3),coeff(ST56[1,1]1,A4),coeff(ST56[2,1],A1),coeff(ST56[2,1],A2),
coeff(ST56[2,1],A3),coeff(ST56[2,1]1,A4),coeff(ST78[1,1],A1),coeff(ST78[1,1],A2),
coeff(ST78[1,1],A3),coeff(ST78[1,1],A4),coeff(ST78[2,1],A1),coeff(ST78[2,1],A2),
coeff(ST78[2,1],A3),coeff(ST78[2,1]1,A4)])));

s:=(evalm(ke-(omega”2)*me+k_LS));

eql:=simplify((collect(simplify(det(SC)),cos(k*h))=0)):

sol:=solve(eval(eql),k):

##Find the Imaginary and Real for solve for Series ### c10=0, c20=0 ###
kh1:=(subs(G=E/(2*(1+nu)), A=b*t, J=(b*t"3)/12, E=210*10"10, nu=0.29, rho=7.8,
Kappa=5/6, b=1, t=0.15, h=1, ¢10=0, c20=0, eval(sol[1])));
kh2:=(subs(G=E/(2*(1+nu)), A=b*t, J=(b*t"3)/12, E=210*10"10, nu=0.29, rho=7.8,
Kappa=5/6, b=1, t=0.15, h=1, ¢10=0, c20=0, eval(sol[2])));
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pql:=plot(Re(kh2),omega=0..200000,color=red,axes=BOXED,style=point,
symbol=cross,numpoints=75,legend="kq2"):
pg2:=plot(Im(kh1),omega=0..200000,color=blue,axes=BOXED,style=point,
symbol=cross,numpoints=75,legend="kq1"):

display({pql,pq2});

##Solve for Series from sol[ 1 [=Imaginary, sol[2]=Real
khim:=simplify(sol[1]):

khre:=simplify(sol[2]):
khim_series:=factor(simplify(series(((khim)"2),omega,7),power,symbolic)):
khre_series:=factor(simplify(series(((khre)"2),omega,7),power,symbolic)):
coeff numer im_omega:=simplify(coeff(khim_series,(omega)),power,symbolic);

coeff numer re omega:=simplify(coeff(khre series,(omega)),power,symbolic);

coeff exact im_ omega:=simplify(-
sqrt(G"2*Kappa2*E*J*A*rho)/(G*Kappa*E*J),power,symbolic);

coeff exact re omega:=simplify(sqrt(G"2*Kappa”2*E*J*A*rho)/(G*Kappa*E*]),
power,symbolic);

coeff numer im_omega2:=simplify(coeff(khim_series,(omega”2)),power,symbolic);

coeff numer re omega2:=simplify(coeff(khre series,(omega”2)),power,symbolic);

coeff exact im_omega2:=(1/2)*rho/(G*Kappa)+(1/2)*rho/E;
coeff _exact re_omega2:=(1/2)*rho/(G*Kappa)+(1/2)*rho/E;
eq3:=coeff exact im_omega2-coeff numer im_ omega2=0;
eqd:=coeff exact re_omega2-coeff numer re omega2=0;

sol3:=expand(simplify(eval(solve(eq3,c20)),power,symbolic));

sol4:=simplify(eval(solve(eq4,c20)),power,symbolic);

coeff numer im_omega3:=simplify(subs(c20=sol3, coeffilkhim_series,(omega™(3)))));

coeff numer re omega3:=simplify(subs(c20=so0l4, coeff(khre series,(omega™(3)))));
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32 coeff exact im omega3:= -(1/8)*sqrt(J)*rho™(3/2)*(G*2*Kappa’2-

2*G*Kappa*E+E"2)/(EN(3/2)*sqrt(A)*G"2*Kappa™2);

coeff exact re_omega3:= (1/8)*sqrt(J)*rho”(3/2)*(G*2*Kappa’2-

2*G*Kappa*E+E2)/(EN3/2)*sqrt(A)*G 2 *Kappa’2);

33 eqS:=coeff exact im omega3-coeff numer im_omega3=0:
eq6:=coeff exact re_omega3-coeff numer re omega3=0:
34 sol5:=expand(simplify(eval(solve(eq5,c10)),power,symbolic));

sol6:=simplify(eval(solve(eq6,c10)),power,symbolic);

o o A o Aayy axt o W 9 ' Y
HNELTi: Glumammmmmumumemam‘lﬂmm‘ﬁﬂmaamuaﬂqmmu 390610 %31‘]1

q

' '
v A v o A axt o W 9

o . o a J ) [

MduReudun ¥y Algorithm vl dimes mysenuuud s uITMdeasstion
1 ~ 1 v A I

gauuy 3 a0 lasnlasuai taul:=c10; tau2:=c20; Tuus3viah 8 11u

taul := -h"4/240;

tau2:= -h"4/720*( G*A*Kappa);

d‘ o \ d‘ U
Algorithm NMFlumsmarmnnaoun
Y55NA  AIF9
1 restart:
2 with(linalg): with(plots):

3 #iHHHHHHHHHHHHH Properties of Beam and Loading#########H#H#H#H#H#H#H

E:=210*10"10: nu:=0.29: rho:=7.8: Kappa:=5/6: b:=1: t:=0.15: L:=100:
1:=L/2: F:=2:
f:=1671:
4 omega:=2*Pi*f;
J=(b*t"3)/12;
A:=b*t;
G:=E/(2*(1+nu));
5 n:=25; h:=l/n;
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HH T Exact Solution###HHHHHHEHHTHHHE

v:i=P1*A0*exp(-I*K1*x)+P2*B0*exp(-I*K2*x)-P1*CO*exp(I*K 1*x)
-P2*D0*exp(I*K2*x);

theta:=A0*exp(-1*K 1*x)+B0*exp(-1*K2*x)+CO*exp(I*K 1*x)+D0*exp(I*K2*x);
P1:=(I*((E*J*K1/2+G*A*Kappa-rho*J*omega"2)/(G*A*Kappa*K1)));

P2:=(I*((E*J*K2/2+G*A*Kappa-rho*J*omega"2)/(G*A*Kappa*K2)));

K1:=evalf((1/2)*sqrt(2)*sqrt(G*Kappa*E*J*(omega*G*Kappa*rho*J+omega*rho*E
*J+sqrt(omega”2*G 2 *Kappa 2 *rho”2*J*2-2*omega”2*G*Kappa*rho 2 *J"2*E
+omega”2*rho"2*EA2* " 2+4*G 2 *Kappa 2 *E*J* A*rho))*omega)/(G*Kappa*E*J)
);
K2:=evalf((1/2)*sqrt(2)*sqrt(G*Kappa*E*J*(omega*G*Kappa*rho*J+omega*rho*E
*J-sqrt(omega™2*G"2*Kappa”2*rho2*J"2-2*omega”2*G*Kappa*rho”"2*J*2*E
+omega”2*rho " 2*EN2*J"2+4*G 2 *Kappa 2 *E*J*A*rho))*omega)/(G*Kappa*E*J)
);

Pl:=eval(P1);

P2:=eval(P2);

##Apply the boundary conditions to determine the coefficient A0, B0, CO and DO.
v0:=simplify(subs(x=0,eval(v)));

MO:=simplify(subs(x=0,eval(E*J*diff(theta,x))));

thetal :=simplify(subs(x=l,eval(theta)));
V1:=simplify(subs(x=l,eval(G*A*Kappa*(theta-diff(v,x)))));

eqns:={v0=0, M0=0, thetal=0, V1=(-1)};

sols:=solve(eqns);

##The exact solution are:

v:=subs(sols,v);

theta:=subs(sols,theta);

v_ex:=evalc(Re(v));
pv:=plot(v_ex,x=0..1,color=black,axes=BOXED,legend="EX",style=line,

symbol=soliddiamond,linestyle=solid):
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display({pv},labels=['Length of the beam','Dispacement']);

theta0:=simplify(subs(x=0,eval(theta)));

#iHHHHH#H#H Finite Element Solutions using SRIFHHHHHHHHHHHHE

##Stiffness Matrix:
k SRI:=Matrix(4, 4, {(1, 1) = G*A*Kappa/h, (1, 2) = (1/2)*G*A*Kappa,
(1, 3) =-G*A*Kappa/h, (1, 4) = (1/2)*G*A*Kappa, (2, 1) = (1/2)*G*A*Kappa,
(2, 2) = h*(E*J/h"2+(1/4)*G*A*Kappa), (2, 3) = -(1/2)*G*A*Kappa,
(2, 4) = h*(-E*J/h"2+(1/4)*G*A*Kappa), (3, 1) = -G*A*Kappa/h,
(3, 2) =-(1/2)*G*A*Kappa, (3, 3) = G*A*Kappa/h, (3, 4) = -(1/2)*G*A*Kappa,
4, D) =(1/2)*G*A*Kappa, (4, 2) = h*(-E*J/h"2+(1/4)*G*A*Kappa),
(4, 3) =-(1/2)*G*A*Kappa, (4, 4) = h*(E*J/h"2+(1/4)*G*A*Kappa)});
K_SRI=matrix(2*(n+1),2*(n+1),0): evalm(K_SRI):
for i from 0 by 2 to 2*(n-1) do

for ii from 1 to 4 do

for jj from 1 to 4 do

K_SRI[ii+i,jj+i]:=K_SRI[ii+ijj+il+k_SRI[iijil:
od: od: od:
##Mass Matrix:
m_SRI:=Matrix(4, 4, {(1, 1) = (1/3)*h*rho*A, (1, 2) =0, (1, 3) = (1/6)*h*rho*A,
(1,4)=0,(2,1)=0, (2, 2) = (1/3)*h*rho*J, (2, 3) = 0, (2, 4) = (1/6)*h*rho*],
(3, 1) = (1/6)*h*rho*A, (3, 2) = 0, (3, 3) = (1/3)*h*rho*A, (3,4) =0, (4, 1) = 0,
(4,2) = (1/6)*h*rho*J, (4, 3) =0, (4, 4) = (1/3)*h*rho*I});
M_SRI:=matrix(2*(n+1),2*(n+1),0): evalm(M_SRI):
for i from 0 by 2 to 2*(n-1) do

for ii from 1 to 4 do

for jj from 1 to 4 do

M_SRI[ii+ijj+i]:=M_SRI[ii+ijj+i]+m SRI[iijj]:

od: od: od:
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##Force Vector:

F:=matrix(2*(n+1),1,0):

F[2*n+1,1]:=1:

##Nodal Displacement:

KK _SRI:=evalm(K_SRI-(evalm((omega”2)*M_SRI))):
KKK SRI:=submatrix(KK SRI,2..2*n+1,2..2*n+1):
FF:=submatrix(F,2..2*n+1,1..1):

d_SRI:=linsolve(KKK SRI,evalm(FF)):
dd_SRI:=augment([0],evalm(transpose(d SRI)),[0]):

p_SRI=plot([seq([h*i,dd_SRI[1,2*i+1]],i=0..n)],color=black,axes=BOXED,
legend="SRI2",linestyle=dash):

display({pv,p_SRI},labels=["Length of the beam','Dispacement']);

#itHHH A Finite Element Solution using GGL SH##HHHHHHHIHHHEHIH
##Stiffness Matrix:

k TL:=Matrix(4, 4, {(1, 1) = G*A*Kappa/h, (1, 2) = (1/2)*G*A*Kappa,

(1, 3) =-G*A*Kappa/h, (1, 4) = (1/2)*G*A*Kappa, (2, 1) = (1/2)*G*A*Kappa,
(2, 2) = (1/3)*h*G*A*Kappa+E*J/h, (2, 3) = -(1/2)*G*A*Kappa,

(2, 4) = (1/6)*h*G*A*Kappa-E*J/h, (3, 1) = -G*A*Kappa/h,

(3, 2) = -(1/2)*G*A*Kappa, (3, 3) = G*A*Kappa/h, (3, 4) = -(1/2)*G*A*Kappa,
4, 1) =(1/2)*G*A*Kappa, (4, 2) = (1/6)*h*G*A*Kappa-E*J/h,

(4, 3) =-(1/2)*G*A*Kappa, (4, 4) = (1/3)*h*G*A*Kappa+E*J/h});

k LS:=matrix([[-1/4*h*omega”2*rho*A, 0, 1/4*h*omega”2*rho*A, 0],

[0, -1/12*h*G*A*Kappa+1/12*h*rho*J*omega”2, 0,
1/12*¥h*G*A*Kappa-1/12*h*rho*J*omega”2], [1/4*h*omega”2*rho*A, 0,
-1/4*h*omega™2*rho*A, 0], [0, 1/12*h*G*A*Kappa-1/12*h*rho*J*omega’2,
0, -1/12*h*G*A*Kappa+1/12*h*rho*J*omega”2]]);

k GLS:=evalm(k TI+k LS);

K_GLS:=matrix(2*(n+1),2*(n+1),0): evalm(K_GLS):
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for i from 0 by 2 to 2*(n-1) do

for ii from 1 to 4 do

for jj from 1 to 4 do

K_GLS[ii+, jj+i]:=K_GLS[ii+i,jj+i]+k GLS[ii,jj]:
od: od: od:
##Mass Matrix:
m_GLS:=Matrix(4, 4, {(1, 1) = (1/3)*h*rho*A, (1, 2) =0, (1, 3) = (1/6)*h*rho*A,
(1,4)=0,(2,1)=0, (2, 2) = (1/3)*h*rho*J, (2, 3) = 0, (2, 4) = (1/6)*h*rho*J,
(3, 1) = (1/6)*h*rho*A, (3,2) = 0, (3, 3) = (1/3)*h*rho*A, (3,4) =0, (4, 1) = 0,
(4, 2) = (1/6)*h*rho*J, (4, 3) = 0, (4, 4) = (1/3)*h*rho*J});
M_GLS:=matrix(2*(n+1),2*(n+1),0): evalm(M_GLS):
for i from 0 by 2 to 2*(n-1) do

for ii from 1 to 4 do

for jj from 1 to 4 do

M_GLS[ii+,jj+i]:==M_GLS[ii+ijj+i]+m_ GLS[ii,jjl:
od: od: od:
##Force Vector:
F:=matrix(2*(n+1),1,0):
F[2*n+1,1]:=1:
##Nodal Displacement:
KK GLS:=evalm(K_ GLS-(evalm((omega”2)*M_GLS))):
KKK_GLS:=submatrix(KK_GLS,2..2*n+1,2..2*n+1):
FF:=submatrix(F,2..2*n+1,1..1):
d_GLS:=linsolve(KKK_GLS,evalm(FF)):

dd_GLS:=augment([0],evalm(transpose(d_GLS)),[0]):

p_GLS:=plot([seq([h*i,dd GLS[1,2*i+1]],i=0..n)],color=black,axes=BOXED,
legend="GGLS2",style=line,linestyle=dashdot):

display({pv,p_GLS},labels=['Length_of the beam','Dispacement']);

Hth#HtHHHH#HH#H# Finite Element Solution using QSRIF##HHHHEH#HHHHHE
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##Stiffness Matrix:

kQ_ SRI:=Matrix(6, 6, {(1, 1) = (7/3)*G*A*Kappa/h, (1, 2) = (1/2)*G*A*Kappa,
(1, 3) =-(8/3)*G*A*Kappa/h, (1, 4) = (2/3)*G*A*Kappa,

(1, 5) = (1/3)*G*A*Kappa/h, (1, 6) = -(1/6)*G*A*Kappa,

(2, D) =(1/2)*G*A*Kappa, (2, 2) = (1/9)*(21*E*J+G*A*Kappa*h"2)/h,
(2, 3) =-(2/3)*G*A*Kappa, (2, 4) = -(1/9)*(24*E*J-G*A*Kappa*h"2)/h,
(2, 5) = (1/6)*G*A*Kappa, (2, 6) = (1/18)*(6*E*J-G*A*Kappa*h"2)/h,
(3, 1) =-(8/3)*G*A*Kappa/h, (3, 2) = -(2/3)*G*A*Kappa,

(3, 3) = (16/3)*G* A*Kappa/h, (3, 4) = 0, (3, 5) = -(8/3)*G*A*Kappa/h,
(3, 6) = (2/3)*G*A*Kappa, (4, 1) = (2/3)*G*A*Kappa,

(4, 2) = -(1/9)*(24*E*J-G*A*Kappa*h*2)/h, (4, 3) = 0,

(4, 4) = (4/9)*(12*E*J+G*A*Kappa*h”2)/h, (4, 5) = -(2/3)*G*A*Kappa,
(4, 6) = -(1/9)*(24*E*J-G*A*Kappa*h”2)/h, (5, 1) = (1/3)*G*A*Kappa/h,
(5,2) = (1/6)*G*A*Kappa, (5, 3) = -(8/3)*G*A*Kappa/h,

(5, 4) = -(2/3)*G*A*Kappa, (5, 5) = (7/3)*G*A*Kappa/h,

(5, 6) = -(1/2)*G*A*Kappa, (6, 1) = -(1/6)*G*A*Kappa,

(6,2) = (1/18)*(6*E*J-G*A*Kappa*h"2)/h, (6, 3) = (2/3)*G*A*Kappa,
(6, 4) = -(1/9)*(24*E*J-G*A*Kappa*h”"2)/h, (6, 5) = -(1/2)*G*A*Kappa,

(6, 6) = (1/9)*(21*E*J+G*A*Kappa*h"2)/h});

KQ_ SRI:=matrix((4*n+2),(4*n+2),0): evalm(KQ SRI):
for i from 0 by 4 to 4*n-4 do
for ii from 1 to 6 do
for jj from 1 to 6 do
KQ_SRI[iiH, jj+i]:=KQ_ SRI[ii+i,jj+i]+kQ_SRI[ii,jj]:
od: od: od:

##Mass Matrix:

mq:=Matrix(6, 6, {(1, 1) = (2/15)*h*rho*A, (1, 2) =0, (1, 3) = (1/15)*h*rho*A,
(1,4) =0, (1, 5) =-(1/30)*h*rho*A, (1, 6) =0, (2, 1) = 0, (2, 2) = (2/15)*h*rho*]J,
(2,3)=0,(2,4) = (1/15)*h*rho*J, (2, 5) = 0, (2, 6) = -(1/30)*h*rho*],
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(3, 1) = (1/15)*h*rho*A, (3, 2) = 0, (3, 3) = (8/15)*h*rho*A, (3, 4) =0,
(3, 5) = (1/15)*h*rho*A, (3, 6) =0, (4, 1) = 0, (4, 2) = (1/15)*h*rho*]J, (4, 3) = 0,
(4, 4) = (8/15)*h*rho*J, (4, 5) = 0, (4, 6) = (1/15)*h*rho*J, (5, 1) = -(1/30)*h*rho*A,
(5,2)=0, (5, 3) = (1/15)*h*rho*A, (5, 4) = 0, (5, 5) = (2/15)*h*rho*A, (5, 6) = 0,
(6, 1)=0, (6, 2) =-(1/30)*h*rho*J, (6, 3) = 0, (6, 4) = (1/15)*h*rho*J, (6, 5) = 0,
(6, 6) = (2/15)*h*rho*J});
MQ:=matrix((4*n+2),(4*n+2),0): evalm(MQ):
for i from 0 by 4 to 4*n-4 do

for ii from 1 to 6 do

for jj from 1 to 6 do

MQii+i,jj+i]:=MQlii-+i,jj+i]+mq[ii,jj]:
od: od: od:
##Force Vector:
F:=matrix((4*n+2),1,0):
F[(4*n+1),1]:=1:
##Nodal Displacement:
KK QSRI:=evalm(KQ SRI-(evalm((omega’2)*MQ))):
KKK QSRI:=submatrix(KK QSRI,2..4*n+1,2..4*n+1):
FF:=submatrix(F,2..4*n+1,1..1):
d_QSRI:=linsolve(KKK QSRI,evalm(FF)):

dd_QSRI:=augment([0],evalm(transpose(d_QSRI)),[0]):

p_QSRI:=plot([seq([h*i,dd QSRI[1,4*i+1]],i=0..n)],color=black,axes=BOXED,legen
d="SRI3",style=line,linestyle=dot):

display({pv,p_QSRI} labels=['Length _of the beam','Dispacement']);

#itH A Finite Element Solution using QLSH#HHHEHIHEHEHHHHHE
##Stiffness Matrix:

kq:=Matrix(6, 6, {(1, 1) = (7/3)*G*A*Kappa/h, (1, 2) = (1/2)*G*A*Kappa,

(1, 3) = -(8/3)*G*A*Kappa/h, (1, 4) = (2/3)*G*A*Kappa,

(1, 5) = (1/3)*G*A*Kappa/h, (1, 6) = -(1/6)*G*A*Kappa, (2, 1) = (1/2)*G*A*Kappa,
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(2, 2) = (2/15)*h*G* A*Kappa+(7/3)*E*J/h, (2, 3) = -(2/3)*G*A*Kappa,
(2, 4) = (1/15)*h*G*A*Kappa-(8/3)*E*J/h, (2, 5) = (1/6)*G*A*Kappa,
(2, 6) =-(1/30)*h*G*A*Kappa+(1/3)*E*J/h, (3, 1) = -(8/3)*G*A*Kappa/h,
(3,2) =-(2/3)*G*A*Kappa, (3, 3) = (16/3)*G*A*Kappa/h, (3,4) =0,
(3, 5) =-(8/3)*G*A*Kappa/h, (3, 6) = (2/3)*G*A*Kappa, (4, 1) = (2/3)*G*A*Kappa,
(4, 2) = (1/15)*h*G*A*Kappa-(8/3)*E*J/h, (4, 3) = 0,
(4, 4) = (8/15)*h*G*A*Kappa+(16/3)*E*J/h, (4, 5) = -(2/3)*G*A*Kappa,
(4, 6) = (1/15)*h*G*A*Kappa-(8/3)*E*J/h, (5, 1) = (1/3)*G* A*Kappa/h,
(5,2) = (1/6)*G*A*Kappa, (5, 3) = -(8/3)*G*A*Kappa/h,
(5, 4) = -(2/3)*G*A*Kappa, (5, 5) = (7/3)*G*A*Kappa/h,
(5, 6) =-(1/2)*G*A*Kappa, (6, 1) = -(1/6)*G*A*Kappa,
(6, 2) = -(1/30)*h*G*A*Kappa+(1/3)*E*J/h, (6, 3) = (2/3)*G*A*Kappa,
(6, 4) = (1/15)*h*G*A*Kappa-(8/3)*E*J/h, (6, 5) = -(1/2)*G*A*Kappa,
(6, 6) = (2/15)*h*G*A*Kappa+(7/3)*E*J/h});
kqls:= Matrix(6, 6, {(1, 1) =-(1/15)*h*omega”2*rho*A, (1,2) =0, (1, 3) =
(2/15)*h*omega™2*rho*A, (1,4) =0, (1, 5) = -(1/15)*h*omega”2*rho*A, (1, 6) = 0,
(2,1)=0,(2,2)=-(1/45)*h*G*A*Kappa, (2, 3) =0, (2, 4) = (2/45)*h*G*A*Kappa,
(2,5)=0, (2, 6)=-(1/45)*h*G*A*Kappa, (3, 1) = (2/15)*h*omega”2*rho*A, (3, 2)
=0, (3, 3) =-(4/15)*h*omega’2*rho*A, (3,4) =0, (3, 5) =
(2/15)*h*omega”™2*rho*A, (3,6) =0, (4, 1) =0, (4, 2) = (2/45)*h*G*A*Kappa, (4, 3)
=0, (4, 4) = -(4/45)*h*G*A*Kappa, (4, 5) =0, (4, 6) = (2/45)*h*G*A*Kappa, (5, 1)
= -(1/15)*h*omega”2*rho*A, (5, 2) = 0, (5, 3) = (2/15)*h*omega”2*rho*A, (5, 4) =
0, (5, 5) =-(1/15)*h*omega”2*rho*A, (5, 6) =0, (6, 1) =0, (6,2) = -
(1/45)*h*G*A*Kappa, (6, 3) =0, (6, 4) = (2/45)*h*G*A*Kappa, (6, 5) =0, (6, 6) = -
(1/45)*h*G*A*Kappa});
kQ LS:=evalm(kq+kqls);
KQ LS:=matrix((4*n+2),(4*n+2),0): evalm(KQ_LS):
for i from 0 by 4 to 4*(n-1) do

for ii from 1 to 6 do

for jj from 1 to 6 do
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KQ_LS[ii+, jj+i]:=KQ_LS[ii+i,jj+i]+kQ_LS[ii,jj]:

od: od: od:

##Mass Matrix:

mq:=Matrix(6, 6, {(1, 1) = (2/15)*h*rho*A, (1,2) =0, (1, 3) = (1/15)*h*rho*A,
(1,4)=0, (1, 5) = -(1/30)*h*rho*A, (1, 6) =0, (2, 1) = 0, (2, 2) = (2/15)*h*rho*],
(2,3)=0,(2,4)=(1/15)*h*rho*J, (2, 5) =0, (2, 6) = -(1/30)*h*rho*]J,

(3, 1) = (1/15)*h*rho*A, (3, 2) = 0, (3, 3) = (8/15)*h*rho*A, (3,4) =0,

(3, 5) = (1/15)*h*rho*A, (3, 6) = 0, (4, 1) = 0, (4, 2) = (1/15)*h*rho*J, (4, 3) =0,
(4, 4) = (8/15)*h*rho*J, (4, 5) = 0, (4, 6) = (1/15)*h*rho*], (5, 1) = -(1/30)*h*rho*A,
(5,2)=0, (5, 3) = (1/15)*h*rho*A, (5, 4) = 0, (5, 5) = (2/15)*h*rho*A, (5, 6) = 0,
(6, 1)=0, (6, 2) =-(1/30)*h*rho*J, (6, 3) = 0, (6, 4) = (1/15)*h*rho*J, (6, 5) =0,
(6, 6) = (2/15)*h*rho*J});

MQ:=matrix((4*n+2),(4*n+2),0): evalm(MQ):

for i from 0 by 4 to 4*(n-1) do

for ii from 1 to 6 do

for jj from 1 to 6 do

MQlii+i,jj+il:=MQlii+i,jj+il+mqlii,jjl:
od: od: od:
##Force Vector:
F:=matrix((4*n+2),1,0):
F[(4*n+1),1]:=1:
##Nodal Displacement:
KK QLS:=evalm(KQ_ LS-(evalm((omega”2)*MQ))):
KKK _QLS:=submatrix(KK_QLS,2..4*n+1,2..4*n+1):
FF:=submatrix(F,2..4*n+1,1..1):
d_QLS:=linsolve(KKK _QLS,evalm(FF)):

dd_QLS:=augment([0],evalm(transpose(d QLS)),[0]):

p_QLS:=plot([seq([h*i,dd QLS[1,4*i+1]],i=0..n)],color=black,axes=BOXED,

legend="GGLS3",style=line,linestyle=longdash):
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display({pv,p QLS} labels=['Length of the beam','Dispacement']);

display({pv,p_SRILp GLS,p QLS,p QSRI},

labels=['Length_of the beam','Dispacement']);

] 9 ]
WINEIHA: 910 Algorithm AOVMIAIMIAADUATTINTaRIMUA ANWE (D tag S

a 4 o d' 1 o d' 1 Y d'
aua (n) Iagiimsilasual £ luussnan 3 uazarn lWUsINan s

L . ' 4
Algorithm NlFlumsannarimanuaaamnasuve L,

155NN

v
[

AT
restart:
with(linalg): with(plots):

#iHHHHHHHHHHHHHHH Properties of Beam and Loading#####iHHHHHH

E:=210*10"10: nu:=0.29: rho:=7.8: Kappa:=5/6: b:=1: t:=0.15:
L:=100: 1:=L/2: F:=2: £:=1671:

omega:=2*Pi*f:

J=(b*t"3)/12;

A:=b*t;

G:=E/(2*(1+nu));

mcase:=5:

HthH AT E xact Solution#HEH#HHHHHETHHHHHE

v:i=P1*A0*exp(-I*K1*x)+P2*B0*exp(-I*K2*x)-P1*CO*exp(I*K 1*x)
-P2*D0*exp(I*K2*x);
theta:=A0*exp(-I*K1*x)+B0*exp(-I*K2*x)+C0*exp(I*K 1*x)+D0*exp(I*K2*x);
P1:=I*((E*J*K1"2+G*A*Kappa-tho*J*omega’2)/(G*A*Kappa*K1)));

P2:=(I*((E*J*K2"2+G*A*Kappa-tho*J*omega’2)/(G*A*Kappa*K2)));
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K1:=evalf((1/2)*sqrt(2)*sqrt(G*Kappa*E*J*(omega*G*Kappa*rho*J+omega*rho*E
*J+sqrt(omega”2*G 2 *Kappa”2*rho”2*J"2-
2*omega™2*G*Kappa*rho”2*J"2*E+omega’2*rho"2*E"2*J"2+4*G"2*Kappa”2*E
*J* A*rho))*omega)/(G*Kappa*E*]));
K2:=evalf((1/2)*sqrt(2)*sqrt(G*Kappa*E*J*(omega*G*Kappa*rho*J+omega*rho*E
*J-sqrt(omega2*G"2*Kappa 2 *rho 2 *J*2-
2*omega™2*G*Kappa*rho"2*J"2*E+omega’2*rho 2 *E"2*J"2+4*G 2 *Kappa™2*E
*J* A*rho))*omega)/(G*Kappa*E*]));

Pl:=eval(P1);

P2:=eval(P2);

##Apply the boundary conditions to determine the coefficient A0, BO, CO and DO.
v0:=simplify(subs(x=0,eval(v)));

MO:=simplify(subs(x=0,eval(E*J*diff(theta,x))));

thetal :=simplify(subs(x=l,eval(theta)));
V1:=simplify(subs(x=1,eval(G*A*Kappa*(theta-diff(v,x)))));

eqns:={v0=0, M0=0, thetal=0, V1=(-1)};

sols:=solve(eqns);
##The exact solution are
v:=subs(sols,v);
theta:=subs(sols,theta);

v_ex:=evalc(Re(v));

norm_v_ex:=Re(sqrt(int(v_ex"2,x=0..1)));

it Finite Element Solutions using SRIFHHH#HHHHEHHHHEHHTH

for nn from 1 to mcase do
n:=25*nn:

h:=l/n:

## Stiffness Matrix:



k SRI:=Matrix(4, 4, {(1, 1) = G*A*Kappa/h, (1, 2) = (1/2)*G*A*Kappa,

(1, 3) =-G*A*Kappa/h, (1, 4) = (1/2)*G*A*Kappa, (2, 1) = (1/2)*G*A*Kappa,
(2, 2) = h*(E*J/h"2+(1/4)*G*A*Kappa), (2, 3) = -(1/2)*G*A*Kappa,

(2, 4) = h*(-E*J/h"2+(1/4)*G*A*Kappa), (3, 1) = -G*A*Kappa/h,

(3, 2) = -(1/2)*G*A*Kappa, (3, 3) = G*A*Kappa/h, (3, 4) = -(1/2)*G*A*Kappa,
4, D) =(1/2)*G*A*Kappa, (4, 2) = h*(-E*J/h"2+(1/4)*G*A*Kappa),

(4, 3) =-(1/2)*G*A*Kappa, (4, 4) = h*(E*J/h"2+(1/4)*G*A*Kappa)});

K_SRI:=matrix(2*(n+1),2*(n+1),0): evalm(K_SRI):

for i from 0 by 2 to 2*(n-1) do
for ii from 1 to 4 do
for jj from 1 to 4 do
K_SRI[ii+i,jj+i]:=K_SRI[ii+i,jj+i]+k_ SRI[ii,jj]:
od: od: od:

## Mass Matrix:

m_SRI:=Matrix(4, 4, {(1, 1) = (1/3)*h*rho*A, (1, 2) = 0, (1, 3) = (1/6)*h*rho*A,

(1,4)=0,(2,1)=0, (2,2) = (1/3)*h*rho*J, (2, 3) = 0, (2, 4) = (1/6)*h*rho*]J,
(3, 1) = (1/6)*h*rho*A, (3, 2) = 0, (3, 3) = (1/3)*h*rho*A, (3,4)=0, (4, 1) = 0,
(4, 2) = (1/6)*h*rho*J, (4, 3) = 0, (4, 4) = (1/3)*h*rho*J});

M_SRI:=matrix(2*(n+1),2*(n+1),0): evalm(M_SRI):
for i from 0 by 2 to 2*(n-1) do
for ii from 1 to 4 do

for jj from 1 to 4 do

M_SRI[ii+,jj+i]:=M_SRI[ii+i,jj+i]+m_SRI[ii,jj]:
od: od: od:

111



## Force Vector:
F:=matrix(2*(n+1),1,0):

F[2*n+1,1]:=1:

## Nodal Displacement:

KK _SRI:=evalm(K_SRI-(evalm((omega”2)*M_SRI))):
KKK SRI:=submatrix(KK SRI,2..2*n+1,2..2*n+1):
FF:=submatrix(F,2..2*n+1,1..1):

d_SRI:=linsolve(KKK SRI,evalm(FF)):

dd_SRI:=augment([0],evalm(transpose(d SRI)),[0]):

## Displacement Approximation:
vh_SRI:=matrix(n,1,0):
for i from 0 to n-1 do

x1:=i*h:

x2:=(i+1)*h:

N1:=(x2-x)/h:

N2:=(x-x1)/h:

vh SRI[i+1,1]:=N1*dd_SRI[1,2*i+1]+N2*dd SRI[1,2*i+3];
od:

## Error in L2 Norm:

L2_SRI[nn]:=0:

for i from 0 to n-1 do
xel:=i*h:

xe2:=(i+1)*h:

L2 SRI[nn]:=L2_SRI[nn]+Re(int((vh SRI[i+1,1]-v_ex)"2,x=xel..xe2)):

od:
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eL2 SRI[nn]:=sqrt(L2_SRI[nn]):

## Normalized an Error:
NE_SRI[nn]:=simplify(eval(100*eL2_SRI[nn]/norm_v_ex)):

NN[nn]:=n:

od:

p_SRI:=loglogplot([seq([NN[i],NE_ SRI[i]],i=1..mcase)],color=black,axes=BOXED,1

egend="SRI2" style=line,linestyle=solid):

it ##HFinite Element Solutions using GGLS####H###H#HH#

for nn from 1 to mcase do
n:=25*nn:

h:=l/n:

## Stiffness Matrix:

k_TIL:=Matrix(4, 4, {(1, 1) = G*A*Kappa/h, (1, 2) = (1/2)*G*A*Kappa,

(1, 3) =-G*A*Kappa/h, (1, 4) = (1/2)*G*A*Kappa, (2, 1) = (1/2)*G*A*Kappa,
(2, 2) = (1/3)*h*G*A*Kappa+E*J/h, (2, 3) = -(1/2)*G*A*Kappa,

(2, 4) = (1/6)*h*G*A*Kappa-E*J/h, (3, 1) = -G*A*Kappa/h,

(3,2) =-(1/2)*G*A*Kappa, (3, 3) = G*A*Kappa/h, (3, 4) = -(1/2)*G*A*Kappa,
(4, 1) = (1/2)*G*A*Kappa, (4, 2) = (1/6)*h*G*A*Kappa-E*J/h,

(4, 3) = -(1/2)*G*A*Kappa, (4, 4) = (1/3)*h*G*A*Kappa+E*J/h});

k LS:=Matrix(4, 4, {(1, 1) = -(1/4)*h*omega’2*rho*A, (1, 2) = 0,
(1, 3) = (1/4)*h*omega”2*rho*A, (1,4) =0, (2, 1) =0,

(2, 2) = -(1/12)*h*G*A*Kappa+(1/12)*h*rho*J*omega”2, (2, 3) = 0,
(2, 4) = (1/12)*h*G*A*Kappa-(1/12)*h*rho*J*omega’2,

(3, 1) = (1/4)*h*omega”2*rho*A, (3, 2) = 0, (3, 3) = -(1/4)*h*omega”2*rho*A,



(3,4)=0,(4,1)=0, (4, 2) = (1/12)*h*G*A*Kappa-(1/12)*h*rho*J*omega”"2,

(4,3)=0, (4, 4) =-(1/12)*h*G*A*Kappa+(1/12)*h*rho*J*omega™2});

k_GLS:=evalm(k_TI+k LS);

K_GLS:=matrix(2*(n+1),2*(n+1),0): evalm(K_GLS):

for i from 0 by 2 to 2*(n-1) do
for 11 from 1 to 4 do

for jj from 1 to 4 do

K_GLS[iiH, jj+i]:=K_GLS[ii+ijj+i]+k GLSI[iijjl:

od: od: od:

## Mass Matrix:

m_GLS:=Matrix(4, 4, {(1, 1) = (1/3)*h*rho*A, (1, 2) = 0, (1, 3) = (1/6)*h*rho*A,
(1,4)=0,(2,1)=0, (2, 2) = (1/3)*h*rho*J, (2, 3) = 0, (2, 4) = (1/6)*h*rho*],

(3, 1) = (1/6)*h*rho*A, (3, 2) =0, (3, 3) = (1/3)*h*rho*A, (3,4) =0, (4, 1) = 0,
(4, 2) = (1/6)*h*rho*J, (4, 3) = 0, (4, 4) = (1/3)*h*rho*J});

M_GLS:=matrix(2*(n+1),2*(n+1),0): evalm(M_GLS):

for i from 0 by 2 to 2*(n-1) do
for ii from 1 to 4 do
for jj from 1 to 4 do
M_GLS[ii+i,jj+i]:=M_GLS[ii+i,jj+i]l+m_GLS[ii,jj]:
od: od: od:

## Force Vector:
F:=matrix(2*(n+1),1,0):

F[2*n+1,1]:=1:
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## Nodal Displacement:

KK GLS:=evalm(K_ GLS-(evalm((omega”2)*M_GLS))):
KKK _GLS:=submatrix(KK_GLS,2..2*n+1,2..2*n+1):
FF:=submatrix(F,2..2*n+1,1..1):
d_GLS:=linsolve(KKK_GLS,evalm(FF)):

dd_GLS:=augment([0],evalm(transpose(d_GLS)),[0]):

## Displacement Approximation
vh_GLS:=matrix(n,1,0):
for i from 0 to n-1 do

x1:=1*h:

x2:=(i+1)*h:

N1:=(x2-x)/h:

N2:=(x-x1)/h:

vh_GLS[i+1,1]:=N1*dd_GLS[1,2*i+1]+N2*dd_GLS[1,2*i+3]:
od:
## Error in L2 Norm:
L2 GLS[nn]:=0:
for i from 0 to n-1 do
xel:=i*h:

xe2:=(i+1)*h:

L2 GLS[nn]:=L2_GLS[nn]+Re(int((vh_GLS[i+1,1]-v_ex)"2,x=xel..xe2)):
od:

eL.2 GLS[nn]:=sqrt(L2_GLS[nn]):

## Normalized an Error:

NE_GLS[nn]:=simplify(eval(100*e¢L2_GLS[nn]/norm v_ex)):
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NN[nn]:=n:

od:

p_GLS:=loglogplot([seq([NN[i],NE_GLS[i]],i=1..mcase)],color=black,

axes=BOXED, legend="GGLS2"style=line,linestyle=dashdot):

HitHHHHHHHHFinite Element Solutions using QSRI####H#H#HHHHHHH

for nn from 1 to mcase do
n:=25%nn:
h:=l/n:
## Stiffness Matrix:
kQ_SRI:=Matrix(6, 6, {(1, 1) = (7/3)*G*A*Kappa/h, (1, 2) = (1/2)*G*A*Kappa,
(1, 3) =-(8/3)*G*A*Kappa/h, (1, 4) = (2/3)*G*A*Kappa,
(1, 5) = (1/3)*G*A*Kappa/h, (1, 6) =-(1/6)*G*A*Kappa, (2, 1) = (1/2)*G*A*Kappa,
(2,2) = (1/9)*21*E*J+G*A*Kappa*h”"2)/h, (2, 3) = -(2/3)*G*A*Kappa,
(2, 4) = -(1/9)*(24*E*J-G*A*Kappa*h*2)/h, (2, 5) = (1/6)*G*A*Kappa,
(2, 6) = (1/18)*(6*E*J-G*A*Kappa*h"2)/h, (3, 1) = -(8/3)*G*A*Kappa/h,
(3, 2) =-(2/3)*G*A*Kappa, (3, 3) = (16/3)*G*A*Kappa/h, (3, 4) =0,
(3, 5) =-(8/3)*G*A*Kappa/h, (3, 6) = (2/3)*G*A*Kappa, (4, 1) = (2/3)*G*A*Kappa,
(4,2) =-(1/9)*(24*E*J-G*A*Kappa*h”2)/h, (4,3) =0, (4,4) =
(4/9)*(12*E*J+G*A*Kappa*h”2)/h, (4, 5) = -(2/3)*G*A*Kappa,
(4, 6) = -(1/9)*(24*E*J-G*A*Kappa*h”2)/h, (5, 1) = (1/3)*G*A*Kappa/h,
(5,2) = (1/6)*G*A*Kappa, (5, 3) = -(8/3)*G*A*Kappa/h,
(5, 4) = -(2/3)*G*A*Kappa, (5, 5) = (7/3)*G*A*Kappa/h,
(5, 6) = -(1/2)*G*A*Kappa, (6, 1) = -(1/6)*G*A*Kappa,
(6,2) = (1/18)*(6*E*J-G*A*Kappa*h"2)/h, (6, 3) = (2/3)*G*A*Kappa,
(6, 4) = -(1/9)*(24*E*J-G*A*Kappa*h”*2)/h, (6, 5) = -(1/2)*G*A*Kappa,

(6, 6) = (1/9)*(21*E*J+G*A*Kappa*h"2)/h});

KQ_SRI:=matrix((4*n+2),(4*n+2),0): evam(KQ_SRI):
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for i from 0 by 4 to 4*(n-1) do
for ii from 1 to 6 do
for jj from 1 to 6 do
KQ_SRI[ii+i,jj+i]:=KQ SRI[ii+i,jj+i]+kQ SRI[ii,jjl:
od: od: od:

## Mass Matrix:

mq:=Matrix(6, 6, {(1, 1) = (2/15)*h*rho*A, (1,2) =0, (1, 3) = (1/15)*h*rho*A,
(1,4) =0, (1, 5) =-(1/30)*h*rho*A, (1, 6) =0, (2, 1) = 0, (2, 2) = (2/15)*h*rho*]J,
(2,3)=0,(2,4) = (1/15)*h*rho*J, (2, 5) = 0, (2, 6) = -(1/30)*h*rho*],

(3, 1) = (1/15)*h*rho*A, (3, 2) = 0, (3, 3) = (8/15)*h*rho*A, (3, 4) = 0,

(3, 5) = (1/15)*h*rho*A, (3, 6) = 0, (4, 1) = 0, (4, 2) = (1/15)*h*rho*J, (4, 3) = 0,

(4, 4) = (8/15)*h*rho*J, (4, 5) = 0, (4, 6) = (1/15)*h*rho*], (5, 1) = -(1/30)*h*rho*A,
(5,2)=0, (5, 3) = (1/15)*h*rho*A, (5, 4) = 0, (5, 5) = (2/15)*h*rho*A, (5, 6) = 0,
(6,1)=0, (6,2)=-(1/30)*h*rho*J, (6, 3) =0, (6, 4) = (1/15)*h*rho*J, (6, 5) = 0,

(6, 6) = (2/15)*h*rtho*J});

MQ:=matrix((4*n+2),(4*n+2),0): evalm(MQ):

for i from 0 by 4 to 4*(n-1) do
for ii from 1 to 6 do
for jj from 1 to 6 do
MQ[ii+i,jj+i]:=MQlii+ijj+il+mq(ii,jj]:
od: od: od:

## Force Vector:
F:=matrix((4*n+2),1,0):

F[(4*n+1),1]:=1:



## Nodal Displacement:

KK QSRI:=evalm(KQ SRI-(evalm((omega’2)*MQ))):

KKK QSRI:=submatrix(KK QSRI,2..4*n+1,2..4*n+1):

FF:=submatrix(F,2..4*n+1,1..1):

d_QSRI:=linsolve(KKK_ QSRIevalm(FF)):

dd_QSRI:=augment([0],evalm(transpose(d_QSRI)),[0]):

## Displacement Approximation

vh_QSRI:=matrix(n,1,0):
for i from 0 to n-1 do

x1:=1*h:

x2:=(i+(1/2))*h:

x3:=(i+1)*h:
N1:=(x-x2)*(x-x3)/((x1-x2)*(x1-x3)):
N2:=(x-x1)*(x-x3)/((x2-x1)*(x2-x3)):

N3:=(x-x1)*(x-x2)/((x3-x1)*(x3-x2)):
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vh_QSRI[i+1,11:=N1*dd_QSRI[1,4*i+1]+N2*dd_QSRI[1,4*i+3]+N3*dd QSRI[1,4

*i+5]:

od:

## Error in L2 Norm:

L2 QSRI[nn]:=0:
for i from 0 to n-1 do
xel:=1*h:

xe2:=(i+1)*h:

L2 QSRI[nn]:=L2_QSRI[nn]+Re(int((vh_QSRI[i+1,1]-v_ex)"2,x=xel..xe2)):

od:
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## Normalized an Error:
eL2 QSRI[nn]:=sqrt(L2 QSRI[nn]):
NE_ QSRI[nn]:=simplify(eval(100*eL2 QSRI[nn]/norm v_ex)):

NN[nn]:=n:

od:
p_QSRI:=loglogplot([seq([NN[i], NE_QSRI[i]],i=1..mcase)],color=black,

axes=BOXED,legend="SRI3",style=line,linestyle=dot):

#iHHHHHHHHHH Finite Element Solutions using QL S#####HHHHHHH
for nn from 1 to mcase do
n:=25%*nn:

h:=l/n:

## Stiffness Matrix:

kq:=Matrix(6, 6, {(1, 1) = (7/3)*G*A*Kappa/h, (1, 2) = (1/2)*G*A*Kappa,

(1, 3) =-(8/3)*G*A*Kappa/h, (1, 4) = (2/3)*G*A*Kappa,

(1, 5) = (1/3)*G*A*Kappa/h, (1, 6) =-(1/6)*G*A*Kappa, (2, 1) = (1/2)*G*A*Kappa,
(2, 2) = (2/15)*h*G*A*Kappa+(7/3)*E*J/h, (2, 3) = -(2/3)*G*A*Kappa,

(2, 4) = (1/15)*h*G*A*Kappa-(8/3)*E*J/h, (2, 5) = (1/6)*G*A*Kappa,

(2, 6) = -(1/30)*h*G*A*Kappa+(1/3)*E*J/h, (3, 1) = -(8/3)*G*A*Kappa/h,

(3,2) = -(2/3)*G*A*Kappa, (3, 3) = (16/3)*G*A*Kappa/h, (3, 4) = 0,

(3, 5) = -(8/3)*G* A*Kappa/h, (3, 6) = (2/3)*G*A*Kappa, (4, 1) = (2/3)*G*A*Kappa,
(4, 2) = (1/15)*h*G* A*Kappa-(8/3)*E*J/h, (4, 3) = 0,

(4, 4) = (8/15)*h*G* A*Kappa+(16/3)*E*I/h, (4, 5) = -(2/3)*G*A*Kappa,

(4, 6) = (1/15)*h*G* A*Kappa-(8/3)*E*J/h, (5, 1) = (1/3)*G*A*Kappa/h,

(5,2) = (1/6)*G*A*Kappa, (5, 3) = -(8/3)*G*A*Kappa/h,

(5, 4) = -(2/3)*G*A*Kappa, (5, 5) = (7/3)*G*A*Kappa/h,

(5, 6) = -(1/2)*G*A*Kappa, (6, 1) = -(1/6)*G*A*Kappa,
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(6, 2) =-(1/30)*h*G*A*Kappa+(1/3)*E*J/h, (6, 3) = (2/3)*G*A*Kappa,
(6, 4) = (1/15)*h*G*A*Kappa-(8/3)*E*J/h, (6, 5) = -(1/2)*G*A*Kappa,

(6, 6) = (2/15)*h*G*A*Kappa+(7/3)*E*J/h});

kqls:= Matrix(6, 6, {(1, 1) =-(1/15)*h*omega”2*rho*A, (1,2) =0, (1,3) =
(2/15)*h*omega™2*rho*A, (1,4) =0, (1, 5) = -(1/15)*h*omega”2*rho*A, (1, 6) =0,
(2,1)=0,(2,2)=-(1/45)*h*G*A*Kappa, (2, 3) =0, (2, 4) = (2/45)*h*G*A*Kappa,
(2,5)=0, (2, 6)=-(1/45)*h*G*A*Kappa, (3, 1) = (2/15)*h*omega’2*rho*A, (3, 2)
=0, (3, 3) = -(4/15)*h*omega”2*rho*A, (3,4) =0, (3, 5) =
(2/15)*h*omega™2*rho*A, (3, 6) =0, (4, 1) =0, (4, 2) = (2/45)*h*G*A*Kappa, (4, 3)
=0, (4, 4) = -(4/45)*h*G* A*Kappa, (4, 5) = 0, (4, 6) = (2/45)*h*G*A*Kappa, (5, 1)
= -(1/15)*h*omega”2*rho*A, (5, 2) = 0, (5, 3) = (2/15)*h*omega’2*rho*A, (5, 4) =
0, (5, 5) =-(1/15)*h*omega”2*rho*A, (5, 6) =0, (6, 1) =0, (6,2) = -
(1/45)*h*G*A*Kappa, (6, 3) =0, (6, 4) = (2/45)*h*G*A*Kappa, (6, 5) = 0, (6, 6) = -
(1/45)*h*G*A*Kappa});

kQ_LS:=evalm(kq+kqls);

KQ LS:=matrix((4*n+2),(4*n+2),0): evalm(KQ LS):

for i from 0 by 4 to 4*(n-1) do
for ii from 1 to 6 do
for jj from 1 to 6 do
KQ_LS[iit+, jj+i]:=KQ LS[ii+ijj+i]+kQ LS[iijjl:
od: od: od:

### Mass Matrix:

mq:=Matrix(6, 6, {(1, 1) = (2/15)*h*rho*A, (1,2) =0, (1, 3) = (1/15)*h*rho*A,
(1,4) =0, (1, 5) =-(1/30)*h*rho*A, (1, 6) =0, (2, 1) = 0, (2, 2) = (2/15)*h*rho*],
(2,3)=0,(2,4) = (1/15)*h*rho*J, (2, 5) = 0, (2, 6) = -(1/30)*h*rho*],
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(3, 1) = (1/15)*h*rho*A, (3, 2) = 0, (3, 3) = (8/15)*h*rho*A, (3,4) =0,
(3, 5) = (1/15)*h*rho*A, (3, 6) =0, (4, 1) = 0, (4, 2) = (1/15)*h*rho*J,
(4,3)=0, (4,4) = (8/15)*h*rho*J, (4, 5) = 0, (4, 6) = (1/15)*h*rho*J,
(5, 1) =-(1/30)*h*rho*A, (5, 2) = 0, (5, 3) = (1/15)*h*rho*A, (5, 4) = 0,
(5, 5) = (2/15)*h*rho*A, (5, 6) =0, (6, 1) =0, (6, 2) = -(1/30)*h*rho*J,
(6,3)=0, (6,4) = (1/15)*h*rho*J, (6, 5) = 0, (6, 6) = (2/15)*h*rho*J});

MQ:=matrix((4*n+2),(4*n+2),0): evalm(MQ):

for i from 0 by 4 to 4*(n-1) do
for ii from 1 to 6 do
for jj from 1 to 6 do
MQIii+i,jj+i]:=MQ[ii+i,jj+i]+mq[ii,jj]:
od: od: od:

### Force Vector:
F:=matrix((4*n+2),1,0):

F[(4*n+1),1]:=1:

### Nodal Displacement:

KK QLS:=evalm(KQ LS-(evalm((omega’2)*MQ))):
KKK_QLS:=submatrix(KK_QLS,2..4*n+1,2..4*n+1):
FF:=submatrix(F,2..4*n+1,1..1):
d_QLS:=linsolve(KKK_QLS,evalm(FF)):

dd_QLS:=augment([0],evalm(transpose(d_QLS)),[0]):

#### Displacement Approximation
vh_QLS:=matrix(n,1,0):
for i from 0 to n-1 do

x1:=1*h;
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x2:=(i+(1/2))*h;

x3:=(1+1)*h;

N1:=(x-x2)*(x-x3)/((x1-x2)*(x 1-x3));

N2:=(x-x1)*(x-x3)/((x2-x1)*(x2-x3));

N3:=(x-x1)*(x-x2)/((x3-x1)*(x3-x2));
vh QLS[i+1,11:=N1*dd_QLS[1,4*i+1]+N2*dd_QLS[1,4*i+3]+N3*dd QLS[1,4*i+5]:
od:

### Error in L2 Norm:
L2 QLS[nn]:=0:
for i from 0 to n-1 do
xel:=i*h:
xe2:=(i+1)*h:
L2 QLS[nn]:=L2_QLS[nn]+Re(int((vh_QLS[i+1,1]-v_ex)"2,x=xel..xe2)):
od:

eL2 QLS[nn]:=sqrt(L2 QLS[nn]):

### Normalized an Error:
NE_QLS[nn]:=simplify(eval(100*e¢L2 QLS[nn]/norm v ex)):
NN[nn]:=n:

od:

p_QLS:=loglogplot([seq(INN[i]l,NE_QLS][i]],i=1..mcase)],color=black,axes=BOXED, leg

end="GGLS3" style=line,linestyle=longdash,view=[25..125,0.01..1000]):

display({p_SRIp GLS,p QSRIp QLS},

labels=['Number of Elements of half beam','Normalized L2-Error']);
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