CHAPTER III1
MAIN RESULTS

In this chapter, we give bound for approximating the probability of num-
ber of isolated copies of a fixed connected graph in a random graph by using
the Stein-Chen method.

Let G(n, p) be a random graph on n labeled vertices {1,2,...,n} where
possible ed‘ge {i,7} is presented randomly and independent with the probability
p such that 0 < p < 1, G be a fixed connected graph and

B={i=0id. . i Rt s gl )

be the set of all possible combinations of vg vertices, where vg = |V(G)|.

For each i € D, we define the indicator random variable X;, as follows:

1 if there is an isolated copy of G in G(n,p) that spans the vertices
Xi: iz{il,...,ivc},
0 otherwise,

and set

=S

ieD
Ther: W is the number of isolated copy of G in G(n,p).

In 1981, Karonski and Ruciniski [12] used the method of moments to
prove that the distribution of W can be approximated by Poisson distribution

with parameter

N i=E(W) = <1Z,~) P(Xi=1)= (zZ:) A;tG(!G)pecq(”zc)‘ec‘“”c(”‘”"') (3.0.1)

Aut(Q)

which spans the vertex i, Aut(G) stands for the number of automorphisms of

G

where ¢ = 1 — p, e¢ := |E(G)| and

is a number of possible copies of G

In 1992, Barbour, Holst and Janson[4] studied about the number of
isolated copies of fixed connected graph in a random graph, and they gave the

uniform bound as the following.
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Theorem 3.0.1. Let W be the number of isolated copies of G in G(n,p). Then

VarW

rA£w), Poin) < (1= ) (Y52 - 14 am)

where dpy(L(W), Poiy) := sup{|P(W € A) — Poix(A)| : A C N}, Poiy is a
Poisson distribution with parameter A, m; = peGq(uzc)‘eG%G("_”G) and G; = {j €

D| 7 @ ##48

In this chapter, we give non-uniform bound of this approximation by
using Stein-Chen method. In section 3.2, we introduce Stein-Chen and coupling
methods which are used in our work. The proofs of Theorem 3.1.1 and Corollary

3.1.2 are given in section 3.3 and 3.4, respectively.

3.1 Main Theorem

Theorem 3.1.1. Let G be a fized connected graph consisting of vg vertices and
W be the number of isolated copies of G in random graph G(n,p). For A C N

and n > 2vg, we have

|P(W € A) — Poiy(A)] £ Cxa (np)“e [1 +np} :

" (3.1.1)

2 . A(N)
where Cx 4 = A_utc(;—G_) min {1, A MA+1}’

e* + X=1 if A (et =1} £ My,

I(A) =
2(e* —1)  if AHer = 1) > My,

and
max{w | C,, C A} if0€ A,

min{w |w € A}  if0 ¢ A,

My =
when C, = {0,1,...,w}.

Corollary 3.1.2. Let W be the number of isolated copies of a fived connected
1

graph G consisting of vg vertices in random graph G(n,p) and p = = for some
n

v € R*\{1}. Then, for ACN,



1. if v > 1 then

|[P(W e A) —
2
where C(\, A,vg) = —zq—JQ—
Aut(G)g*
2. if 0 <~y <1 then
. C(\ A,
|P(W S A) = POZ,\(A)l < —él(lT)vGG) (3.1.3)

— 2024(2vg)! {1 g J_L}

where C'(\, A, vg Aut(G)qZ”G o

3.2 Stein-Chen and Coupling Method

In 1972, Stein [18] gave a new technique to find a bound in the normal
approximation to a distribution of a sum of dependent random variables. His
technique was relied instead on the elementary differential equation. In 1975,
Chen [5] applied Stein’s idea to the Poisson case. The central idea of the Stein-

Chen method is the difference equation

I4(5) = Pa(la) = (3.2.1)

Agra(f +1) = jgaa(d)

where A > 0 and Py(I4) = e~ Z I4(l)% - and I 4 is bounded real-valued function
on NU {0}. For A C NU {0}, let I4:NU{0} — R be defined by

1 ;weEA,
0 ;wé¢gA.

IA(w) =

We always call equation (3.2.1) Stein’s equation for Poisson distribution function

and it is well-known that the solution gx 4(w) of is of (3.2.1) the form,

(w = DA eXPa(Tancu-1) — PaIa)Prllo,_y)] 5w >1,
0 ;w =0

Ma(w) =

where

Cw—l :{0,1,...,11)—1}.
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By substituting j and A in (3.2.1) by any integer-valued random variable W
and A = E(W), we have
P(W € A) — Poix(A) = E(Agra(W + 1)) — E(Wgy a(W)). §3.2.2)

Let X; be a random indicator with the probability P(X; = 1) = 1 —
P(X; = 0) = p;, where i ranges over some finite index set I', and W = )  X;
i€l
and A =E(W) = > p;.

i€l

In 1992, Barbour, Holst and Janson [4] used Stein-Chen method and
constructed coupling random variable W; to find the bound in Poisson approxi-
mation. He assumed that for each ¢ we can construct a random variable W;, on
the same probability space as W, such that the distribution of W; equals to the
conditional distribution of W — X; given X; = 1, we refer to this as coupling

metiiol, Tienock e Tl
E(Xigra(W)) = E(E(Xigxa(W)|X;))
= E(Xigra(W)|X; = 0)P(X; = 0)
+E(Xigpa(W)|X; =1)P(X; =1)
=E(gra(W)|X; =1)P(X; =1)
= piE(gra(Wi + 1)). (3.23)
Then by (3.2.2) and (3.2.3), we have
|P(W € A) — Poix(A)]
= [E(Agra(W + 1)) — E(Wgxra(W))|
= |AE(gra(W + 1)) — E(Wagra(W))|

=Y _pE(gra(W +1)) = > E(Xigaa(W))|

iel’ el
= > pE(gaa(W +1)) = Y piE(gr a(W; +1))|
el el
<Y pE(gra(W + 1) — gra(Wi + 1)])
el
<> pik(] supg,\A (w+1) — gra(w)][((W+1) = (W; +1)]))
i€l

< suplgaa(w+ 1) = gaa(w)] Y pE(W — Wil).

el
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From the estimates above, we arrive at our fundamental result.

Theorem 3.2.1. If W and W; are defined as above, then

|P(W € A) - Poir(A)] <|| gra | Y nE(IW — Wi]) (3.2.4)

i€l
where || ga.a ||:= sup[gra(w + 1) — gr,a(w)].
In order to justify the Poisson approximation we therefore have to

1. bound || gx .4 || and

2. find couplings (W, W;) such that E(|W — W;]) is small.
Many authors would like to determine a bound of || gra ||. For A C

N U {0}, Chen ([5], 1975) proved that

I ga.a [I< min{1, A7}

and Janson ([11], 1994) showed that
Vg lI< A7 (1= e7?).
In case of non-uniform bound, Neammanee ([14], 2003) showed that

1
uwMMHSmm{EQXJ}

and Teerapabolarn and Neammanee ([19], 2005) gave bound of || g a || where

A=1{0,1,...,wp} in the terms of

A
< FPLE ) mingd [yt
l gaa ll< A7 e)mﬂ o

In general case for any subset A of {0,1,...,n}, Santiwipanont and

Teerapabolarn ([17], 2006) gave a bound in the form of

: A(A
| gxa 1< A~  min {1,)\, MA(+)1} (3.2.5)

where
e+ A—1 if A7t — 1) < My,

AlX)=
2(e* — 1) if A7 (e* — 1) > My,
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and
max{w | C,, C A} if 0

min{w |w € A} if0¢A.

Vla ™=

The difficult part in apply Theorem 3.2.1 is to construct W; which makes
E|W —W;| small. This has not the solution in general. For the case of X1, ..., X,
are independent, we let W; = W —X;. Then E|W —W,| = p; and from (3.2.4), we
have |P(W € A) — Poix(A)| <|| gaa || En:pf The problem of the construction
of W; is difficult in the case of depende;;lindicator summand.

In next section, we will use Theorem 3.2.1 to prove our main result by

constructing the random variable W;.

3.3 Proof of Theorem 3.1.1

Let A C N. By (3.2.4), it suffices to bound E|W — W;| for i € D where
the distribution of W; equals the conditional distribution of W — X; given X; = 1
Let W; be the number of isolated copies of G in a random graph G(n, p) —
i, G(n,p) — i obtained from G(n, p) by dropping the vertices in i and all edges

incident to these vertices. Then for wy € {0,1, ..., | %522 ]}, we have
P(W; = wp) = (("230)) [ vg! pecq(”g)—ec+vc(n—2vc) 0 (33.1)
‘ wo AutG
and

PW—-X;=w| X; =1)
_P(W - X; =w, X; =1)
B PXy=1]

. P(W=w0+1,X,-:1)
B P(X=1)

(Cg?) [rgpeoql? LA S P RN e g ST

@ e o ("§)—ectva(n—vg)
AutGP q(g)

(n—vc) UG! (,,G)_ - TP wo
_ va ec ('S ) —ec+va(n—2vg
( wo ) [AutGp 1 ' {5:3:2)

From (3.3.1) and (3.3.2), W; has the distribution of W — X; conditional on
Xo= L



1T

For 7,5 € D such that i # j, we dcfine the indicator random variable

X and E;; by

1 if there is isolated copy of G in G(n,p) — i that spans the vertices
(@) _ J . .
le - ]:(]la'-w]vc)a

0 otherwise,

and
£ 1 if there exists adjacent between i € 7 and j; € j,
ij =
0 otherwise.
We observe that in case X; = 1, that is we have an isolated copy of G in
G(n, p) that span vertices i = {iy, ..., i, }. Thus the number of isolated copies

of G in a random graph G(n,p) — i equals the number of isolated copies of G

in a random graph G(n,p) minus 1, i.e.,

W;=W — 1. (3.3.3)

In case X; = 0. For j € D such that jNi # 0 and j # ¢ we have XJ@ =i,
then

Wi=W+ ) E;x? (3.3.4)
jED
JNi=0
that is the number of isolated copies in G(n, p) —i equals the sum of the number
of isolated copies of G in G(n,p) and the number of isolated copies of G in
G(n,p) — ¢ which are connected to i.

We know that

W = Wil = (W = W+ (W — ;)"

where (W — W;)™ = max{W — W;,0} and (W — W;)~ = —min{W — W}, 0}.
Since —min{W — W;, 0} = max{W; — W,0} = (W; — W)™, we have

EIW — Wi| = E(W - Wi)* + E(W; — W)*.

Form (3.3.3) and (3.3.4), we have
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=
:
=
<
A
>

We note that,

:vg: n vg! peaq(vzc)—ec—i-vc(n—vg)
(Ve Aut(G)
n

UG! pec qnvc —vg
— n vg! Aut(G)

vz (np)*elgme e

<
< ) (3.3.5)
and
> EEX"= > PE;=1X"=1
JED,jni=0 JED,jMi=0 .
n—vqg 2 Uc;'! G — -
— 1_ VG (Ze] ( ) €G+’Uc(n 2’UG)
( . )( q )Aut(G)p q\?
nve v 2
< 2 el eG VG —2v,
=wPCaumi? 1 °
1)2 (,np)vc qnvc—2vzc
< G
< O (3.3.6)
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1
From (3.3.5), (3.3.6) and use the fact that 1 —p < —» we have
e

E(|W — Wi|) = E(W - W)™ + E(W; - W)*
<EX)+ Y. EE;XY)
Jj€D,jni=0
vg(np)"elqeTS | v (np)oqmo %
- Aut(G) Aut(G)

N ’Ué (np)vg—lqnvg—m%

e [4° + np]

U2 (np)vg—lqnvG—QUé

== Aut(G) i} -+
2 vg—1
vg(np)*e

N W
= i G)q2“Ge"P( np)
__vgmp)e  [1+np (3.37)
 Aut(G)q¥Eemr | np g

Hence, by (3.2.4), (3.2.5) and (3.3.7), we have

IP(W € A) = POi,\(A)| < C)\,A

(np)ve [1 ol np]

e | np

5 e v2 . AN
where Uy 4 = 77 min {1, A #A—}]}

3.4 Proof of Coroliary 3.1.2

From (3.3.7), we have

E(W — W) < e %
T Aut(G)géew | np

1
Suppose that p = — for any v € RT\{1}.
n

1. If ¥ > 1 then we observe that

= (3.4.1)



By (3.2.4), (3.2.5) and (3.4.1), we have

|P(W € A) — Poiy(4)| < C(\ A, vg)

202 .
where C(), A,vg) = W min {1, A MAA%}

2. If 0 <y < 1 then we observe that

E(W — Wi]) < vg(np)ve {1 +np
YT Aut(G)gEenwr | np

202 (np)ve

T Aut(G)g*Eenr
20%(2vg)! (np)ve

= Aut(G)qué (np)QvG

_ 203(2vg)! 1

= Aut(G)qQU% (np)(l—'y)vc

By (3.2.4), (3.2.5) and (3.4.2), we have

C(/\, A, ’U(;)

n1-7ve

|P(W € A) — Poiy(A)] <

208 (2vg)! . A
where C(A, A, vg) = W min {1, A, M%@%} .

~ n(r-D(ve-1)’

|
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(3.4.2)



