CHAPTER 1I
PRELIMINARIES

In this chapter, we review some basic knowledge in probability theory,
graph theory and a model of random graph which will be used in our work. The

proofs are omitted but can be found in [6], [13] and [16].

2.1 Probability Space and Random Variables

Definition 2.1.1. A measure space (Q, F, P) is called probability space if
P(S=—*1

For probability space (£, F, P), the measure P is called a probability
measure. The set Q will be referred as a sample space and its elements are
called points or elementary events. The elements of F are called events.

For any event A, the value P(A) is called the probability of A.

Definition 2.1.2. Let (©, F, P) be a probability space. A function X : & — R
is called a random variable if for every Borel set B in R, X~!(B) belongs to

F.

We shall use the notation P(X € B) in place of P({w € | X(w) € B}).
In the case where B = (—00,d] or [a,b], P(X € B) is denoted by P(X < a) or
P(a < X <)), respectively.

Definition 2.1.3. Let X be a random variable. A function F' : R — [0, 1]
which is defined by
Bfa)=PlX < )

is called the distripution function of X.

A random variable X with the distribution function F' is said to be a

discrete random variable if the image of X is countable and it is called a



continuous random variable if F' can be written in the form

Flz) = / " f(tyt

for some nonnegative integrable function f on R, and f is called probability
function or density function of X.
Now we will give some examples of random variables.
A random variable X, taking on one of the values 0, 1,2, ... is said to be
a Poisson random variable with parameter A\, A\ > 0, written as X ~ Poiy, if
e~ A \k

k!

P(X =k)= k=0,1,2,....

We say that X is a normal random variable with parameter x and a2,

written as X ~ N(u,o?), if its probability function is defined by

1 1
L o
() = ——eap(—55(a — ).
Moreover, if X ~ N(0,1) then X is said to be a standard normal

random variable.

2.2 Indepeindence

Definition 2.2.1. Let (£, F, P) be a probability space and F, be a sub o-
algebra of F for every a € A. We say that {F, | « € A} is independent if
and only if for any subset J = {ji,ja, ..., Jk} of A,

k k

P(mAm): P(Am)

m=1 m=1

where A,, € F;, form=1,2,...,k.

Definition 2.2.2. Let (Q, F, P) be a probability space and e, C F for all
o € A. We say that {e, | @ € A} is independent if and only if {o(ca) | @ € A}

is independent where o(¢) is the smallest o-algebra with £, C o(€a)-

Definition 2.2.3. Let (2, F, P) be a probability space and X, is a random

variable on (2, F, P) for every @ € A. We say that the set of random variables



{X. | @ € A} is independent if {o(X,) | @ € A} is independent, where
o(X) = {X~YB) | B is a Borel subset of R}.

Theorem 2.2.4. Random variables X1, X, ..., X, are independent if for any
Borel sets By, Bs, ..., B, , we have

i=1
Proposition 2.2.5. If X;;;i=1,2,...,n,5=1,2,...,m; are independent and
fi g R — R are measurable, then {fi(Xi1, Xia, -+, Xim), ¢ = 1,2,...,n} is

independent.

2.3 Expectation, Variance and Conditional Ex-
pectation

Definition 2.3.1. Let X be any random variable on a probability space (£, F, P)

and E(X) = / XdP. If E(]X|) < oo, then E(X) is called expected value of
Q

X.

Proposition 2.3.2.

1. If X is a discrete random variable, then E(X) = Z g P X =),

zelmX

2. If X is a continuous random variable with probability function f, then
E(X) = / gf(z)dzx.
R

Proposition 2.3.3. Let X and Y be random variables such that E(|X]) < co
and E(]Y]) < 0o and a,b € R. Then we have the followings :

1. E(aX +bY) = aE(X) + bE(Y).
2. If X <Y, then E(X) < E(Y).

3. [E(X)| < E(|X]).



Let X be a random variable which E(|X|*¥) < co. Then E(|X|*) is called
the k-th moment of X about the origin and E[(X —E(X))¥] or E[X — E(X)]*
the k-th moment about the mean.

We call the second moment of X about the mean, the variance of X,

denoted by Var(X). Then
Var(X) = E[X — E(X)]%
We note that
1. Var(X) = E(X?) - EX(X).
9. If X ~ N(y,0?), then E(X) = p and Var(X) = o>
3. If X ~ Poiy, then E(X) = X and Var(X) = A,

Proposition 2.3.4. If X1, Xs,..., X, are independent and E|X;| < oo for
1= 12%. . 3% _then
1. E(X1Xp - Xp) = E(X1)E(Xa) - E(X,) ,
2. Var(ay X1+a Xo+- - -+a,X,) = aiVar(Xy)+a3Var(Xs)+- - +a2Var(X,)
for any real numbers ay, az, ..., an.

Let X be a random variable on a probability space (§2, F, P) such that
E|X| < oo and D a sub o-algebra of F. Define a probability measure Pp:D—
[0,1] by

and a sign-measure Qx : D — R by

Qx(E) = /E XdP.

Then, by Radon-Nikodym theorem we have Qx < Pp and there exists a unique
measurable function E(X|D) on (Q, F, Pp) such that

/ E(X|D)dPp = Qx(E) = / XdP forany E € D.
E E

We call E(X|D) the conditional expectation of X with respect to D.
Moreover, for any random variables X and Y on the same probability

space (€2, F, P) such that E(|X|) < oo, we will denote E(X|o(Y)) by E(X]Y).



Theorem 2.3.5. Let X be a random variable on a probability space (0, F, P)
such that E(|X|) < oo, then the following hold for any sub o-algebra D of F.

1. If X is a random variable on (Q, D, Pp), then E(X|D) = X a.s.[Pp].
2. EfXI[F).=X o5jP.

3. If 5(X) and D are independent, then E(X|D) = E(X) a.s.[Pp].

2.4 Graph Theory

Definition 2.4.1. A graph G is an ordered pair G(V(G), E(G)) consists of
a vertex set V(G) and an edge set E(G). If {u,v} is an edge e, for some
vertices u and v in G then u and v are said to be adjacent or edge e is said to

be incident v and v.

Definition 2.4.2. A graph H is a subgraph of a graph G, denoted by H C G,
if V(H) C V(G) and E(H) C V(G).

Definition 2.4.3. An isomorphism from G to H is a bijection f : V(G) —
V(H) such that {u,v} is an edge in G if and only if {f(u), f(v)} is an edge in
H. G is isomorphic to H, denoted by G = H, if there is an isomorphism from

G to H.

Definition 2.4.4. A walk in a graph is an alternating sequence, voeivieavs
... Up—1€nUn. The walk which begins with vy and ends with v, is referred to as

a vou,-walk, and a walk in which no vertex is repeated is called a path.

Definition 2.4.5. A graph G is called connected if for any two given vertices

{vi,v;}, there is a path from v; to v;, and G is disconnected if G is not connected.

Definition 2.4.6. Let G be a graph. A subgraph H’ of graph H is called a
copy of G in H if H' is isomorphic to G.

Definition 2.4.7. Let G be a connected graph. A subgraph H' of a graph H is
called an isolated copy of G in H if H' is a connected component of H which

are isomorphic to G .



2.5 Models of Random Graphs

The notion of a random graph originated in a paper of Erdés ([7], [8], [9]),
which is considered by some as the first conscious application of the probabilistic
method. It was used there to prove the existence of a graph with a specific
Ramsey property.

The model introduced by Erdés is very natural and can be described as
choosing a graph at random, with equal probabilities, from the set of all 2(3)
graphs whose vertex set is {1,2,...,n}. In other words, it can be described as
the probability space (2, F, P), where  is the set of all graphs with vertex set
{1,2,...,n}, F is the family of all subsets of {2, and for every w € Q

P(w) =26,

Generally speaking, a random graph is a graph constructed by a random
procedure. In accordance with standard definitions in probability theory, this
is formalized by representing the “random procedure” by a probability space
(9, F, P) and the “construction” by a function from the probability space into
a suitable family of graphs. The distribution of a random graph is the induced
probability distribution of the family of graphs: for many purposes this is the
only relevant feature of the construction and we usually do not distinguish
between different random graphs with the same distribution. Indeed, it is often
convenient to define a random graph by specifying its distribution.

The word “model” is used rather loosely in theory of random graphs. It
may refer to a specific class of random graphs, defined as above, or perhaps to a
specific distribution. Nowadays, among several models of random graphs, there
are two basic ones, the binomial model and the uniform model, both originating
in the simple model introduced by Erdds (1947).

Given a real number p, 0 < p < 1, the binomial random graph, de-
noted by G(n,p), is defined by taking Q as the set of all graphs on vertex set
{1,2,...,n} and setting

P(G) = pE@I(1 — p)B)-1E@),



10

1
where |E(G)| stands for the number of edges of a graph G. For p = 3 this is

the model of 1947. However, most of the random graph literature is devoted to
cases in which p = p(n) as n — 0.

Given an integer M,0 < M < (’2‘), the uni form random graph, denoted
by G(n, M), is defined by taking ) as the family of all graphs on the vertex set
{1,2,...,n} with exactly M edges, and the uniform probability on Q,

LY — ((A;;))q , Gl

In this work, we are interested in one of two models which is the binomial

random graph, is shorthand for a random graph.



